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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
35 ]. This is test number [ 18 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested



CHAPTER 1. INTRODUCTION 4

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (35) | 0.00 (0)
Mathematica | 100.00 ( 35) | 0.00 (0)
Maple | 100.00 (35) | 0.00 (0)
Fricas 9571 (9) | 74.29 (26)

Mupad 0.00 (0) | 100.00 ( 35 )

Giac 0.00 (0) | 100.00 ( 35 )
Maxima 0.00 (0) | 100.00 ( 35)
Sympy 0.00 (0) | 100.00 ( 35)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Maple 48.571 51.429 0.000 0.000

Mathematica 22.857 34.286 42.857 0.000

Fricas 0.000 0.000 25.714 74.286
Giac 0.000 0.000 0.000 100.000

Mupad 0.000 0.000 0.000 100.000

Maxima, 0.000 0.000 0.000 100.000
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Fricas 26 26.92 73.08 0.00
Mupad 35 0.00 100.00 0.00
Giac 35 97.14 0.00 2.86
Maxima 35 100.00 0.00 0.00
Sympy 35 74.29 25.71 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.14
Rubi 1.86
Maple 5.25
Mathematica 31.13
Sympy -nan(ind)
Maxima -nan(ind)
Giac -nan(ind)
Mupad -nan(ind)

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Rubi 697.77 1.01 686.00 1.00
Fricas 1007.22 1.98 859.00 2.08
Maple 1504.14 2.10 1238.00 1.85
Mathematica | 5806.66 6.15 825.00 1.34
Sympy -nan(ind) | -nan(ind) nan nan
Maxima -nan(ind) | -nan(ind) nan nan
Giac -nan(ind) | -nan(ind) nan nan
Mupad -nan(ind) | -nan(ind) nan nan

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage

of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used



CHAPTER 1. INTRODUCTION 11

1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU

time used in seconds. The bin size used is 0.1 second.
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Number of integrals
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Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {61121} 255152, 54.55)

Mathematica {6}[7,[11}21}[22] 31} 32} 34}
Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.

Sympy Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

1.12. Timing
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The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]"')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
fFerent-from—using-maxima/] for reference.

1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14. Important notes about some of the results
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1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/or123/could-we—-have-a-leat count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL
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grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS
2.1.1 Rubi. . ... .. e e e 211
2.1.2 Mma. . . . . . e e 211
2.1.3 Maple . . . . o 22]
2.1.4 Fricas . . . . . . . e e e 22]
2.1.5 Maxima . . . . . .. e e e e e e e e 22
2.1.6 Giac . . . . .. e e e 23]
2.1.7 Mupad ... 23]
2.1.8 SYympy . . . . oo e 23

2.1.1 Rubi

A grade { 125,756,785, 10) 1) 2 13,14 5, 16) 7 5} 19} 20,21 22 23,2 25,26, 27
25)29,0,51, 82} 53,54,35 )

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

2.1.2 Mma

A grade {B3BEE3EIE)
B grade { G101 3ELE2E3EL52536 )

C grade {[1B,605(16,I7 15 [9,20 20,27 B8 29,50 }
F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.3 Maple

A grade { 1,2 51AL5)(6) 7 15,1920, 2027, 25, 29,50 BT B3 )

B grade { (75600, 2 13 1415, 21 22 23 63 25 B2, 5455 )
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

2.1.4 Fricas

A grade { }

B grade { }

C grade {[1}[2,3}[16,[17}[18}[26,[27} 28] }
F normal fail { [0, T5,24/2555 }

(1) timedout fail {55,751} 2 3 3200212225, 29, B0, BT, B2, B 1 )
F(-2) exception fail { }

2.1.5 Maxima
A grade { }
B grade { }
C grade { }

F normal fail { (125,567, 8010, [} (2,3} 135} 16,7 15, 20,21, 22 23, 2 25,
26} 27,25 29,50, 8152, 83] 31,85

F(-1) timedout fail { }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.6 Giac
A grade { }
B grade { }
C grade { }

F normal fail { 12,5745} )7 5,5, 10) 1 12} 3 145 16,7 15,10 20, 21) 22, 23 P4 25
26|27, 25,29, 30,51} 52, 83,55

F(-1) timedout fail { }
F(-2) exception fail {[34}

2.1.7 Mupad
A grade { }
B grade { }
C grade {}
F normal fail { }

F(-1) timedout fail { [1,2)5))5)6)7)8) 010, 1} 12 T3, 14 15,16} 7 5, 19} 20,21 22 25,
425,627 25,29, 30, 51,52, 33,4, 35}

F(-2) exception fail { }

2.1.8 Sympy
A grade { }
B grade {}
C grade { }

F normal fail {[1)28, 6780} 1 [12) 03, 14 6, 7 5, 21) 22,25 26, 27 28,20 B 6 B3
51)

F(-1) timedout fail {[5[10}[15}[19}[20}[24][25,30,[35] }
F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 700 723 806 866 0 1236 0 0 0

N.S. 1 1.03 1.15 1.24 0.00 1.77 0.00  0.00 0.00
time (sec) N/A 1.705 28.405 2.793  0.000  0.150 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 405 414 450 625 0 842 0 0 0

N.S. 1 1.02 1.11 1.54 0.00 2.08 0.00 0.00 0.00
time (sec) N/A 0.656 24.188 2.610 0.000 0.131  0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 284 284 319 498 0 671 0 0 0

N.S. 1 1.00 1.12 1.75 0.00 2.36 0.00 0.00 0.00
time (sec) N/A 0.359 19.292 2.578 0.000 0.123  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 313 345 245 478 0 0 0 0 0

N.S. 1 1.10  0.78 1.53 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.808 22.947 2.962 0.000  0.000 0.000 0.000 0.000

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F(-1) F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 678 685 3412 1208 0 0 0 0 0

N.S. 1 1.01  5.03 1.78 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 1.697 34.128 3.956  0.000  0.000 0.000 0.000 0.000

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B F F(-1) F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 981 983 21961 1814 0 0 0 0 0

N.S. 1 1.00 2239 1.85 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 2.958 36.590 5.178 0.000  0.000 0.000 0.000 0.000

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 736 725 8030 1544 0 0 0 0 0
N.S. 1 099 1091 210 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 1.208 42.322 5.146  0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 26

Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 442 442 586 848 0 0 0 0 0

N.S. 1 1.00 1.33 1.92 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.728 24.657 6.528  0.000 0.000 0.000 0.000 0.000

Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 606 576 333 2250 0 0 0 0 0

N.S. 1 095  0.55 3.71 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 1.366 26.023 7.694  0.000  0.000 0.000 0.000 0.000

Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1081 1068 10828 3389 0 0 0 0 0

N.S. 1 099 10.02 3.14 0.00 0.00 0.00  0.00 0.00

time (sec) N/A 3.684 39.612 10.176  0.000 0.000  0.000 0.000 0.000

Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B F F(-1) F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 898 892 15131 1809 0 0 0 0 0

N.S. 1 099 16.85  2.01 0.00 0.00 0.00  0.00 0.00

time (sec) N/A 2378 35.437 5.174 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 472 472 443 1560 0 0 0 0 0

N.S. 1 1.00 094 3.31 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.844 36.156 5.172 0.000  0.000 0.000 0.000 0.000

Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 449 449 723 855 0 0 0 0 0

N.S. 1 1.00 1.61 1.90 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.788 25.235 6.278  0.000 0.000 0.000 0.000 0.000

Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 625 595 341 2298 0 0 0 0 0

N.S. 1 095  0.55 3.68 0.00 0.00 0.00  0.00 0.00

time (sec) N/A 1.488 25.784 7.746 0.000  0.000 0.000 0.000 0.000

Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1090 1077 10790 3571 0 0 0 0 0

N.S. 1 099  9.90 3.28 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 3.300 38.038 9.421 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 721 744 825 880 0 1267 0 0 0

N.S. 1 1.03 1.14 1.22 0.00 1.76 0.00  0.00 0.00
time (sec) N/A 1.833 28.445 2498  0.000 0.159 0.000 0.000 0.000

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 410 420 442 637 0 859 0 0 0

N.S. 1 1.02 1.08 1.55 0.00 2.10 0.00  0.00 0.00
time (sec) N/A 0.746 25.003 2.336  0.000 0.123 0.000 0.000 0.000

Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 291 291 326 506 0 682 0 0 0

N.S. 1 1.00 1.12 1.74 0.00 2.34 0.00  0.00 0.00

time (sec) N/A 0.403 21.099 2.342 0.000  0.125 0.000 0.000 0.000

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F(-1) F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 309 341 249 475 0 0 0 0 0

N.S. 1 1.10 0.81 1.54 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.852 22.056 3.028 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F(-1) F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 680 686 3419 1211 0 0 0 0 0

N.S. 1 1.01  5.03 1.78 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 1.762 34.657 3.928  0.000  0.000 0.000 0.000 0.000

Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B F F(-1) F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 980 978 21961 1834 0 0 0 0 0

N.S. 1 1.00 2241 1.87 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.125 36.913 5.277 0.000 0.000 0.000 0.000 0.000

Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 734 732 8107 1552 0 0 0 0 0

N.S. 1 1.00 11.04 211 0.00 0.00 0.00 0.00 0.00

time (sec) N/A 1.257 42.832 4.901 0.000  0.000 0.000 0.000 0.000

Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 436 436 583 856 0 0 0 0 0

N.S. 1 1.00 1.34 1.96 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.835 25.181 6.313  0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 616 586 340 2249 0 0 0 0 0

N.S. 1 095  0.55 3.65 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 1.493 26.043 7.511 0.000  0.000 0.000 0.000 0.000

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B F F F(-1) F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 1128 1105 10836 3425 0 0 0 0 0

N.S. 1 098 9.61 3.04 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 4.573 40.007 10.267 0.000  0.000 0.000 0.000 0.000

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1097 1112 1291 1238 0 1665 0 0 0

N.S. 1 1.01  1.18 1.13 0.00 1.52 0.00  0.00 0.00

time (sec) N/A 3.288 32.538 3.368 0.000  0.174 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 611 632 686 824 0 1068 0 0 0

N.S. 1 1.03  1.12 1.35 0.00 1.75 0.00  0.00 0.00
time (sec) N/A 1.511 26.261 2.808  0.000 0.149 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 368 377 390 611 0 775 0 0 0

N.S. 1 1.02  1.06 1.66 0.00 2.11 0.00  0.00 0.00
time (sec) N/A 0.680 23.770 2.322 0.000 0.146 0.000 0.000 0.000

Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 465 497 1036 750 0 0 0 0 0

N.S. 1 1.07 223 1.61 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 0.998 26.549 3.018 0.000 0.000 0.000 0.000 0.000

Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F F(-1) F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 738 745 3935 1269 0 0 0 0 0

N.S. 1 1.01  5.33 1.72 0.00 0.00 0.00  0.00 0.00

time (sec) N/A 2.078 35.647 3.939 0.000  0.000 0.000 0.000 0.000

Problem 31 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A F F(-1) F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 1395 1389 39032 2228 0 0 0 0 0

N.S. 1 1.00 27.98  1.60 0.00 0.00 0.00  0.00 0.00

time (sec) N/A 5.284 40.077 6.740 0.000 0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 32

Problem 32 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B F F(-1) F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 937 941 16972 1794 0 0 0 0 0

N.S. 1 1.00 18.11 1.91 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.686 36.207 5.232 0.000 0.000 0.000 0.000 0.000

Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 757 764 6321 1065 0 0 0 0 0

N.S. 1 1.01 835 1.41 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 1.547 34.840 6.366  0.000  0.000 0.000 0.000 0.000

Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F  F) F  F(2) F(l)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 867 859 721 2286 0 0 0 0 0

N.S. 1 099 08 264 000 000 000 000 0.0

time (sec) N/A 2.348 31.921 7.834 0.000  0.000 0.000 0.000 0.000

Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B F F F(-1) F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 1070 1057 11363 3342 0 0 0 0 0

N.S. 1 099 1062  3.12 0.00 0.00 0.00  0.00 0.00
time (sec) N/A 3.799 40.542 10.352 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [5] had the largest
ratio of [.325000000000000011]

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma.blize.d integrand ummber of rules
# | grade ic:é)j uzi:e antlfaicr;;’::ve leaf size integrand leaf size
1] A 9 9 1.03 40 0.225
2 A 7 7 1.02 38 0.184
3 A 6 6 1.00 33 0.182
4 A 10 9 1.10 40 0.225
o A 14 13 1.01 40 0.325
6 A 12 11 1.00 42 0.262
7 A 8 7 0.99 42 0.167
3 A 6 ) 1.00 42 0.119
9 A 8 7 0.95 42 0.167
10j A 11 10 0.99 42 0.238
11 A 12 11 0.99 49 0.224
12] A 6 5 1.00 49 0.102
13] A 6 5 1.00 49 0.102
14] A 8 7 0.95 49 0.143
15) A 9 8 0.99 49 0.163
16} A 10 10 1.03 58 0.172
17] A 8 8 1.02 53 0.151
18| A 7 7 1.00 60 0.117
19 A 11 10 1.10 60 0.167
20) A 14 13 1.01 60 0.217
21 A 13 12 1.00 62 0.194
22] A 9 8 1.00 62 0.129
Continued on next page

2.3. Detailed conclusion table specific for Rubi results
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Table 2.1 — continued from previous page

number of numjber of no.rma?lize.d integrand umber of rules
# | grade ?::5; uz;g;e antll(:laefr:iszlve leaf size integrand leaf size
23] A 7 6 1.00 62 0.097
24] A 9 8 0.95 62 0.129
25) A 10 9 0.98 62 0.145
26} A 11 11 1.01 42 0.262
2_7 A 10 10 1.03 40 0.250
2| A 8 8 1.02 35 0.229
29) A 12 11 1.07 42 0.262
30) A 14 13 1.01 42 0.310
31 A 12 11 1.00 44 0.250
32] A 11 10 1.00 44 0.227
33] A 9 8 1.01 44 0.182
34 A 12 11 0.99 44 0.250
35) A 11 10 0.99 44 0.227

2.3. Detailed conclusion table specific for Rubi results
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f \/a-i-bw abB—a?C+b?Bx+b2Cx? ) d
\/c+dz\/e+fw\/g+hw ...........................
f abB—a2C+b%Bz+b2Cz?
Vatboyetdavet fao/gths CF = 1 r v e
f abB—a?C+b%Bxz+b°Cx? dx
(a+bx)3/2+/c+dx\/e+ fry/g+ha
f abB—a?C+b%Bxz4b2Cx? dx
(a+bx)5/2+/c+dx/e+ fry/g+ha
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3.25
3.26
3.27
3.28
3.29
3.30

3.31

3.32
3.33
3.34
3.35

j‘ abB—a?C+b%Bxz+b*Cx?

(a+bx)7/2 \/c+dx\/e+fx\/g+hx

f (a+bz)? (A+Cz?) d
Vetdzy/e+ fx/g+hx

f (a+bz) (A+Cwx?)
Vetdr/ e+ fx/gFhx

A+Cz?

f\/c+dm\/e+fz\/g+hz dr. . . ..

2
A+Cx dz

[t e

f A+Cx?
(a+bz)2v/ct+dz/e+ fr\/g+hz
f (a+b2)3/2 (A+Cxz?)

Jordn e fadamhm O « v v s

f va+bx (A+Cx2)
Vet+dzy/e+ fr/g+hx
A+4Cxz? dz

J oG

2
A+Cx dx

f (a+b$)3/2\/c+d:t\/e+fx\/g+hx ................

f A+Cz?
(a+bx)3/2+/c+dz/eF fr\/g+hx
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3.1 f (a+bz)?(A+Bx)
) Vetdzy/et+ fx/g+hz

3.1.1 Optimal result . . . . .. ... ... 37
3.1.2 Mathematica [C] (verified) . . . . . . .. ... ... L
3.1.3 Rubi [A] (verified) . . . . . ... .. 39
3.1.4 Maple [A] (verified) . . .. ... .. ... 44
3.1.5  Fricas [C] (verification not implemented) . . . . . . . ... ... ... .... 45
3.1.6 Sympy [F] . . . . o 6]
3.1.7 Maxima [F] . . . . . 47
3.1.8 Giac [F] . . . o 4
3.1.9 Mupad [F(-1)] . . . . o o 4

3.1.1 Optimal result

Integrand size = 40, antiderivative size = 700

(a+bx)*(A+ Bz)
Ve+dzye+ fx/g+ hx
_ 2b(7aBdfh + b(5Adfh — 4B(df g + deh + cfh)))vc + da/e + fz\/g + ha
N 15d2 f2h?
2bB(a + bx)v/c + dz+/e + fx\/g + hx
+ 5dfh

2v/—de + cf (15a2Bd?f2h? + 10abdf h(3Adfh — 2B(df g + deh + cfh)) — b*(10Adfh(dfg + deh + cfh

+

1543 f5/-
2/—de + cf(15a%d? f2h*(Bg — Ah) + 10abdf h(3Adf gh — B(ch(fg — eh) + dg(2fg + eh))) — b*(5Adj

(a+bz)?(A+Bz)
3.1. f Vetdzy/e+fx/g+hx dx
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output | 2/15*%b* (T*a*B*d*fxh+b* (5xA*d*fxh-4*B* (cxf*h+d*exh+d*f*g)))* (d*x+c) ™ (1/2) *(
fxx+e) ~(1/2) % (h*x+g) ~(1/2) /d"2/£72/h"2+2/5xb*B* (b*x+a) * (d*x+c) ~ (1/2) * (£xx+
e) " (1/2) * (h*x+g) ~(1/2) /d/£f/h+2/15% (16%xa~2*B*d~2*f ~2*h~2+10*a*b*d*f*xh* (3xA*
d*f*h-2*B* (c*xf*h+d*exh+d*f*g) ) —b~ 2% (10*Axd*f*h* (c*f*h+d*e¥*h+d*f*g) —B* (8xc™
2x£~2+h~2+7*c*xd*f*h* (exh+f*g) +d~2% (8%e~2xh~2+7*e*xf*gxh+8*f~2xg~2)))) *Ellip
ticE(£7(1/2)*(d*x+c)~(1/2) /(cxf-d*e)~(1/2) , ((-cxf+d*e) *h/f/ (-cxh+d*g) )~ (1/
2) ) *(c*f-dxe) ~(1/2) * (dx (fxx+e) / (—cxf+d*e)) ~(1/2) * (h*x+g) ~(1/2) /d~3/£~(5/2)
/h~3/ (fxx+e) = (1/2) / (d* (h*x+g) / (~c*h+d*g) ) ~(1/2)-2/15* (15%a~2*d~2*f ~2xh~2*(
—Axh+B*g) +10*a*xb*d*f xh* (3*xAxd*f*xgxh-B* (c*h* (~e*h+f*g) +d*g* (exh+2*xf*g)))-b~
2% (5xAxd*fxh* (cxh* (—exh+f*g) +d*gk (exh+2*f*g) ) —Bk (4*c~2%f*h~2% (~exh+f*g) +c*
dxh* (-4%e~2%h~2+exfxgkh+3%f "2%g~2) +d"2xg* (4*xe~2xh~2+3xe*xf*xg*h+8*f ~2xg~2)))
)*E1lipticF(£7(1/2)*(d*x+c) ~(1/2) / (cxf-d*e)~(1/2), ((-c*f+d*e)*h/f/ (-c*h+d*
g)) " (1/2)) *(cxf-d*e) ~(1/2) % (d* (f*x+e) / (-cxf+d*e)) " (1/2) * (d* (h*x+g) / (-cxh+d
*g))~(1/2)/d~3/£7(56/2) /h~3/ (f*x+e) " (1/2) / (h*x+g) = (1/2)

3.1.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 28.41 (sec) , antiderivative size = 806, normalized size of antiderivative = 1.15

(a + bx)?(A + Bz)
Ve+dzye+ fry/g + hr

p (—d2, /—c + %(15a> Bd® f2h* — 10abdf h(—3Adfh + 2B(df g + deh + cfh)) + b(—10Adfh(df g + de

input‘Integrate[((a + b*x)"2+%(A + B*x))/(Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*
xD,x] J

(a+bz)?(A+Bz)
3.1. f Vetdzy/e+fx/g+hx dzx
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output | (-2%(-(d"2*Sqrt[-c + (d*e)/f]*(15%a~2*B*d~2*f"2*xh~2 - 10%a*bxd*f*xh*(-3*xA*d
xfxh + 2xBx(d*f*g + d*exh + c*f*h)) + b~2%(-10%Axd*fxh*(d*f*g + d*exh + cx*
fxh) + Bx(8%c™2+f7"2xh"2 + Txckd*f*h*(fxg + exh) + d"2%x(8*x£~2xg™2 + T*xexfx*g
*h + 8%e”2x¥h"2))))*(e + f*x)*(g + h*x)) + b*d~2xSqrt[-c + (d*e)/f]*f*xh*(c
+ dxx)*(e + f*xx)*(g + h*x)*(-5*A*b*d*f*h - 10*axBxd*fxh + b*Bx(4*cxfxh + d
*x(4xf*g + 4*exh - 3*f*h*x))) - Ix(d*e - c*f)*h*x(15%a~2%B*d~2*%f~2+¥h~2 - 10%
axbxd*f*h* (-3*%A*d*fxh + 2*Bx(d*f*g + dkexh + c*fxh)) + b 2x(-10xAxd*f*xh*(d
xfxg + dxexh + cxfxh) + B*(8*xc~2xf"2xh~2 + 7Txckd*fxh*(fxg + exh) + d~2%(8%
£72xg~2 + Txexf*gxh + 8%e"2xh~2))))*(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/(f*
(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt([-c
+ (d*e)/f]l/Sqrtlc + d*x]], (d*f*g - c*fxh)/(d*exh - c*fxh)] - I*dxh*(15*a"
2xd"2+f"2% (- (Bxe) + Axf)*h~2 + 10*axbxd*f*hk(-3*A*d*exfxh + Bkcxf*(-(fx*g)
+ exh) + Bxdxex(fxg + 2%e*h)) - b ~2x(-5xAxd*fxh*(cxf*(-(fxg) + exh) + dxe*
(fxg + 2xe*h)) + B*(4*c™2+f72xh* (- (f*g) + e*h) + ckd*xf*(-4*f72+g"2 + exfx*g
*h + 3%e”2xh"2) + d"2%e*x(4*xf72xg~2 + 3xexfxgxh + 8%e~2x¥h~2))))*(c + d*x)~(
3/2)*Sqrt[(d*(e + £*x))/(f*(c + d*x))]*Sqrt[(d*(g + h*x))/(h*x(c + d*x))]+*E
1llipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - cxfxh)/(dxe
*h - c*fxh)]))/(15%d"4*Sqrt[-c + (d*e)/f]l*f"3*h~3*Sqrt[c + d*x]*Sqrtle + f
*x]*Sqrt [g + hx*x])

3.1.3 Rubi [A] (verified)

Time = 1.70 (sec) , antiderivative size = 723, normalized size of antiderivative = 1.03,
number of steps used = 9, number of rules used = 9, number of rules _ 0.225, Rules used

integrand size
= {2100, 2118, 27, 176, 124, 123, 131, 131, 130}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a +bx)*(A + Bx)
Ve+dzy/e+ fx\/g+ hx

l 2100

5Adf ha?+b(5Abdf h+TaBdf h—4bB(df g+deh+cfh))z? —bB(2bceg+a(deg+cfg+ceh))+ (5Bdf ha?+2b(5 Adf h— B(df g+deh+cfh))a—3b> B(deg
f Vetdzy/e+ fxy/g+hx
5dfh
2bB(a + bx)v/c+ dzv/e + fz\/g + hz
5dfh

l 2118

(a+bz)?(A+Bz)
3.1. f Vetdzy/e+fx/g+hx dzx
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2 d(—((5Adfh(deg+cfg+ceh)—B(4fh(fg+eh)cz+2d(2f2g2+3efhg+262h2)c+4d2eg(fg+eh)))b2)—10aBdfh(deg+cfg+ceh)b+15a2Ad2f2h2+(—((loAdfh

2Vctdz/e+ fa/g+]
3d2fh

2bB(a + bx)v/c+ dz+/e + fx\/g + hz
5dfh

| 27

- ((5Adfh(deg+0fg+ceh)—B (4fh(fg+eh)02+2d(2f2gz+35fhg+252 h2) ct+4d? eg(fg+eh)) ) b2) —10aBdfh(deg+cfg+ceh)b+15a2Ad2 f2n2 + (— ((loAdfh(dfg
f Vctdzvet fr\/g+hx
3dfh

2bB(a + bx)v/c + dz\/e + fz\/g + hx
5dfh

l 176

(15a2Bd2f2h2+10abdfh(3Adfh—23(cfh+deh+dfg))— (b2 (10Adfh(cfh+deh+dfg)—B (8c2 F2R2 4 7cdf h(eh+fg)+d? (852 h2+7efgh+8f2g2))))) I \/C—Tb Vd:\—/’ti%.
h

2bB(a + bx)vc+ dzv/e + fz\/g + hz
5dfh

l 124

VaFhzy/ dg‘;%l:}”) (15a2Bd2 2h2+10abdf h(3Adf h—2B(cfh+deh+dfg))— (b2 (10Adfh(cfh+deh+dfg)—B (802 F2h2 4 7cdf h(eh+fg)+d2 (8e2 h2+7efgh+8f292))

hverra | Aethe)

2bB(a + bx)v/c+ dzv/e + fz\/g + hz
5dfh

l 123

2\/gFhz/cf—de %})E (arcsin ( VI °+d“”> |{de—ch)h ) (15a23d2 £2h2+10abdf h(3Adf h—2B(cfh+deh+dfg))— (b2 (10Adfh(cfh+deh+dfg)—B (8c2f2h2-

Ver=de )| fag=cn
avThyeFTe) | Aethe)

2bB(a + bx)v/c+ dzv/e + fx\/g + hz
5dfh

l 131

(a+bz)?(A+Bz)
3.1. f Vetdzy/e+fx/g+hx dzx
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2y/gFhz/cf—de MEJ)E (arcsm ( ‘Cg}*ﬁ‘”) | ;"é;;f{%’; ) (1502 Bd2 £2h2 +10abdf h(3Adf h—2B (cfh+deh+dfg)) — (b2 (10Adf h(cfh-+deh+df )~ B (8c2 f2h2

dfhm\/défﬁx)

2bB(a + bx)v/c+ dz+v/e + fx\/g + hz
5dfh

l 131

2vgFhaver—de| 4etiD p (arcsm ( ‘Cgfc*‘;f”) | ﬁ;;f@f;) (1502 Ba2 £2h2 +10abdf h(3Adf h—2B(cf h+deh-+dfg))— (b2 (L0 Adfh(cfh-+deh-+df g)— B (8¢ f2n2

dfhm\/ d(9+h$)

2bB(a + bx)v/c+ dz+/e + fx\/g + hz
5dfh

l 130

2v/gThzcf—dey/ déi%ﬁ}”)b“ (arcsin( VIetds ) | }"éj;fﬁ)}g ) (15a2Bd2 £2h2+10abdf h(3Adf h—2B(cfh+deh+dfg))— (b2 (10Adfh(cfh+deh+dfg)fB (8c2f2h2—

Vcf—de
d\fhm\/ d(9+hﬂ?)

2bB(a + bx)v/c + dz\/e + fz\/g + hx
5dfh

input LInt[((a + b*x)"2*%(A + B*x))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + hx*x]),x]

~—

(a+bz)?(A+Bz)
3.1. f Vetdzy/e+fx/g+hx dzx



output

rule 27 /

rule 123

rule 124
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(2#b*B*(a + bxx)*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtlg + h*x])/(5xd*f*h) + ((

2xbx (5xAxb*d*fxh + T*a*Bxd*f*h - 4xb*Bk(d*f*g + d*exh + c*f*h))*Sqrtlc + d
*x]*Sqrt[e + f*x]*Sqrtlg + h*x])/(3*d*fxh) + ((2*Sqrt[-(d*e) + c*f]*(15*a”
2*Bxd~2*f"2%xh~2 + 10*a*bxd*f*h*(3*%A*d*xfxh - 2*Bx(d*f*g + d*exh + c*fxh)) -
b~2% (10*A*xd*f*h* (d*xf*g + d*exh + cxfxh) - B*(8*c™2xf72xh~2 + 7xcxd*fxhx(f
xg + exh) + d"2*%(8xf"2xg~2 + Txexfxgxh + 8%e~2+¥h~2))))*Sqrt[(d*(e + f*x))/
(d*e - c*f)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-
(d*e) + c*f]], ((d*e - cx*f)x*h)/(fx(d*g - c*h))])/(d*Sqrt [f]*h*Sqrt[e + f*x
IxSqrt[(d*(g + h*x))/(d*g - c*h)]) - (2*Sqrt[-(d*e) + c*f]*(15*a~2xd"2*f"2
*h~2x (Bxg - A*h) + 10%axb*dxf*h*(3xAxd*fxgxh - Bkcxh*(f*g - exh) - Bxdxg*(
2%fxg + exh)) - b~ 2x(5kA*dxfxh*(cxh*(f*g - e*h) + d*gx(2xf*g + e*h)) - Bx(
4xc”2xf*h~ 2% (fxg — exh) + cxdxh*(3*f7"2%g~2 + exfxgxh - 4*e~2+¥h"2) + d~2xg*
(8+f~2%g~2 + 3kexfxgh + 4xe”2¥h~2))))*Sqrt[(d*(e + f*x))/(d*xe - c*f)]*Sqr
t[(d*(g + h*x))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt
[-(d*e) + cx£f]], ((d*e - c*f)x*h)/(fx(d*g - c+*h))])/(d*Sqrt[f]*h*Sqrt[e + £
*x]*Sqrt [g + h*x]))/(3*d*fxh))/(5*d*f*h)

3.1.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Sqrtl[(e_.) + (£_.)*(x_)]1/(Sartl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_
1), x_1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - a*xd)/d, 2]]1, £*x((bxc - a*d)/(d*x(bxe - a*f)))], x] /; FreeQ[{a,

b, ¢, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(b*xe - axf), 0] && 'L
tQ[-(b*c - a*d)/d, 0] && !(SimplerQlc + d*x, a + b*x] && GtQ[-d/(b*c - a*d
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 01)

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*((c + d*x)/(b*c - axd))]/(Sqrtlc + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(b*e - a*f)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bkd*(x/(b*c - a*d))]
), x]1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'(GtQ[b/(b*xc - a*xd), 0] && Gt
Q[b/(bxe - a*xf), 0]) && 'LtQ[-(b*c - a*xd)/d, O]

(a+bz)?(A+Bz)
3.1. f Vetdzy/e+fx/g+hx dzx




rule 130

rule 131

rule 176

rule 2100
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Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e ) + (f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*xd)/bl)], f*((bxc - a*d)/(d*(bxe -
axf)))], x] /; FreeQ[{a, b, c, 4, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ
[b/(bxe - a*f), O] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + £

*xx] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - a*f)/f])

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)1*Sqrtl(e ) + (f_.)*(x
1), x_1 :> Simp[Sqrt[bx((c + d*x)/(b*c - axd))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + b*d*(x/(bxc - axd))]*Sqrtle + f*x]), x
1, x] /; FreeQ[{a, b, c, d, e, £}, x] && !'GtQ[(bxc - a*d)/b, 0] && Simpler
Qla + bxx, c + d*x] &% SimplerQ[a + b*x, e + f*x]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sartl(e ) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
IxSqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtl(c
+ d*x]*Sqrt[e + f*x]1), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Int[(((a_.) + (b_)*(x_)) " (m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_)IxSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[2
*b*B*(a + b*x)~(m - 1)*Sqrtlc + d*x]*Sqrtle + fxx]*(Sqrtlg + hxx]/(d*fxh*(2
*m + 1))), x] + Simp[1/(d*fxh*(2*m + 1)) Int[((a + b*x)~(m - 2)/(Sqrtlc +
d*x]*Sqrt[e + fxx]*Sqrt[g + h*x]))*Simp[(-b)*B*(ax(dxe*xg + c*fxg + ckxexh)
+ 2%bxcxexgx(m - 1)) + a”2xA*d*fxh*(2xm + 1) + (2xaxA*b*d*fxh*(2*m + 1) - B
* (2xaxbx (dxf*g + d*exh + cxfxh) + b"2x(dxe*xg + c*fxg + cxexh)*(2*m - 1) - a
“2%d*fxkhx (2xm + 1)))*x + bx(Axbxd*f*h*k(2*m + 1) - B*(2+b*(d*f*g + d*e*h + c
*fxh)*m - a*xd*xfxh*(4*m - 1)))*x~2, x], x], x] /; FreeQ[{a, b, c, d, e, f, g
, h, A, B}, x] & IntegerQ[2+m] && GtQ[m, 1]

(a+bz)?(A+Bz)
3.1. f Vetdzy/e+fx/g+hx dzx




rule 2118

input ‘(int ((b*x+a) “2x (B*x+A) / (d*x+c) ~(1/2) / (£*x+e) ~(1/2) / (h*x+g) ~(1/2) ,x,method=_ ‘
‘RETURNVERBUSE) \
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Int [(Px_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£
_I)x(x ))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simpl[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*((e + f*x)"(p +
1)/(d*f*b"(q - 1)*(m + n + p + q + 1))), x] + Simp[1/(d*f*b"q*(m + n + p +
q+ 1)) Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~g*(m +
n+p+q+ 1)*xPx — dxf*kx(m + n + p + q + 1)*(a + b*x)"q + kx(a + b*x)"(q
- 2)*x(a"2xd*f*(m + n + p + q + 1) - b*(b*cxex(m + q - 1) + ax(d*ex(n + 1) +
cxfx(p + 1))) + b*(axd*f*(2*(m + q) + n + p) - b*(d*ex(m + q + n) + c*f*(m
+q+ p)))*x), x], x1, x] /; NeQIm + n + p + q + 1, 0]] /; FreeQl[{a, b, c,
d, e, f, m, n, p}, x] && PolyQ[Px, x]

3.1.4 Maple [A] (verified)

Time = 2.79 (sec) , antiderivative size = 866, normalized size of antiderivative = 1.24

method | result

2 2B b2 (2cfh+2deh+2dfg)
b2 A+2abB— S \/dfh

2
2B b2z dfh m3+cfh z2+deh m2+dfg z2+cehm+cfgz+degm+ceg (
V/(dz+c)(fz+e)(hz+g) v SR +

elliptic

default | Expression too large to display

(a+bz)?(A+Bz)
3.1. f Vetdzy/e+fx/g+hx dz




output

input
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((d*x+c) * (f*x+e) * (h*xx+g) ) ~(1/2) /(d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) = (1/2) *
(2/5%B*b~2/d/f /hxx* (d*f*¥h*x~3+c*f*h*x”~2+d*e*h*kx~2+d*f*gxx~2+ckexhxx+ckf*rgk
x+dxexgkx+ckexg) ~(1/2)+2/3% (b~ 2xA+2xa*b*xB-2/5%B*xb~2/d/f /h* (2*c*f*h+2*d*e*xh
+2xd*fx*g) ) /d/f/h* (d*f*¥h*x~3+c*f*h*x"2+d*exh*x~2+d*f*g*xx~2+ckexh*x+ckf*g*x+
dxexgxx+ckxexg) ~(1/2)+2%(a~2%xA-2/5%xBxb~2/d/f/h*c*xe*xg-2/3* (b~ 2*A+2*a*xb*B-2/5
*B*xb~2/d/f /h* (2*c*f*h+2*d*exh+2xd*f*g)) /d/f/h* (1/2*cxexh+1/2xc*xf*g+1l/2*d*e
*g) )*(g/h-e/f)*((x+g/h) /(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d) ) ~(1/2) * ((x+e/
£)/(-g/h+e/£))~(1/2) / (d*f*xh*x"3+c*xfxh*x~2+d*exh*x~2+d*f*g*x~2+c*exh*x+c*f*
grx+dkexgrx+ckexg) ~(1/2)*E1llipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/£f)/(
-g/h+c/d) )~ (1/2) ) +2x (2%a*xbxA+a~2*B-2/5%Bxb~2/d/f /h* (3/2*%c*exh+3/2xc*xf*xg+3/
2xd*exg) —2/3% (b~ 2%A+2%a*b*xB-2/5%B*b~2/d/f /h* (2*c*f*h+2xd*exh+2xd*xf*g)) /d/f
/h* (c*f*h+d*exh+d*f*xg) ) * (g/h-e/f) * ((x+g/h) /(g/h-e/£)) " (1/2) *((x+c/d) /(-g/h
+c/d))~(1/2)*((x+e/f)/(~g/h+e/£) )~ (1/2) / (d*f*h*x~3+c*f*h*x~2+d*exh*x~2+d*f
*g*x " 2+ckexhxx+cxfxgrx+d*kexgrx+crexg) ~(1/2) * ((-g/h+c/d) *E1llipticE(((x+g/h)
/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*EllipticF (((x+g/h) /(g
/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))))

3.1.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.15 (sec) , antiderivative size = 1236, normalized size of antiderivative = 1.77

/ (a + bx)?(A + Bz)

dx = Too large to displa;
Ve+dzye+ fx/g+ hx 8 y

e

integrate ((b*x+a) 2% (B*x+A) / (d*x+c) ~(1/2) / (f*x+e)~(1/2) / (h*x+g) ~(1/2) ,x, a
‘1gorithm=“fricas“)

(a+bz)?(A+Bz)
3.1. f Vetdzy/e+fx/g+hx dzx




output

input

output
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2/45% (3% (3xBxb~2*%d"3*f "3*h~3%x — 4*B*b~2+d"3*f 3*g*h~2 - (4*B*b~2+d"3xexf"”
2 + (4xBxb"2*%cxd"2 - 5x(2*Bxaxb + A*b~2)*d"3)*f~3)*h"3)*sqrt(d*x + c)*sqrt
(f*x + e)*sqrt(h*x + g) - (8*%Bxb™2xd"3*f"3*%g~3 + (3*%B*b~2*d~3*exf~2 + (3%B
*b~"2%c*kd"2 - 10%(2*B¥a*b + A*xb~2)*d~3)*f"3)*g~2xh + (3*B*b~2*d"3%e”2*f + (
3*xB*b~2+cxd"2 - b5k (2*B*axb + Axb"2)*d"3)*exf"2 + (3*%Bxb"2*c”2*d - 5x(2*B*a
*b + A*b~2)*cxd"2 + 15%(B*a~2 + 2%A*a*xb)*d~3)*f~3)*gxh~2 + (8*B*b~2%d"3%e”
3 + (3*Bxb~2%c*d"2 - 10%(2*B*axb + A*b~2)*d"3)*e"2xf + (3*%B*b~2xc~2*d - 5%
(2#B*axb + A*b~2)*c*d~2 + 15%(B*a”2 + 2xA*a*b)*d”3)*e*xf~2 + (8%B*b"2%c~3 -
45xA*a”~2%d"3 - 10%(2*Bxaxb + A*b~2)*c”2xd + 15%(B*a”2 + 2xA*axb)*c*d”2)*f
~3)*h~3) *sqrt (d*xf*h) *weierstrassPInverse (4/3*(d"2*f"2xg~2 - (d"2*e*f + c*d
*£72)*g*xh + (d72xe”2 - cxdxexf + c”2+f72)*h~2)/(d"2*f72xh~2), -4/27*(2*d"3
*f73%g"3 - 3%(d"3%exf"2 + ckd"2xf"3)*xg"2%h - 3% (d"3%e”"2xf - 4dkckd"2%e*f"2
+ c72xd*f£73) *g*h~2 + (2%d”"3%e”3 - 3xc*d"2*e”2xf - 3kc"2*d*e*f"2 + 2xc”3*f"
3)*h~3)/(d"3*£"3xh~3), 1/3*(3xd*f*h*x + d*f*g + (d*e + c*f)+*h)/(d*f*h)) -
3% (8*Bxb~2+%d"3*f"3%g"2*h + (7*B*b~2*d"3%e*f~2 + (7*B*b~2%c*xd"2 - 10%(2*B*a
*b + A*b~2)*d"3)*f£73)*gxh~2 + (8*B*b~2+%d"3*e"2+f + (7*B*b~2%c*d~2 - 10%(2%
Bxa*xb + Axb~2)*d"3)*e*f~2 + (8%Bxb~2kc"2xd - 10%(2*B*a*b + A*b~2)*c*d~2 +
16x(B*a~2 + 2*xAxaxb)*d~3)*f~3)*h~3) *sqrt (d*f*h)*weierstrassZeta(4/3*(d~2*f
“2xg”2 - (d"2xexf + ckd*f"2)xgxh + (d72*%e”2 - cxdxexf + c”2*xf"2)*h"2)/(d"2
*f~2xh"2), -4/27*(2%d"3*f"3xg"3 - 3*(d"3xe*f~2 + cxd"2*f73)*g~2xh - 3*(...

3.1.6 Sympy [F]

(a + bz)%*(A + Bx) i — (A + Bz) (a + bz)®
Vetdave+ fzvg+thr ) Vetdzve+ Favg+ ha

integrate ((b*x+a) **2x (B*x+A) / (d*x+c) **(1/2) / (f*x+e) **(1/2) / (h*x+g) **(1/2) ,
x)

Integral ((A + Bxx)*(a + b*x)**2/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)
), X)

3.1. f \/C(a-i-ba:)?(A—f-Bm) dz

+dz+/e+ fx\/g+he




input

output

input

output

input

output
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3.1.7 Maxima [F]

(a + bx)*(A + Bz) dp — (Bz + A)(bz + a)? .
Ve +dzye+ fx/g+ hx Vdz +cv/fr+evhr +g

integrate ((bxx+a) 2% (Bxx+A)/ (d*x+c)~(1/2)/ (f*x+e)~(1/2) / (h*x+g) ~(1/2) ,x, a
lgorithm="maxima")

integrate((B*x + A)*(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)
), %)

3.1.8 Giac [F]

(a + bx)?*(A + Bz) dp — (Bz + A)(bz + a)’
Vet doyert favgthe ) Vdr+o/fr+e/hz g

integrate ((b*x+a) "2* (Bxx+A) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2) ,x, a
lgorithm="giac")

integrate((B*x + A)*(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)
), %)

3.1.9 Mupad [F(-1)]

Timed out.

(a + bx)*(A + Bz) dr — (A4 Bz) (a+bz)’
Vetdzet favg+thr ) Vet fzVgt+hzve+da

int (((A + Bxx)*(a + bxx)~2)/((e + £xx)7(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/
2)),x)

int (((A + Bxx)*(a + b*x)~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/
2)), x)

(a+bz)?(A+Bz)
3.1. f Vetdzy/e+fx/g+hx dz
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3.9 f v (a+bz)(A+Bx) dx

+dx\/e+fx\/g+hx
3.21 Optimalresult . . . ... .. .. .. .. 48]
3.2.2 Mathematica [C] (verified) . . . . . . . . ... . L Lo 19
3.2.3 Rubi [A] (verified) . . . . ... .. ... 19
3.2.4 Maple [A] (verified) . ... ... . . ... 52
3.2.5 Fricas [C] (verification not implemented) . . . . . . . ... ... ... .... 53]
3.2.6 Sympy [F] . . . . %!
327 Maxima [F] . . .. ... 5%
328 Giac [F] . . . . 55
3.29 Mupad [F(-1)] . . . o o 55

3.2.1 Optimal result

Integrand size = 38, antiderivative size = 405

/ (a + bx)(A + Br) dp — 20B+/c + dz+/e + fx\/g + hx
Ve +dzye+ fx/g+ hx e 3dfh

2v/~de ¥ cf (3aBdfh + b(3Adfh — 2B(dfg + deh + cfh))), | . g T ha E (arcsm (f dej:f”> | e
d hx
32 f3/°h2/e + [/ At
2v/—de + cf (3adfh(Bg — Ah) + b(3Adf gh — B(ch(fg — eh) + dg(2fg + eh))))\/ detl2) | /At B
3d2f3/2h2\/e + fx\/g + hz

_|_

output | 2/3%b*B* (d*x+c) " (1/2) * (f*x+e) = (1/2) * (h*x+g) ~(1/2) /d/£f/h+2/3* (3*a*xBxd*f*h+b
* (3xAxd*f*h—-2*B* (cxf*h+d*exh+d*f*g)) ) *E1LlipticE(£~(1/2)* (d*x+c)~(1/2)/ (c*f
-d*e)~(1/2), ((-cxf+dxe) *h/f/ (-c*h+d*g) )~ (1/2) ) * (cxf-dxe) ~ (1/2) * (d* (f*x+e) /
(—cxf+d*e) )~ (1/2) * (h*x+g) ~(1/2) /d~2/£7(3/2) /h~2/ (f*x+e) ~(1/2) / (d* (h*x+g) / (
—cxh+d*g) )~ (1/2) -2/3* (3xa*xd*fxh* (—Axh+Bkg) +b* (3xAxd*f*xgkh-B* (cxh* (—exh+f*g
Y+d*xgx (exh+2xf*g))))*E1lipticF (£~ (1/2) *(d*x+c) ~(1/2)/ (c*f-dxe)~(1/2), ((-c*
f+d*e)*h/f/(-c*h+d*g)) ~(1/2)) *(c*xf-d*e) " (1/2) *(d* (f*+x+e) / (—~cxf+d*e) )~ (1/2)
* (d* (h*x+g) / (-c*h+d*g) ) ~(1/2) /d~2/£7(3/2) /h™2/ (f*x+e) " (1/2) / (h*x+g) ~(1/2)

(a+bzx)(A+Bzx)
3.2. f Vetdzy/e+fx/g+hx dzx



CHAPTER 3. LISTING OF INTEGRALS 49

3.2.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 24.19 (sec) , antiderivative size = 450, normalized size of antiderivative = 1.11

(a + bz)(A + Bz)
Ve+dzye+ fx/g+ hx ’

2i(de—cf)h(3Abdf h+3

m 2de2fh(6 + f$)(g + h$) _ 2d2(—3Abdfh—3aBdfh+2b€—(i_d££+deh+0fh))(6+f$)(g+hw) +

input  Integrate[((a + b*x)*(A + B*x))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h#*x]
) »x]

output | (Sqrtlc + d*x]*(2*b*B*d~2*f*h*(e + f*x)*(g + h*x) - (2%d"2%(-3*Axb*d*fxh -
3xa*xBkd*fxh + 2%b*Bx(d*f*g + d*exh + ckfxh))*(e + f*x)*(g + h*x))/(c + dx
x) + ((2%I)*(d*e - c*f)*h*(3kAxbxd*f*h + 3*a*Bkd*fxh — 2¥bxB*(d*xf*g + d*xex
h + cxfxh))*Sqrt[c + d*x]*Sqrt[(d*x(e + £*x))/(f*(c + d*x))]*Sqrt[(d*x(g + h
*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]],

(d*fxg - cxf*h)/(d*exh - cxf*h)])/Sqrt[-c + (d*e)/f] + ((2*I)*dxh*(3*axdx*
fx(-(B*e) + A*f)*h + bx(-3*A*xdxexfxh + Bxcxfx(-(fxg) + exh) + Bxdxex(fxg +

2xexh)))*Sqrt[c + d*x]*Sqrt[(d*(e + f*xx))/(f*(c + d*x))]1*Sqrt[(d*(g + h*x
))/(ax(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (
dxf*g - cxfxh)/(dxexh - cxfxh)])/Sqrt[-c + (dxe)/f]))/(3*d"3*f"2xh~2*Sqrt [
e + fxx]*Sqrt[g + hxx])

3.2.3 Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 414, normalized size of antiderivative = 1.02,
number of steps used = 7, number of rules used = 7, Lumber of rules _ ( 184 Ryles used

integrand size
= {2097, 176, 124, 123, 131, 131, 130}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a + bx)(A + Bx)
Ve+dzye+ fx\/g+ hx

l 2097

(a+bzx)(A+Bzx)
3.2. f Vetdzy/e+fx/g+hx dzx
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i 3aAdfh—bB(deg-+cfg+ceh)+(3Abdfh+3aBdfh—2bB(dfg+deh+cfh))z 4

Jetdzvet fovgtha z n 2bB+v/c + dzv/e + fr\/g + hx

3dfh 3dfh

l 176

(3aBdfh+3Abdfh—2bB(cfh+deh+dfg)) [ T s %dx (3adfh(Bg— Ah)+b(3Adf gh—Bch(fg—eh)—Bdg(eh+2£9))) | F=a=rerrevarn ﬁi S ENCEN:
h — h
3dfh
2bB+/c+ dz\/e + fx\/g+ hz
3dfh
l 124
dg dhz

+
Vatha,/ Keti2) (3aBdf h+3 Abdf h—2bB(cfh-+deh-+dfg)) [ do—ch "dg—ch gy
VoFds| e+ g2y (3adfh(Bg—Ah)+b(3Adf gh—Bch(fg—eh)—Bdg(eh+

hy/etfay/ Ae e "
3dfh

2bB+/c+ dz\/e + fx\/g + hz
3dfh

l 123

2V/gFhayef—dey) 4D B (arcsin( el ) el ) (3aBdfh+3Abdfh—2bB(cfh+deh+dfg))  (3adfh(Bg—Ah)+b(3Adfgh—Bch(fg-

=

3dfh

2bB+/c+ dz\/e + fr\/g+ hz
3dfh

l 131

2V/gthayef—dey) LD B <arcsin( Lot ) | et ) (3aBdfh+3Abdfh—2bB(cfh+deh+dfg))
dy/Fhy/et Tz, Lethe)

\/@ (3adfh(Bg—Ah)+b(3Adf gh

3dfh

2bBVc + dz\/e + fx\/g + hx
3dfh

l 131

/d(e+fx) [d(g+hz) (3adfh(Bg—Ah)-
2V/gThz/cf—de d;?{m)E(arcsin(\/fcvfcgfyj;f;;fc ;l’;)(3aBdfh-|—3Abdfh—2bB(cfh+deh+dfg)) _ de=ef V. dg—ch
d(g+h
dfh\/e+fx\/ c(lf; clf)

3dfh

2bB+/c+ dx\/e + fr\/g+ hz
3dfh

(a+bzx)(A+Bzx)
3.2. f Vetdzy/e+fx/g+hx dzx
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l 130

2v/gFhay/ef—de\) W2 B (arcsin (LY ) | el ) (3aBdfh+3Abdfh—2bB(cfhtdeh+dfg))  2v/cf—dey) SetlE) | [Hetha) Bliiptic
dv/FhveFfa ) e

3dfh

2bBv/c+ dz\/e + fr\/g+ hx
3dfh

.
input Int[((a + b*x)*(A + B*x))/(Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x]),x]

7

output | (2xb*B*Sqrt [c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x])/(3*d*f*h) + ((2*Sqrt[-(d
*e) + cxf]*x(3*%Axbk*d*fxh + 3*a*xBkxd*fxh - 2*b*B*(d*f*g + d*exh + c*f*h))*Sqr
t[(dx(e + f*x))/(d*e - c*f)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt [£f]*Sqrt[
c + dxx])/Sqrt[-(dxe) + c*f]], ((d*e - c*f)#*h)/(fx(d*g - c*h))])/(d*Sqrt[f
I]*h*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - cxh)]) - (2+Sqrt[-(d*e) + c*f]
* (3xaxd*f*h* (Bkg — Axh) + bk (3*%Axd*xfxg+*h — Bxc*h*(f*g - exh) - Bkdkgk(2*xfx*
g + exh)))*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]
*EllipticF [ArcSin[(Sqrt[f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*xf]], ((d*e - cxf
)*h)/(f*(d*g - cxh))])/(d*Sqrt [f]*h*Sqrt[e + f*x]*Sqrt[g + h*x]))/(3xd*f*h
)

3.2.3.1 Defintions of rubi rules used

rule 123 Int[Sqrt[(e_.) + (£f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt[-(b*c - a*d)/d, 2]]1, £*((b*c - a*d)/(d*x(b*e - a*f)))], x] /; FreeQl{a,
b, c, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - axf), 0] && !L
tQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c - axd
), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - axd)/b, 0])

N J

rule 124 | Int [Sqrt[(e_.) + (£_.)*(x_)1/(Sqrtl[(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_
)1), x_] :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(b*c - axd))]/(Sqrtlc + d
*x]*Sqrt [bx((e + f£xx)/(b*e - a*f))]))  Int[Sqrtl[b*(e/(b*e - axf)) + bxfx(x
/(bxe - axf))]/(Sqrtl[a + b*x]*Sqrt[b*(c/(bxc - axd)) + bxdx(x/(b*c - a*d))]
), x]1, x]1 /; FreeQ[{a, b, c, d, e, £}, x] & !(GtQ[b/(b*c - axd), 0] && Gt
Q[b/ (b*e - axf), 0]) && I!LtQ[-(b*c - a*d)/d, 0]

(a+bzx)(A+Bzx)
3.2. f Vetdzy/e+fx/g+hx dzx
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rule 130 | Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_ ) + (f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*xd)/bl)], f*((bxc - a*d)/(d*(bxe -

axf)))], x] /; FreeQ[{a, b, c, 4, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ
[b/(bxe - a*f), O] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + £
*x] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - axf)/f])

rule 131 Int[1/(Sqrtl[(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_ ) + (f_.)*(x
1), x_1 :> Simp[Sqrt[bx((c + d*x)/(b*c - axd))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + b*d*(x/(bxc - axd))]*Sqrtle + f*x]), x
1, x] /; FreeQ[{a, b, c, d, e, £}, x] && !'GtQ[(bxc - a*d)/b, 0] && Simpler
Qla + bxx, c + d*x] &% SimplerQ[a + b*x, e + f*x]

rule 176 | Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sartl(e ) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
IxSqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtl(c
+ d*x]*Sqrt[e + f*x]1), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

rule 2097 Int[(((a_.) + (b_.)*(x_))*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_)]*S
grtl(e_.) + (£_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[2%b*Bx*
Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(3*d*f*h)), x] + Simp[1/(3*d*fxh
) Int[(1/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]))*Simp[3*axA*d*fxh -

b*B* (dxexg + cxfxg + ckexh) + (3*%Axbxdxf*h + Bx(3*axdxf*h - 2xbx(dxf*xg + d*
exh + cxf*h)))*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

3.2.4 Maple [A] (verified)

Time = 2.61 (sec) , antiderivative size = 625, normalized size of antiderivative = 1.54

(a+bzx)(A+Bzx)
3.2. f Vetdzy/e+fx/g+hx dzx



input

output
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method | result

2| Aa—
2Bb\/dfh:v3+cfh:v2+deh:v2+dfgz2+ceh:v+cfgz+degw+ceg+ <

23b(%ceh+%cfg+%deg) g e w+7‘
3dfh (h_f) g_

h

\/(dm-i-c)(fm—{-e)(ha:—‘f-g) 3dfh

V/dfh o3 -+cfh o?+deh 22 +df

elliptic

default | Expression too large to display

int ((b*x+a) * (B*xx+A) / (d*x+c) ~(1/2) / (£*x+e) " (1/2) / (h*x+g) ~(1/2) ,x ,method=_RE
TURNVERBOSE)

((d*x+c)* (fxx+e) * (hxx+g) ) ~(1/2) / (d*x+c) " (1/2) / (fxx+e) " (1/2) / (h*x+g) = (1/2) *
(2/3*Bxb/d/f /h* (d*f*h*x~3+c*f*h*x~2+d*exh*x~2+d*f*gkx~2+ckexh*x+cxfxgxx+d*
exgkxx+ckexg) ~(1/2)+2* (Axa-2/3*Bxb/d/f/h* (1/2%c*kexh+1/2%c*xf*g+1/2%d*e*xg) ) *(
g/h-e/£)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) /(-g/h+c/d)) = (1/2)*((x+e/f)/(-g
/h+e/£)) " (1/2) / (A*fxh*x”~3+c*fxh*x~2+d*exh*x ™ 2+d*fxg*x ™ 2+ckexh*x+cxf*grx+d*
exgxx+cxexg) " (1/2)*E1llipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/htc
/d))~(1/2))+2* (Axb+B*a-2/3*B+b/d/f /h* (cxf*h+d*exh+d*f*g) ) * (g/h-e/f) * ((x+g/
h)/(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d))~(1/2) *((x+e/f) /(-g/h+e/£))~(1/2)/
(d*f*h*x~3+c*f*h*x"2+d*exh*x"2+d*f*xg*x~2+ckexh*x+ckf*xgrx+d*rexgxx+ckexg) ™ (1
/2)*((-g/h+c/d) *E1lipticE(((x+g/h) /(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d)
)~ (1/2))-c/d*EllipticF (((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(

1/2))))

3.2.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.13 (sec) , antiderivative size = 842, normalized size of antiderivative = 2.

(a + bz)(A+ Bz) .
Ve +dzye+ fx/g+ hx

08

2 (3 Vdz + c/fx + ev/hx + gBbd? f2h? + (2 Bbd? f2g? + (Bbd?ef + (Bbcd — 3 (Ba + Ab)d?) f2)gh + (2

input(integrate((b*x+a)*(B*x+A)/(d*x+c)*(1/2)/(f*x+e)*(1/2)/(h*X+g)“(1/2),X, alg

‘orithm="fricas")

(a+bzx)(A+Bzx)
3.2. f Vetdzy/e+fx/g+hx dzx



output

input

output
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2/9%(3*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)*B*bxd~2*f"2+h~2 + (2xBxbx*
d"2+£"2%g~2 + (B¥b*d"2xexf + (B¥bkcxd - 3*(B*a + Axb)*d~2)*f~2)*g+h + (2*B
*b*d~2%e~2 + (B*b*ckd - 3*(B¥a + Axb)*d~2)*exf + (2%B*b*c”2 + 9*Axa*xd”2 -
3x(B*a + A*b)*c*d)*f~2)*h~2)*sqrt(d*f*h)*weierstrassPInverse (4/3*(d~2*f~2x
g72 - (d"2%exf + ckd*f~2)*gxh + (d"2%e”2 - ckd*kexf + c”2*x£72)*h~2)/(d"2*f"
2¥h~2), -4/27*(2%d"3*f"3%g"3 - 3*(d"3*exf"2 + cxd"2*xf"3)*g~2*%h - 3*(d"3%e”
2xf - 4*xcxd"2%e*f"2 + cT2xd*f73)*gxh”"2 + (2%d"3%e”3 - 3xc*d"2*e"2+f - 3xc”
2xdxe*xf~2 + 2xc”3*£73)*h"3)/(d"3*£73%h"3), 1/3%(3*d*f*h*x + dxfxg + (dxe +
cxf)*h)/(d*f*h)) + 3*(2*Bxbxd~2xf 2+gxh + (2xB*b*xd~2%exf + (2%Bx*b*cxd - 3
*(Bxa + A*b)*d~2)*f~2)*h"2)*sqrt (d*f*h)*weierstrassZeta(4/3*(d"2*f"2*g~2 -
(d™2xexf + c*d*f~2)*gxh + (d"2xe”2 - ckdxexf + c~2xf£72)*h~2)/(d"2*f 2xh~2
), —4/27*(2%d"3*f"3%g"3 - 3*(d"3%e*f"2 + c*kd"2*xf"3)*xg"2*%h - 3*(d"3%e"2*xf -
4xckd~2*xexf"2 + c”2+%d*f"3)*gxh~2 + (2%d"3*e”3 - 3xckd"2*e"2*f - 3*c"2*dxe
*f72 + 2xc~3*%f"3)*h"3)/(d"3*f£"3x¥h"3), weierstrassPInverse(4/3*(d~2*f~2xg~2
- (d"2xexf + cxd*f"2)*g*h + (d"2*e”2 - cxdxexf + c”2xf72)*h~2)/(d"2*f"2*h
~2), -4/27%(2xd"3*%f"3%g"3 - 3*(d"3*exf"2 + cxd"2*f"3)*g"2xh - 3*%(d"3*e”2xf
- 4xcxd"2*%e*f"2 + c"2*%d*f73)*gxh"2 + (2%d"3%e”3 - 3*c*kd"2xe"2*f - 3xc”"2*d
xexf~2 + 2xc”3*f£73)*h"3)/(d"3*£73+%h"3), 1/3*%(3*d*f*xh*x + d*fxg + (d*e + cx*
£)*h)/ (d*fxh))))/(d"3*£~3%h~3)

3.2.6 Sympy [F]

(a + bz)(A + Bx) dr = (A+ Bz) (a + bx)
Ve +dzy/e+ fx/g+ hx Ve+dzye+ fx/g+ hx

p

Lintegrate((b*x+a)*(B*x+A)/(d*x+c)**(1/2)/(f*x+e)**(1/2)/(h*x+g)**(1/2),x)

p
‘Integral((A + Bxx)*(a + b*x)/(sqrt(c + d*x)*sqrt(e + fxx)*sqrt(g + h*x)),
x)

N

(a+bzx)(A+Bzx)
3.2. f Vetdzy/e+fx/g+hx dzx



input

output

input

output

input

output
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3.2.7 Maxima [F]

(a + bx)(A+ Bz) dp — (Bz + A)(bz + a)
Ve +dzye+ fx/g+ hx Vdz +cv/fr+evhr +g

integrate ((b*x+a)*(Bxx+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2) ,x, alg
orithm="maxima")

integrate((B*x + A)*(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)

3.2.8 Giac [F]

(a +bz)(A+ Bz) dr — (Bz + A)(bz + a)
Ve+dzye+ fx/g+ hx Vdz +cv/fr+evhr +g

integrate ((b*x+a)* (Bxx+A) / (d*x+c) ~(1/2) / (£*x+e)~(1/2) / (h*x+g)~(1/2) ,x, alg
orithm="giac")

integrate((B*x + A)*(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)

3.2.9 Mupad [F(-1)]

Timed out.

(a+ bx)(A+ Bzx) dp — (A+ Bz) (a+bx)
Ve+dzve+ fry/g + hx Vet fz\/g+hzve+dzx

int (((A + Bxx)*(a + b*x))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)
),x)

int(((A + B*x)*(a + b*x))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)
), x)

(a+bzx)(A+Bzx)
3.2. f Vetdzy/e+fx/g+hx dz




output
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3.3 f A+Bx T
Vetdzy/e+ fry/g+hx

3.3.1 Optimalresult . . .. .. .. .. . .. ... e H0l
3.3.2 Mathematica [C] (verified) . . . . . . . . ... L by
3.3.3 Rubi [A] (verified) . . ... ... ... bYi
3.34 Maple [A] (verified) . ... ... ... ... 60
3.3.5  Fricas [C] (verification not implemented) . . . . . . ... ... ... ...... 61
3.3.6 Sympy [F] . . . . o 61]
3.3.7 Maxima [F] . . . . . 62
3.38 Giac [F] . . . . . 621
3.39 Mupad [F(-1)] . . . .o 62

3.3.1 Optimal result

Integrand size = 33, antiderivative size = 284

A+ Bz dx
Ve +dzy/e+ fx/g+ hx

| 2BY=det of \/ L/ F hoB (arcsin (VEEEE ) | enetl)
dvfh/e+ fz %

2v/=deF o] (Bg — AR)\/ 42 | [40+) BllipticF (arcsin (VIVEES ), el )

dv/fhv/e+ fr\/g + hx

2xB*E11ipticE(£7(1/2)*(d*x+c) ~(1/2)/(cxf-d*e) ~(1/2) , ((-cxf+d*e)*h/f/(-cxh+
d*g))~(1/2) ) *(cxf-dxe) ~(1/2) * (d* (f*x+e) / (—c*xf+dx*e)) ~(1/2) * (h*x+g) ~(1/2)/d/
h/£~(1/2) / (£xx+e) ~(1/2) / (d* (h*x+g) / (—cxh+d*g)) ~ (1/2) -2* (-Axh+Bxg) *Elliptic
F(£7(1/2)*(d*x+c)~(1/2) / (c*f-d*e) ~(1/2) , ((-c*f+d*e) *h/f/ (-c*h+d*g)) ~(1/2))
*x (cxf-d*e) " (1/2) *(d* (f*xx+e) / (-cxf+d*e)) = (1/2) * (d* (h*x+g) / (-c¥h+d*g) ) ~(1/2)
/d/n/£7(1/2) / (£*xx+e) = (1/2) / (h*x+g) ~(1/2)

A+Bx dx

3.3. f Vetdzy/e+fx/g+hx
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3.3.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 19.29 (sec) , antiderivative size = 319, normalized size of antiderivative = 1.12

A+ Bz dx
Ve+dzye+ fry/g+ hx

[ord
2 (—BdQ, /—c+ %(e + fz)(g + hx) —iB(de — cf)h(c+ dx)3/2\/°;((ii§g Z((iing(iarcsinh( T:;;

d?\/—c+ %fh\/c—i-

input  Integrate[(A + B*x)/(Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x]),x]

output | (-2x(-(B*d~2*Sqrt[-c + (d*e)/fl*(e + f*x)*(g + h*x)) - IxBk(d*e - c*f)*h*(
c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/(f*(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c
+ d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*fxg - c
*fxh) /(dxexh - cxfxh)] + Ixd*(Bxe - A*xf)*hx(c + d*x)~(3/2)*Sqrt[(d*(e + fx*
x))/(£x(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*ArcSinh[S
grtl-c + (dxe)/f]l/Sqrtlc + d*x]], (d*xf*xg - c*f*h)/(d*exh - c*fxh)]))/(d~2*
Sqrt[-c + (d*e)/f]l*f*h*Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])

3.3.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 284, normalized size of antiderivative = 1.00,
— _ @ humber of rules _

number of steps used = 6, number of rules used = 6, integrand size 0.182, Rules used

= {176, 124, 123, 131, 131, 130}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

A+ Bz dz
Ve+dzy/e+ fo/g+ ho
l 176
N :
B| sitegmde  (Be— AN [ g e
; h

l 124

A+Bx dx

3.3. f Vetdzy/e+fx/g+hx
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dhx

€ T C + C
BygTIE Rt et g

Verde, | g2+ 3% Ar) | \/c-i-doc\/ei Fova e 0T
S EVE A h
| 123
2B+\/g + hx\/cf — de\/?ﬁ)E (arcsin (‘/jﬁ) |§f2§;ﬁ’23)
dy/Fhy/e ¥ foy) S
(Bg — Ah) | \/c+da:\/e-}- Tovatie W

l 131
2B+\/g + hz+/cf — de\/WE (arcsin <fvfcziw) |;‘é§;ﬁ{%’;) -
dv/fh/e + fx dég“g,’f)
Ah d(e+fz) d
Bg \/Zf c+dx\/de cf+dedfgif"g+hx *
hv/e+ fz

l 131

2B\/g T hav/cf —de\/ 4D g (arcsin <fm> | (de_cf)h>

de—cf Vef—de f(dg—ch)
dv/Fhy/e ¥ fz,/Mthe)
(Bg — Ah)y/ 21D | [ datie) ! dz
\/ de—cf dg—ch f m\/d Cf_’_dgfﬂ;f T ch+d;lhih
hve+ fz/g + hx
l 130
2B\/g + hz\/cf — de gzﬂcr J"f)E (arcsin (‘/fc”fc:i‘iw> |%Z;EJ; ;:;)

dy/Thy/eF fa,/ 2t

2(Bg — Ah)Vef — dey/ %etLe) | X he) plipticE (arcsin (LYt ) | GemeDl)

dv/fhve+ fx\/g+ hz

input LInt [(A + B*x)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x]

A+Bx dx

3.3. f Vetdzy/e+ fz/g+ha




output

rule 123

rule 124

rule 130

rule 131
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(2%BxSqrt [-(d*e) + cxf]*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[g + h*x]*El1li
pticE[ArcSin[(Sqrt [f]*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - cxf)*h)/
(£x(d*g - c*h))])/(d*Sqrt[f]*h*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - c*h
)1) - (2*Sqrt[-(d*e) + c*f]l*(B*g — Axh)*Sqrt[(d*x(e + f*x))/(d*e - c*f)]*Sq
rt[(d*x(g + h*x))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqr
t[-(d*e) + cxf]], ((d*e - c*f)*h)/(fx(d*g - c*h))])/(d*Sqrt[f]*h*Sqrt[e +
f*x]*Sqrt[g + h*x])

3.3.3.1 Defintions of rubi rules used

Int[Sqrtl[(e_.) + (£_.)*(x_)]1/(Sartl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_
1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - a*xd)/d, 2]], £*x((bxc - a*d)/(d*x(bxe - a*f)))], x] /; FreeQ[{a,

b, ¢, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - axf), 0] && !L
tQ[-(b*c - a*d)/d, 0] && !(SimplerQlc + d*x, a + b*x] && GtQ[-d/(b*c - a*d
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[bx((c + d*x)/(bxc - axd))]/(Sqrtl[c + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(b*e - a*f)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + bxx]*Sqrt[bx(c/(bxc - a*d)) + bxd*(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0] && Gt
Q[b/(bxe - a*xf), 0]) && !LtQ[-(bxc - a*d)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrt[(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_]1 :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(b*e - a*f)/b]))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrtl[(bxc - a*d)/bl)], f*((bxc - a*xd)/(d*(bxe -
axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - a*xd), 0] && GtQ
[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + £
*x] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - axf)/f])

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
1), x_1 :> Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*x(c/(b*c - a*d)) + b*d*(x/(bxc - axd))]*Sqrtle + f*x]), x
1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Simpler
Qla + b*x, c + d*x] && SimplerQ[a + bxx, e + f*x]

A+Bx dx

3.3. f Vetdzy/e+fx/g+hx




rule 176

input

output
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Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtl[a + b*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtl(c
+ d*x]*Sqrt[e + f*x]1), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

3.3.4 Maple [A] (verified)

Time = 2.58 (sec) , antiderivative size = 498, normalized size of antiderivative = 1.75

method | result

g £ g _9g
2A(37§) z+y z+§ 1‘+f = T+ , 5t
RIS T B TN

V/(dz+c)(fz+e) (ha+g)

+9 z+< z+ S
oB(9_¢e) | ETh d f
Je;) (% f)J %_%J—%+§\J—%+% (
c
d

\/dfh 13+cfh z2+deh m2+dfg z2+cehm+cfgz+dega:+ceg

Vafh a3 +cfh o2+

elliptic

Vdz+c+/frx+e/hz+g

default

(hz+g)f [(eh—fg)d (hz+g)f [(eh—fg)d (hz+g9)f [(eh—fg)d
2(AF(¢_emjg’ f@m§m>dem_AF(VL'M—%’ f@m§m>dwh_BF(¢_emjg’ f@mjm)C”ﬂ+BF<¢i

int ((Bxx+A)/(d*x+c)~(1/2)/ (f*x+e)~(1/2)/ (h*x+g) ~(1/2) ,x ,method=_RETURNVERB
0SE)

((dxx+c) * (£xx+e) *x (hxx+g) )~ (1/2) / (d*x+c) ~(1/2) / (£*xx+e) " (1/2) / (h*x+g) ~(1/2) *
(2%A*(g/h-e/f) *((x+g/h) / (g/h-e/£)) ~(1/2)*((x+c/d) / (-g/h+c/d) )~ (1/2) *((x+e/
£)/(-g/h+e/£))~(1/2) / (d*f*h*x"3+c*xfxh*x~2+d*exh*x~2+d*f*g*x~2+c*exh*x+c*f*
gxx+dxexgxx+cxexg) " (1/2)*EllipticF (((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/£)/(
-g/h+c/d))~(1/2))+2*B*(g/h-e/f) *((x+g/h) /(g/h-e/£))~(1/2) *((x+c/d) / (-g/h+c
/d))~(1/2)*((x+e/f) /(-g/h+e/£)) ~(1/2) / (A*f*h*x"3+cxf*h*x"2+d*exh*x~2+d*f*g
*x~2+ckexhkx+ckfrgrx+drexgrx+crexg) ~(1/2) *((-g/h+c/d)*E1lipticE(((x+g/h)/(
g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*E1llipticF(((x+g/h)/(g/h
-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(1/2))))

3.3.

A+Bzx
f Vetdzy/e+fx/g+hx dz
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3.3.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.12 (sec) , antiderivative size = 671, normalized size of antiderivative = 2.36

A+ Bz d
xTr =
Ve +dzye+ fx/g+ hx
2 (3 \/df h Bdf hweierstrassZeta ( U (d2ef+6d€23§ Ezgd262_6def+62f2) w) ,—* CL g™ 8 (FefThed S )a"h3

input | integrate ((Bxx+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="
fricas")

output | -2/3%(3*sqrt (d*f*h) *B*d*f*h*weierstrassZeta(4/3*(d"2*f"2xg~2 - (d"2%exf +
c*xd*xf"2)xgxh + (d"2%e”2 - ckdkxexf + c 2*f~2)*h~2)/(d"2*f"2+h"2), -4/27*(2*
d"3*f73*%g~3 - 3*(d"3*exf"2 + cxd"2*f"3)*g"2xh - 3*(d"3*e"2+f - 4xcxd"2*exf
T2 + cT2xd*£73) *g*¥h”"2 + (2%d"3%e”3 - 3kckd"2xe”2*xf - 3*c"2kdxexf"2 + 2%c”3
*f~3)*h~3) /(d"3*£"3*xh~3), weierstrassPInverse(4/3*(d"2+f"2xg"2 - (d~2*ex*f
+ cxd*f~2)xgxh + (d"2*e”2 - ckdxe*xf + c”2*£72)xh"2)/(d"2*£72+%h"2), -4/27*(
2xd"3*f"3*%g"3 - 3*%(d"3%e*f"2 + c*d"2*f"3)*g"2xh - 3*x(d"3%e”2*f - 4*ckd"2%e
*£72 + cT2xd*f73)*g*h~2 + (2%d"3%e”3 - 3kckd"2%e”2*f - 3kcT2xdxe*f”2 + 2%c
~3%£73)*h"3)/(d"3*%£"3%h"3), 1/3*(3*dxf*h*x + d*f*g + (d*e + c*f)*h)/(d*fx*h
))) + (Bxdxfxg + (B*dxe + (Bxc - 3*A*d)*f)*h)*sqrt(d*f*h)*weierstrassPInve
rse(4/3*x(d"2+f"2xg"~2 - (d"2%exf + c*d*f~2)*gxh + (d"2*e”2 - ckxd*e*xf + c™2%
£72)*h"2) /(d"2*£72+%h"2), -4/27*(2*d"3*£"3%g"3 - 3*(d"3*exf~2 + c*kxd~2xf"3)*
g™ 2%h - 3x(d"3xe"2*f - 4xc*d"2xexf"2 + c”2+d*f"3)*gxh~2 + (2+%d"3*e”3 - 3*c
*d"2%e"2xf - 3kc"2xd*e*f"2 + 2xc”3*f"3)*h~3)/(d"3%f~3*%h~3), 1/3*(3*d*xfxh*x
+ dxfxg + (dxe + c*f)*h)/(d*f*h)))/(d"2*x£~2*h~2)

3.3.6 Sympy [F]

A+ Bz A+ Bz
dx = dx
Ve+dzye+ fx/g+ hx Ve+dzye+ fx/g+ hx

e hY

integrate ((B*x+A) / (d*x+c)**(1/2)/ (f*x+e)**(1/2) / (h*x+g)**(1/2) ,x)

N J

input

outputLIntegral((A + Bxx)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x) J

A+Bx dx

3.3. f Vetdzy/e+fx/g+hx
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3.3.7 Maxima [F]

A+ Bx Bx+ A
dx = dx
Ve +dzy/e+ fx\/g+ hx Vdz +cv/fr+evhz +g

input ‘ integrate ((B*x+A)/(d*x+c)~(1/2)/ (f*x+e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="
‘maxima")

output Lintegrate((B*x + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

3.3.8 Giac [F]

A+ Bx Bx+ A
dr = dz
Ve+dzye+ fry/g+ hr Vdz +cv/fr+ev/hx +g

input‘integrate((B*x+A)/(d*x+c)“(1/2)/(f*x+e)“(1/2)/(h*x+g)“(1/2),x, algorithm="
‘giac")

outputtintegrate((B*x + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

3.3.9 Mupad [F(-1)]

Timed out.

A+ Bz A+ Bzx
dz = dz
Ve+dzye+ fr/g + hx Vet fz\/g+hzve+dzx

inputtint((A + B*x)/((e + £xx)7(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)),x)

-

outputLint((A + Bxx)/((e + £*x)7(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)), x)

—

A+Bx dx

3.3. f Vetdzy/e+fx/g+hx
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A+Bzx

3.4 f (a+bz)vetdzy/e+ fr/g+hx dz

34.1 Optimalresult . .. ... ... ... .. . 631
3.4.2 Mathematica [C] (verified) . . . . . . . . ... L L 64
3.4.3 Rubi [A] (verified) . . . . . . ... 64
3.44 Maple [A] (verified) . .. .. ... . ... 67
345 Fricas [F(-1)] . . . . . .o 68
3.4.6 Sympy [F] . . . . 68
347 Maxima [F] . . . . . 69
348 Giac [F] . . . 69
3.49 Mupad [F(-1)] . . ..o 69

3.4.1 Optimal result

Integrand size = 40, antiderivative size = 313

/ A+ Bx
dz
(a + bx)vc+ dz/e + fr\/g + hx

d(e+fz) d( +hx) VFVetdz\ (de—cf)h
QB\/—de +cf \/ docf 9T27) EllipticF <arcsm <\/_de+cf> , f(dg_ch)>

bd\/_\/e + fz\/g + hx
B detfe) [dathe) priiegs i (_ bde—ch) . (VIVeidz) (de—ch)h
2(A—B)/—de+ cf\/ docf df]_ch EllipticPi (— (be—ad) f» BTCSIN (J—de+cf) , f(dg_ch)>

(bc — ad)v/fv/e + fx\/g + hx

output 2*B*E11lipticF(£7(1/2)*(d*x+c)~(1/2)/(c*f-d*e)~(1/2), ((-c*f+d*e)*h/f/(-c*h+
d*g))~(1/2))*(cxf-dxe) ~ (1/2) * (d* (f*x+e) / (-c*f+d*e) )~ (1/2) *(d* (h*x+g) / (-c*h
+d*g) )~ (1/2)/v/d/£7(1/2) / (f*x+e)~(1/2) / (h*x+g) ~(1/2)-2*% (A-a*B/b) *E11lipticP
i(£f~(1/2)*(d*x+c)~(1/2) / (cxf-d*e) ~(1/2) ,-b*(-c*f+d*e) / (-a*xd+b*xc) /f, ((-c*xf+
dxe) *h/f/ (-c*h+d*g) )~ (1/2) ) * (cxf-d*e) ~(1/2) * (d* (f*x+e) / (-cxf+d*e) ) ~(1/2) *(
d* (h*x+g) / (-cxh+d*g) ) ~(1/2) / (—axd+bxc) /£~ (1/2) / (f*x+e) " (1/2) / (h*x+g) ~(1/2)

A+Bz dx

3.4. f (a+bz)Vct+dz/et+ fx/g+hx




input

output
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3.4.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 22.95 (sec) , antiderivative size = 245, normalized size of antiderivative = 0.78

/ A+ Bz de
(a + bz)vVc+dzve+ fr/g+ hx
, " P T Y s & —c .
2ive+ fx/ ‘fl((iigmi (b(—Bc + Ad) EllipticF (zarcsmh( \/C+dwf ) , j’s’l_c{cz> + (—Ab + aB)d EllipticPi (
b(—bc + ad) \/—c + %f\/—?((iigg Vg + hx

+ d*x))]*Sqrt[g + h*x])

Integrate[(A + B*x)/((a + bxx)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x]),
x]

((2*I)*Sqrtle + f*x]*Sqrt[(d*(g + h*x))/(h*x(c + d*x))]*(b*x(-(B*c) + A*d)*E
1lipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*xf*g - c*f*xh)/(d*e
xh - c*fxh)] + (-(Axb) + a*B)*d*EllipticPi[-((b*c*f - axd*f)/(bxd*e - b*c*
f)), I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*fxg - c*fxh)/(d*e*xh -
cxf*h)]1))/(b*x(-(b*c) + a*d)*Sqrt[-c + (dxe)/f]l*f*Sqrt[(d*(e + f*x))/(f*(c

3.4.3 Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 345, normalized size of antiderivative = 1.10,
number of steps used = 10, number of rules used = 9, number of rules _ 0.225, Rules used

integrand size
= {2110, 27, 131, 131, 130, 187, 413, 413, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ A+ Bx
dz
(a + bx)Ve + dze + fx\/g + hx
| 2110

(A—OLB>/ 1 dm+/ B dz
b (a + bx)v/c+ dzv/e + fx\/g+ hz bvc+ dzv/e + fx\/g+ hr

| 27

A+Bz dx

3.4. f (a+bz)Vct+dz/et+ fx/g+hx
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1
( A— aB) / 1 dz + B | Jeasoyertoyam®®
b (a + bx)v/c+ dzv/e + fx /g + hx b
| 131
B d(e+fzx) 1 d
<A aB)/ : dz + o fm\/de et Vothe ’
- T
b (a + bx)vVc+ dzve + fx/g+ hx bve+ fz

l 131

a 1
<A_ > / (a+bx)\/c+d:c\/e+fx\/g+hxd$+

B\/d(e—i—fw) d(g+hx) 1 d
de=ef dg=ch f m\/ de— cf+d:zifﬂ::f dg— ch+d;ihar::h g
bve+ fr\/g+ hx

l’13o

<A—“>/ 1 dz +
b (a + bx)v/c+ dz\/e + fx\/g + hx
2&kﬁwqﬂmﬂ>““WmmmF@mm@%@%)Wﬂm

)

de—cf dg—ch Vef—de ) f(dg—ch)
bdv/f\/e + fz/g + hx
| 187
2By/cf —de \/ dc(lii Jgf) d((igf}clﬁ) EllipticF (arcsin (‘{ngi‘?) , %Z;i;g)
bdv/f\e+ fr/g+ hx
2 (A - abB) / L dve+dz
(bc — ad — b(c+ dx))\/e — % + M\/g -y h(c+dz)
| 413
2B+\/cf — de \/ dc(lztﬁjf) d(g+hx) EllipticF <arcsm (‘ggf_'giﬂ , 5‘%1;5{:23)
bd\/fx/e + fz\/g + hx
2(A—aB), [fletda) 4 L dv/c+ dx
( o)\ et / (be—ad—b(ctda)) /LD 11, /g ch | hetds)
f(c+d: c
I e
| 413
2Bef —dey/ L7 ) Bl (avcsin (5 ) 15705
bd\/_\/e + fz\/g + hx
aB f(ctdx) 1 h(c+d:c) / d
\/ de—cf T \/ dg—ch (bc ad—b(c+dz))y/ f;g+ d) 1,/ Bt ‘jﬁ)+ erd

h(c+d.
VI o e M 4y

3.4.

A+Bz dx

f (a+bz)Vct+dz/et+ fx/g+hx
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l 412

2B+/cf — de\/ dC(;J_”Cc J“f) d((izt’cl}f) EllipticF (arcsin (‘{Z@) , ;}’éz;f{: ;3)

bdv/f\e+ fr\/g+ hx
2(A— 9B) Jof —dey/ Lietee) 11, /M) 1 1 BilipticPi (— H2eo) avesin (Ve ) | (el

Vef—de )’ f(dg—ch)
VT (be — ad) 1550 — of e\ fHeR) g g

inputLInt[(A + B*x)/((a + bxx)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]),x] J

e N

output | (2*xBxSqrt[-(d*e) + cxf]*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[(d*(g + h*x))
/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]1*Sqrt[c + d*x])/Sqrt[-(dxe) + c*f]]
, ((dxe - cxf)*h)/(fx(d*g - c*h))])/(bxd*Sqrt [f]1*Sqrt[e + f*x]*Sqrtl[g + hx*
x]) - (2%(A - (a*B)/b)*Sqrt[-(d*e) + c*f]l*Sqrt[l + (£f*(c + d*x))/(d*e - c*
£)1*Sart[1 + (h*(c + d*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e - c*£f))/((b*c
- a*xd)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + d*x])/Sqrt[-(d*e) + c*f]], ((dxe - c
*xf)*h) /(£*(d*g - c*h))])/((b*c - axd)*Sqrt[fl*Sqrtle - (cxf)/d + (f*(c + d
*x))/d]*Sqrt[g - (c*h)/d + (h*(c + d*x))/d])

3.4.3.1 Defintions of rubi rules used

rule 27| Int [(a_)*(Fx_), x_Symboll :> Simpla Int[Fx, x1, x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 130 | Int[1/(Sqrt[(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_) + (f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]))*EllipticF[ArcSin[
Sqrtl[a + b*x]/(Rt[-b/d, 2]1*Sqrt[(bxc - a*d)/bl)], £*x((bxc - a*d)/(d*(bxe -
a*xf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*xc - a*d), 0] && GtQ
[b/(b*e - axf), 0] &% SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f
*x] && (PosQ[-(bxc - a*d)/d] || NegQ[-(bxe - axf)/f])

rule 131 Int[1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_ ) + (f_.)*(x
1), x_1 :> Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*c - a*xd)) + bxd*(x/(b*c - a*d))]*Sqrtle + f*x]), x
1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] && 'GtQ[(b*c - axd)/b, 0] && Simpler
Q[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

A+Bz dx

3.4. f (a+bz)Vct+dz/et+ fx/g+hx




rule 187

rule 412

rule 413

rule 2110
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Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(x_
)IxSqrt(g_.) + (h_.)*(x_)1), x_1 :> Simp[-2 Subst[Int[1/(Simp[b*c - axd

- b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*(x"2/d), x]]1*Sqrt[Simp[(d*g - cxh)/
d + hx(x"2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f,

g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d*x]

/Int[l/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x

_)"2]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtl[e]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]1*x], cx(f/(d*e))], x] /; FreeQl{a, b, c, d, e,
£}, x] & !'GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0] && S

implerSqrtQ[-f/e, -d/cl)

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[Sqrt[1 + (d/c)*x~2]1/Sqrtlc + d*x~2] Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + £*x~2]), x], x] /; FreeQ[{a, b, c, d,
e, f}, x] & 'GtQ[c, O]

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£
RISl )*((g_.) + (W_.)*(x_))"(q_.), x_Symbol] :> Simp[PolynomialRem
ainder[Px, a + b*x, x] Int[(a + b*x) m*(c + d*x) n*(e + f£*x) px(g + h*x)~
q, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d
*x) "nx(e + f*xx) px(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p
, q¥, x] && PolyQ[Px, x] && EqQ[m, -1]

3.4.4 Maple [A] (verified)

Time = 2.96 (sec) , antiderivative size = 478, normalized size of antiderivative = 1.53

method | result

g < g — g€ g <
28(£-9)\ 705 J z;‘cicJ = ’fZ aar-pe) (f-5)\| 7ok \| e \| =
R=F \"hta —*+? R=F \~hta - “hrtd
@t (fote) (hatg)
b\/dfhz3+cfhz2+dahz2+dfgz2+cehz+cfgz+degz+ceg b2\/dfhar:3+cfhz2+dehz2+dfgz +c
elhptlc Vdz+c+/fz+e/hz+g
(hz+g)f [(dz+c)h [(fz+e)h (hzt+g)f (eh—fg)b [(eh—fg)d (hztg)f
2Vdoto/Tate Vhatg /- Cptll | [Urtol [Gate) (An(./ Reto)f (ehotolh | ;(ch_gg))bem_An(‘/_ ZZI
default | —
A+Bzx
3.4. f (a+bz)Vct+dz/et+ fx/g+hx dx
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input

int ((B*x+A) / (bxx+a) / (d*x+c) = (1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2) ,x,method=_RE
TURNVERBOSE)

output

((d*x+c) *x (£xx+e) * (hxx+g) ) ~(1/2) / (d*x+c) ~(1/2) / (£xx+e) " (1/2) / (h*x+g) ~(1/2) *
(2*%B/b*(g/h-e/£)*((x+g/h) /(g/h-e/£)) " (1/2) *((x+c/d) / (-g/h+c/d) )~ (1/2) * ((x+
e/f)/(-g/h+e/£))~(1/2) / (d*f*h*x~3+cxfxh*x~2+d*exh*x~2+d*f*g*x~2+c*exh*x+c*
fxgrx+drexgrxt+ckexg) ~(1/2)*E1llipticF(((x+g/h) /(g/h-e/£))~(1/2), ((-g/h+e/f)
/(-g/h+c/d))~(1/2))+2* (Axb-B*a) /b~2*(g/h-e/f) * ((x+g/h) / (g/h-e/£) )~ (1/2) * ((
x+c/d)/(-g/h+c/d))~(1/2)*((x+e/f) / (-g/h+e/£)) ~(1/2) / (d*fxh*x~3+c*f*h*x"2+d
xexh*x~2+d*f*gkx " 2+ckexhkx+cxf*gkx+dxe*xgkx+cxe*g) ~(1/2)/(-g/h+a/b) *E1llipti
cPi(((x+g/h)/(g/h-e/£))~(1/2),(-g/h+e/£f)/(-g/h+a/b), ((-g/h+e/f)/(-g/h+c/d)
)=(1/2)))

e

input

3.4.5 Fricas [F(-1)]

Timed out.

A+ Bx .
/ dx = Timed out
(a + bx)vc+ dz/e + fr\/g+ hx

integrate ((B*x+A)/ (b*x+a)/(d*x+c) ~(1/2) / (f*x+e)~(1/2) / (h*x+g) ~(1/2) ,x, alg

orithm="fricas")

outputLTimed out

~—

3.4.6 Sympy [F]

A+ Bz A+ Bx

(a + bx)vc+ dz/e + fr\/g + hx do = (a + bx) e+ dz\/e + fr\/g+ hx de

inputLintegrate((B*x+A)/(b*x+a)/(d*x+c)**(1/2)/(f*x+e)**(1/2)/(h*x+g)**(1/2),x)

e

output

Integral((A + B*x)/((a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)),
x)

A+Bz dx

3.4. f (a+bz)Vct+dz/et+ fx/g+hx




input

output

input

output

input

output
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3.4.7 Maxima [F]

/ A+ Bx / Bx+ A
dx = dx
(a+bz)Vc+dzve+ fx/g+ hx (bx + a)Vdz + cv/fr +evhz + g

integrate ((Bxx+A)/(bxx+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g) ~(1/2) ,x, alg
orithm="maxima")

integrate((B*x + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)

3.4.8 Giac [F]

/ A+ Bz / Bx+ A
dx = dx
(a+bz)Vc+dzve+ fx/g+ hx (bx + a)Vdz + cv/fr +evhz + g

integrate ((B*x+A)/ (bxx+a)/(d*x+c) ~(1/2) / (£*x+e) ~(1/2) / (h*x+g) ~(1/2) ,x, alg
orithm="giac")

integrate((B*x + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)

3.4.9 Mupad [F(-1)]

Timed out.

/ A+ Bz dx—/ A+ Bz
(a+bx)Ve+doet fo/gthe ~ J Vet fzg+ha (a+bz) Vetda

dx

int((A + B*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)*(c + d*x)~(1/2)),
x)

int((A + Bxx)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)*(c + d*x)~(1/2)),
x)

A+Bz dx

3.4. f (a+bz)Vct+dz/et+ fx/g+hx




CHAPTER 3. LISTING OF INTEGRALS 70

A+ Bz

3.5 f (a+bx)2v/c+dx\/e+ fx\/g+hz dz

3.5.1 Optimalresult . .. ... ... ... .. ... [
3.5.2 Mathematica [C] (verified) . . . . . . . . ... L [T
3.5.3 Rubi [A] (verified) . . . . ... .. ... 721
3.5.4 Maple [A] (verified) . .. ... .. .. ... .. 78]
3.5.,5 Fricas [F(-1)] . . . . . o o 78]
3.5.6 Sympy [F(-1)] . . . . 79
3.5.7 Maxima [F] . . . . . .. 79
3.5.8 Giac [F] . . . . . 79
3.5.9 Mupad [F(-1)] . . . . oo 80

3.5.1 Optimal result

Integrand size = 40, antiderivative size = 678

Ve+dzye+ fx/g+ hx v (bc — ad)(be — af)(bg — ah)(a + bzx)
s (Ab — aB)+\/fv/—de + cf\/%\/ml? <arcsin (ﬁ@) |;‘f§;23>
(bc — ad)(be — af)(bg — ah)v/e + fx %
(Ab — aB)\/fv/—de + cf \/ d((iigf) d((if:}:,f) EllipticF (arcsin (ﬁ%) , ;"ég;f{: 33)
b(bc — ad)(be — af)ve+ fx\/g + hz
V/—de + cf(3a>Abdfh — a® Bdfh — b(2Bceg — A(deg + cfg + ceh)) + ab?(B(deg + cfg + ceh) — 2A|
b(bc — ad)?\/f(be — af)(bg — al

/ A+ Bz _ b(Ab—aB)Vc+dz/e+ fr/g+hx
(a + bx)?

_|_

A+ Bz dx

3.5. f (a+bz)2V/ct+dz/e+ fr\/g+hz




output

input
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—b* (A¥b-B*a) * (d*x+c) ~(1/2) * (fxx+e) ~(1/2) * (h*x+g) ~(1/2) / (-a*d+b*c) / (—a*xf+b*
e)/ (-axh+b*g) / (bxx+a) + (Axb-B*a) *E11lipticE (£~ (1/2) * (d*x+c) ~(1/2) / (cxf-d*e) "~
(1/2) , ((-c*f+d*e) *h/f/ (-c*h+d*g)) ~(1/2)) *£~ (1/2) * (cxf-dx*e) ~ (1/2) * (d* (f*xx+e
)/ (—c*xf+d*e)) ~(1/2) * (h*x+g) " (1/2) / (—a*d+b*c) / (—axf+b*e) / (~axh+b*xg) / (f*xx+e)
~(1/2)/ (d* (h*x+g) / (-cxh+d*g) )~ (1/2) +(3*a~2*Axb*d*f*h-a~3*B*kd*f*h-b~ 3% (2*B*
ckexg-A* (cxexht+cxfxg+dxexg) ) +axb~2* (B (c*xexh+c*xf*g+d*e*g) -2xA* (c*f*h+d*e*h
+d*f*g) ) ) *E1lipticPi (£~ (1/2)*(d*x+c)~(1/2)/(c*f-d*e)~(1/2) ,-b* (-c*f+dx*e) /(
—axd+b*c) /f, ((-cxf+dxe) *h/f/ (-cxh+d*g)) ~(1/2) ) * (cxf-d*e) ~(1/2) * (d* (f*x+e) /
(—cxf+d*e) )~ (1/2) * (d* (h*x+g) / (-~cxh+d*g) ) ~(1/2) /b/ (—axd+b*c) ~2/ (-a*f+bxe) /(
—axh+b*g) /£~ (1/2) / (f*x+e) ~(1/2) / (h*x+g) ~ (1/2) - (A*b-B*a) *E11lipticF (£~ (1/2)*
(d*x+c)~(1/2) / (c*f-dxe) ~(1/2) , ((-cxf+d*e) *h/f/ (-cxh+d*g) )~ (1/2) ) *£~(1/2) *(
cxf-dxe) " (1/2) % (d* (fxx+e) / (-cxf+d*e)) ~(1/2) * (d* (h*x+g) / (-cxh+d*g) ) ~(1/2) /b
/ (maxd+bxc) / (-axf+bxe) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2)

3.5.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 34.13 (sec) , antiderivative size = 3412, normalized size of antiderivative = 5.03

/ At Bz dzr = Result too large to show
(a + bx)2v/c+ dz/e + fr\/g + hz

" Integrate[(A + B*x)/((a + b*x) 2*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h#*x]
),x]
N

A+ Bz dx

3.5. f (a+bz)2V/ct+dz/e+ fr\/g+hz




output
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/-((b*(A*b - axB)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/((b*c - axd)*(

bkxe - axf)*(bxg - a*h)*(a + b*x))) - ((c + d*x)~(3/2)*(A*b~3*c*Sqrt[-c + (
dxe) /f]1*fxh - a*b~2+Bkc*Sqrt[-c + (d*e)/fl*f*h - a*xA*b~2xd*Sqrt[-c + (dxe)
/f]1*f*¥h + a~2xb*B*d*Sqrt[-c + (d*e)/f]l*fxh + (Axb~3*c*d~2xe*Sqrt[-c + (d*e
)/£1*g)/(c + d*x)~2 - (axb~2*Bxcxd~2xexSqrt[-c + (d*e)/fl*g)/(c + d*x)~2 -
(a*xA*b~2xd"3*e*xSqrt[-c + (d*e)/fl*g)/(c + d*x)~2 + (a~2*bxB*d~3*exSqrt[-c
+ (d*e)/fl*g)/(c + d*x)"2 - (A*b~3*c~2*d*Sqrt[-c + (dxe)/flxf*xg)/(c + d*x
)72 + (a*b~2xB*c~2xdxSqrt[-c + (dxe)/fl*fxg)/(c + d*x)~2 + (axA*b~2xcxd 2%
Sqrt[-c + (dxe)/fl*fxg)/(c + d*x)~2 - (a~2xbxBkc*d~2+Sqrt[-c + (d*e)/f]*fx*
g)/(c + d*x)"2 - (Axb~3xc~2xdxexSqrt[-c + (d*e)/fl*h)/(c + d*x)~2 + (a*b~2
*Bxc~2*d*exSqrt [-c + (d*e)/f]*h)/(c + d*x)~2 + (a*A*xb~2*cxd 2%exSqrt[-c +
(dxe)/f]*h)/(c + d*x)~2 - (a~2%b*Bxc*d~2*e*Sqrt[-c + (d*e)/f]*h)/(c + d*x)
"2 + (A*b"3*c~3*Sqrt[-c + (d*e)/fl1xfxh)/(c + d*x)"2 - (a*b~2xBxc~3*Sqrt[-c
+ (dxe)/f]l*f*xh)/(c + d*x)~2 - (axA*b~2xc~2*d*Sqrt[-c + (d*e)/f]l*f*h)/(c +
d*x)~2 + (a~2%b*Bxc~2*d*Sqrt[-c + (d*e)/f]*f*h)/(c + d*x)~2 + (A*b~3xc*dx
Sqrt[-c + (d*e)/fl*fxg)/(c + d*x) - (a*b~2*Bkcxd*Sqrt[-c + (d*e)/f]l*fxg)/(
c + d*x) - (axA*b~2xd"2xSqrt[-c + (dxe)/fl*fxg)/(c + d*x) + (a~2%b*Bxd~2*S
grt[-c + (d*e)/fl*fxg)/(c + d*x) + (A*b~3*cxd*exSqrt[-c + (d*e)/f]l*h)/(c +
d*x) - (axb~2*Bkckdxe*Sqrt[-c + (d*e)/fl*h)/(c + d*x) - (axA*b~2%d~2*e*Sq
rt[-c + (d*e)/flxh)/(c + dxx) + (a~2xb*B*d~2*exSqrt[-c + (dxe)/f]l*h)/(c...

3.5.3 Rubi [A] (verified)

Time = 1.70 (sec) , antiderivative size = 685, normalized size of antiderivative = 1.01,
number of rules — 0325, Rules

number of steps used = 14, number of rules used = 13, = -
integrand size
used = {2102, 25, 2110, 176, 124, 123, 131, 131, 130, 187, 413, 413, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ A+ Bz
dx
(a +bx)%2v/c+ dz/e + fx\/g + hx
J 2102

f _ 2Adfha®+b(B(deg+cfg+ceh)—2A(df g+deh+cfh))a—2(Ab—aB)df hza—b(Ab—aB)df hz?—b2(2Bceg—A(deg+cfg+ceh)) dx

(a+bz)Vct+dz/e+ fx/g+hx

2(bc — ad)(be — af)(bg — ah)
bvc+ dz+/e + fz/g + hz(Ab— aB)
(a + bz)(bc — ad)(be — af)(bg — ah)

| 25

A+ Bz dx

3.5. f (a+bz)2V/ct+dz/e+ fr\/g+hz
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f 2Adfha2+b(B(deg+cfg+ceh)—2A(dfg+deh+cfh))a—2(Ab—aB)dfhxa—b(Ab—aB)dfhwz—b2(2Bceg—A(deg+cfg+ceh))dx
_ (a+bz)Vct+dz/e+ fx/g+hx _
2(bc — ad)(be — af)(bg — ah)

bvc+ dz+/e + fz/g+ hz(Ab— aB)

(a + bz)(bc — ad)(be — af)(bg — ah)
| 2110

%W—Adfha-i-(aBdfh—Abdfh)w da + (a®(—B)dfh+3a2 Abdf h+ab?(B(ceh+cfg+deg)—2A(cfh+deh+df g))—b3 (2Bceg— A(ceh+cf g+
Vetdz/e+fx/g+hx b
2(bc — ad)(be — af)(bg — ah)
bvc + dz+/e + fz+/g + hz(Ab— aB)
(a + bx)(bc — ad)(be — af)(bg — ah)

l 176

(a®(—B)dfh+3a2 Abdf h+ab?(B(ceh+cfg+deg)—2A(cfh+deh+dfg))—b2 (2Bceg— A(ceh+cfg+deg))) [ )
b

1
Ve daJeifa/athe ® " df (4

2(bc — ad)(be — af)(bg — ah)

bVe + dzv/e + fx\/g + hz(Ab— aB)
(a + bzx)(bc — ad)(be — af)(bg — ah)

l 124

(a®(—B)dfh+3a2 Abdf h+ab?(B(ceh+cfg+deg)—2A(cfh+deh+dfg))—b3 (2Bceg— A(ceh+cfg+deg))) [ )
b

1
s/c+da:\/e+f$\/g+hzdz + df(/

2(bc — ad)(be — af)(bg — ah)

bVc+ dzv/e + fx\/g + hz(Ab— aB)
(a + bzx)(bc — ad)(be — af)(bg — ah)

l 123

(a®(—B)dfh+3a2 Abdf h+ab?(B(ceh+cfg+deg)—2A(cfh+deh+dfg))—b2 (2Bceg— A(ceh+cfg+deg))) [ )
b

1
Ve daJerfa/athe ® " df (4

2(bc — ad)(be — af)(bg -

bVc+ dzv/e + fx\/g + hz(Ab— aB)
(a + bx)(bc — ad)(be — af)(bg — ah)

l 131

A+ Bz dx

3.5. f (a+bz)2V/ct+dz/e+ fr\/g+hz
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df (4

(a3(—B)dfh+3a2Abdfh+ab2(B(ceh+cfg+deg)—2A(cfh+deh+dfg))—b3(2Bceg—A(ceh-|—cfg+deg))) J (u+bz)ml\/m\/g+hzdw +
b

2(bc — ad)(be —

bvc+ dz+/e + fz/g + hz(Ab— aB)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 131

df (/4
(a®(—B)df h+3a2 Abdf h+ab?(B(ceh+cfg+deg)—2A(cfh+deh+df g))—b3 (2Bceg— A(ceh+cfg+deg))) [ (a+bw)\/m1\/e+f:c\/g+hxdx + H
. _
B 2(bc — a
bvc + dz+/e + fx+/g + hz(Ab— aB)
(a + bx)(bc — ad)(be — af)(bg — ah)
| 130
(a®(—B)df h+3a2 Abdf h+ab?(B(ceh+cfg+deg)—2A(cfh+deh+df g))—b3 (2Bceg— A(ceh+cfg+deg))) [ (a+bm)\/ml\/e+fx\/g+hx dx + 2v/f
. -
B 2(bc -
bvc + dz+/e + fz+/g + hz(Ab— aB)
(a + bx)(bc — ad)(be — af)(bg — ah)
| 187
2(a3(—B)df h+3a? Abdf h+ab? (B(ceh+cfg+deg) —2A(cfh+deh+df g))—b%(2Bceg—A(ceh+cfg+deg))) [ L

(bc—ad—b(c+dx)) \/e— %-}— M \

b

bvc + dz+/e + fz+/g + hz(Ab— aB)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 413

2,/ L5499 11 (a3 (— B)dfh+3a? Abdf h+ab? (B(ceh+cf g-+deg)—2A(cfh+deh-+df ) —b% (2 Bceg— A(ceh+cfg+deg))) |

(bc—ad—b(c-}-dz))\/z(g

T(ctds) _ef
by/Letda) el 1,

bvc + dz+/e + fz+/g + hz(Ab— aB)
(a + bx)(bc — ad)(be — af)(bg — ah)

l 413

A+ Bz dx

3.5. f (a+bz)2V/ct+dz/e+ fr\/g+hz
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2\/ fetde) +1\/ Metd®) 11(a3(— B)dfh+3a? Abdf h-+ab? (B(ceh-+cf g-+deg)—2A(cfh-+deh+df g))—b (2Bceg— A(ceh-+cf g+deg))) |

(bc—ad-

bvc+ dz+/e + fz/g + hz(Ab— aB)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 412

2+/cf—de f(ctdz) +1 h(c+de) +1 B)dfh+3a? Abdf h+ab? (B(ceh+cfg+deg)—2A(cfh+deh+df g))—b3(2Bceg— A(ceh+cfg+deg))) ]
de—cf dg—ch
bﬁ(bc—ad)\/@—%+e\/@—%+g

bvc+ dz+/e + fz/g + hz(Ab— aB)
(a + bz)(bc — ad)(be — af)(bg — ah)

inputLInt[(A + B*x)/((a + b*x)“2xSqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]),x]

|

output | - ((bx(Axb - a*B)*Sqrt[c + d*x]*Sqrt[e + fxx]*Sqrtl[g + h*x])/((b*c - axd)*(
bxe - axf)*(b*g - axh)*(a + b*x))) - ((-2x(A*b - a*B)*Sqrt[f]*Sqrt[-(d*e)

+ cxf]*Sqrt[(d*(e + f*x))/(d*e - c*xf)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqr
t[f1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((dxe - c*f)*h)/(f*(d*g - c*h))])
/(Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - cxh)]) + (2x(Axb - a*B)*Sqrt[f]*
Sqrt[-(d*e) + c*f]l*(bxg - axh)*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[(d*(g

+ h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d*e)

+ c*f]], ((d*e - c*f)*h)/(f*x(d*xg - c*h))])/(b*Sqrtle + f*x]*Sqrtl[g + h*x])
- (2xSqrt[-(d*e) + c*f]*(3*a~2*A*xb*d*f*h - a~3*Bkd*f*h - b~3%(2*Bxcxexg -
Ax(dxexg + cxfxg + ckxexh)) + a*xb™2x(Bx(d*exg + c*xf*g + ckxexh) — 2*Ax(d*f*
g + d¥exh + c*f*h)))*Sqrt[1 + (fx(c + d*x))/(d*e - c*f)I*Sqrt[1l + (h*x(c +

d*x))/(d*g - cxh)]*EllipticPi[-((bx(d*e - c*f))/((bxc - a*d)*f)), ArcSin[(
Sart [f1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - cxf)*h)/(fx(d*g - c*h)
)1)/ (b*(b*c - axd)*Sqrt[f]1*Sqrtle - (cxf)/d + (fx(c + d*x))/dl*Sqrtlg - (c
*h)/d + (hx(c + d*x))/d]))/(2%(bxc - axd)*(bxe - axf)*(b*g - axh))

A+ Bz dx

3.5. f (a+bz)2V/ct+dz/e+ fr\/g+hz
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3.5.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 123

rule 124

rule 130

rule 131

rule 176

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - a*xd)/d, 2]], £*x((bxc - a*d)/(d*x(bxe - a*f)))], x] /; FreeQ[{a,

b, ¢, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - axf), 0] && !L
tQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*xd
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(bxc - axd))]/(Sqrtl[c + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(bxe - a*f)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + bxx]*Sqrt[bx(c/(bxc - a*d)) + bxd*(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0] && Gt
Qlb/(bxe - a*xf), 0]) && !LtQ[-(bxc - a*d)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_]1 :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrtl[(bxc - a*d)/bl)], f*((bxc - a*xd)/(d*(bxe -
a*xf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ
[b/(bxe - a*f), O] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + £
*x] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - a*f)/f])

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e_) + (f_.)*(x
DD, x_1 :> Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*x(c/(b*c - a*d)) + b*xd*(x/(bxc - axd))]*Sqrtle + f*x]), x
1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Simpler
Qla + b*x, c + d*x] && SimplerQ[a + b*xx, e + f*x]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrtl(e_) + (£_.)*(x_)1), x_] :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
I*Sartlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtlc
+ d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

A+ Bz dx

3.5. f (a+bz)2V/ct+dz/e+ fr\/g+hz




rule 187

rule 412

rule 413

rule 2102

rule 2110
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Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(x_
)1*Sqrt[(g_.) + (h_.)*(x_)1), x_]1 :> Simp[-2 Subst[Int[1/(Simp[b*c - axd
- b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*(x"2/d), x]]1*Sqrt[Simp[(d*g - cxh)/
d + hx(x"2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f,
g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d*x]

Int[1/(((a.) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrt[(e_) + (£f_.)*(x
_)"2]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtl[e]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*x(f/(d*e))], x] /; FreeQl[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[Sqrt[1 + (d/c)*x~2]1/Sqrtlc + d*x~2] Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + £*x~2]), x], x] /; FreeQ[{a, b, c, d,

e, f}, x] & 'GtQ[c, O]

Int[(((a_.) + (b_)*(x_)) (@ )*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_J)1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol]l :> Simp[(
Axb~2 - axb*B)*(a + b*x)~"(m + 1)*Sqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrtl[g + hx*x]
/((m + 1)*(b*c - a*d)*(bxe - a*xf)*(b*g - axh))), x] - Simp[1/(2*x(m + 1)*(b*
c - axd)*(bxe - a*f)*(bxg - axh)) Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*S
grtle + f£xx]*Sqrtlg + h*x]))*Simp [A*(2*a~2*d*f*h*x(m + 1) - 2%a*bx(m + 1)*(d
*xf*xg + d¥exh + ckfxh) + b72x(2xm + 3)*(d*e*g + c*fxg + ckexh)) - bxBk(a*x(d*
e*xg + cxf*xg + cxexh) + 2*¥bkckxexgx(m + 1)) - 2x((A*b - axB)*(a*d*fxhx(m + 1)
- bx(m + 2)*(d*f*g + dkexh + cxf*h)))*x + dxf*h*(2xm + 5)*(Axb~2 - a*bxB)*
x~2, x], x], x] /; FreeQ[{a, b, c, d, e, £, g, h, A, B}, x] && IntegerQ[2*m
] && LtQ[m, -1]

Int[(Px_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£
_)x(x )" (p_)*((g_.) + (W_.)*(x_))"(q_.), x_Symbol] :> Simp[PolynomialRem
ainder[Px, a + b*x, x] Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*(g + h*x)~
g, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d
*x) "nx(e + f*xx) px(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p

, q¥, x] && PolyQ[Px, x] && EqQ[m, -1]

A+ Bz dx

3.5. f (a+bz)2V/ct+dz/e+ fr\/g+hz




input

output
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3.5.4 Maple [A] (verified)

Time = 3.96 (sec) , antiderivative size = 1208, normalized size of antiderivative = 1.78

method | result size

elliptic | Expression too large to display | 1208
default | Expression too large to display | 13344

int ((B*x+4)/ (b*x+a) "2/ (d*x+c) ~(1/2) / (f*x+e)~(1/2) / (h*x+g) =~ (1/2) ,x,method=_
RETURNVERBOSE)

\

((d*x+c) * (fxx+e) * (h*x+g) ) ~(1/2) /(d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) = (1/2) *
(b/ (a~3*d*f*h-a~2*%b*c*xf*h-a~2*b*d*exh-a~2xbxd*f*g+axb~2xckxexh+axb~2xcxfxg+
axb~2*d*exg-b~3*ckexg) * (A*xb-Bxa) * (d*fxh*x~3+cxfxh*x"2+d*xexh*x~2+d*f*gkx ™2+
cxexhxx+cxfxgkx+d*rexgrx+ckexg) ~(1/2) / (b*x+a) —a*d*f*h* (Axb-B*a) / (a~3*d*f*h-
a”2xbxcxf*h-a”~2xb*d*exh-a~2xb*d*f*xg+axb~2*c*exh+a*xb™2*xcxf*xg+a*xb~2xd*exg-b~
3xcxexg) /bx(g/h-e/f)*((x+g/h) /(g/h-e/£))~(1/2) *((x+c/d) /(-g/h+c/d)) " (1/2) *
((x+e/f)/(-g/h+e/£)) ~(1/2) / (d*fxh*x~3+cxfxh*x~2+d*e*h*x~2+d*f*gkx~2+c*e*xh*
x+ckf*xgrx+d*e*xgrx+cxe*g) ~(1/2)*EllipticF (((x+g/h)/(g/h-e/£))~(1/2),((-g/h+
e/f)/(-g/h+c/d)) ~(1/2))-dxfxh* (A*b-B*a) / (a”~3*d*f*h-a”~2*b*c*xf*h-a”~2*b*d*e*xh
-a~2xb*d*f*xg+axb 2+ ckxexh+a*b~2xcxfxg+a*b~2xdxe*xg-b~3xcxexg) * (g/h-e/f) * ((x+
g/h)/(g/h-e/£))~(1/2)*((x+c/d)/(-g/h+c/d))~(1/2)*((x+e/f) /(-g/h+e/£))~(1/2
)/ (@*f*h*x~3+c*f*h*x~2+d*exh*x~2+d*f*xgxx~2+ckexh*x+ckfxgxx+drexgxx+ckrexg) ™
(1/2)*((-g/h+c/d) *E1llipticE(((x+g/h) /(g/h-e/£))~(1/2), ((-g/h+e/f) /(-g/h+c/
d))~(1/2))-c/d*EllipticF (((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))
~(1/2)))+(3*A*xa~2+b*d*f*xh-2*%A*axb~2*ckf*xh-2*A*a*xb~2*d*e*xh-2*A*a*xb~2xd*f*g+
Axb~3*cxexh+Axb~3xcxf*g+Axb~3xd*xexg-Bxa~3xd*fxh+Bxaxb~2xcxexh+Bxaxb~2xc*f*
g+B*a*xb~2xd*e*g-2xBxb~3*c*xexg) / (a~3xd*f*h-a”~2xb*c*f*h-a~2*b*d*exh-a~2xbxd*
f*xg+axb ~2xckexh+a*xb 2kckxfxgraxb 2*xd*e*xg-b~3*cke*xg) /b~ 2% (g/h-e/f)* ((x+g/h)/
(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d))~(1/2) *((x+e/f) / (-g/h+e/£)) ~(1/2) / (d*

fxh*x~3+ckfxh*x"2+d*exh*x~2+d*xfxgkx~2+ckexhrx+ckfxgrx+drexgrx+crexg) ~ (1. ..

3.5.5 Fricas [F(-1)]

Timed out.

A+ Bz .
dz = Timed out
(a + bx)2\/c+ dz/e + fr\/g+ hx

input(integrate((B*x+A)/(b*x+a)“2/(d*x+c)A(1/2)/(f*X+e)A(1/2)/(h*x+g)A(1/2),X, a

‘1gorithm="fricas")

A+ Bz dx

3.5. f (a+bz)2V/ct+dz/e+ fr\/g+hz
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outputLTimed out

3.5.6 Sympy [F(-1)]

Timed out.

A+ Bx .
dx = Timed out
(a + bx)2\/c+ dz/e + fr\/g+ hx

input \ integrate ((B*x+A) / (bxx+a)**2/ (d*x+c) **(1/2) / (f*x+e) **(1/2) / (h*x+g) **(1/2) ,
‘x)

outputLTimed out

3.5.7 Maxima [F]

/ A+ Bz do — / Bx+ A iz
(a+bz)2Vc+dzve+ fx/g+ hx (bz + a)*Vdz + c/fz +e/he + g

input  integrate ((B*x+A)/(b*x+a) "2/ (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2) ,x, a
lgorithm="maxima")

output | integrate((B*x + A)/((b*x + a)~2*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)
), X)

3.5.8 Giac [F]

/ A+ Bx Bx+ A
dr = 5 dx
(a + bx)2\/c+ dz/e + fr\/g+ hx (bx + a)*Vdz + c/fr+evhz + g

input | integrate ((Bxx+A)/(b*x+a) ~2/ (d*x+c) ~(1/2)/ (£*x+e)~(1/2) / (h*x+g) ~(1/2) ,x, a
lgorithm="giac")

output | integrate((Bxx + A)/((b*x + a) 2xsqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)
), X)

A+ Bz dx

3.5. f (a+bz)2V/ct+dz/e+ fr\/g+hz




input

output
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3.5.9 Mupad [F(-1)]

Timed out.

/ A+ Bx dp — A+ Bz i
(a + bx)2\/c+ dz/e + fr\/g+ hx Vet frg+hz(a+bz)Vetrde

int ((A + Bxx)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + bxx)"2*(c + d*x)~(1/2)
), %)

int ((A + Bxx)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x) 2*(c + d*x)~(1/2)
), X)

A+ Bz dx

3.5. f (a+bz)2V/ct+dz/e+ fr\/g+hz
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3.6 f 5 (a+bz)3/2(A+Bx)

ct+dzv/e+fr\/g+hx
3.6.1 Optimalresult . .. ... ... ... .. ... BTl
3.6.2 Mathematica [B| (warning: unable to verify) . . . . . .. ... ... ... .. R2
3.6.3 Rubi [A] (warning: unable to verify) . . ... ... . ... ... ... ... ]R3
3.6.4 Maple [B] (verified) . . . ... .. ... 88
3.6.5 Fricas [F(-1)] . . . . . o 89
3.6.6 Sympy [F] . . . . . 58]
3.6.7 Maxima [F] . . .. . . . . ]9
3.6.8° Giac [F] . . . . . 0]
3.6.9 Mupad [F(-1)] . . . . . o o 90

3.6.1 Optimal result

Integrand size = 42, antiderivative size = 981

(a+ bx)%?(A + Bz) dp— (5aBdfh + b(4Adfh — 3B(df g + deh + cfh)))Va + bxv/e + fx/g + hs

Vet doye+ fag+hr 4df?h2v/c + dx
bB\/a-I-bx\/c-I—dx\/e—l—fz\/g—l—hx
2dfh

) Vg — chv/fg — eh(5aBdfh + b(4Adfh — 3B(dfg + deh + cfh)))vVa + bz, /—%E(ar%in (%
o[ o T ha
(be — af)v/bg — ah(3aBdfh + b(4Adfh — B(cfh+3d(fg + eh)))) ) Geabd(ct58 /g + ha EllipticF (arcs
— __(be—af)(g+hx)
4bdf?h2\/fg — eh/c + dx Foehorte) (“; )
v/ —dg + ch(4dfh(2a(2Ab + aB)dfh — bB(b(deg + cfg + ceh) + a(dfg + deh + cfh))) — (adfh + b(df g +

+

(a+bx)3/2(A+Bz)
3.6. f Vetdzy/e+fx/g+hx dz




output

input

output
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1/4x (4xd*f*xh* (2ka* (2xA*b+Bxa) *d*fxh—b*B* (b* (ckexh+ckxfxg+d*re*g) +a* (cxf*h+d*
exh+d*f*g)) ) - (a*d*fxh+b* (c*xf*h+d*exh+d*f*xg)) * (5xa*xB*d*fxh+b* (4xA*d*fxh-3%B
* (cxfxh+d*exh+d*f*g))))* (bxx+a) *E1llipticPi ((-a*d+b*c) ~(1/2) * (h*x+g) ~(1/2)/
(c*h-d*g) ~(1/2)/ (b*x+a)~(1/2) ,-b* (-c*h+d*g) / (-a*d+b*c) /h, ((—a*f+b*e) * (—c*h
+d*g) / (—axd+b*c) / (~exh+f*g) )~ (1/2)) * (cxh-d*g) ~(1/2) * ((-a*h+b*g) * (d*x+c) / (-
cxh+d*g) / (b*x+a) )~ (1/2) * ((-a*h+b*g) * (f*x+e) / (-exh+f*g) / (b*x+a) )~ (1/2) /b/d~
2/£72/h"3/ (—a*d+b*c) ~(1/2) / (d*x+c) " (1/2) / (fxx+e) = (1/2) +1/4* (5*axB*d*f ¥h+b*
(4*A*d*f*h-3%B* (cxfxh+d*exh+d*f*g) ) ) * (bxx+a) ~ (1/2) * (fxx+e) = (1/2) * (h*xx+g) ~ (
1/2)/d/£72/h~2/ (d*x+c) ~(1/2) +1/2%b*B* (b*x+a) ~ (1/2) * (d*x+c) = (1/2) * (f*x+e) ~(
1/2)* (h*x+g) ~(1/2) /d/£/h-1/4* (—axf+bxe) * (3xaxBxd*fxh+b* (4*A*d*f*h-B* (cxf*h
+3xd* (exh+f*g))) ) *E1llipticF ((-axh+b*g) ~(1/2) * (f*x+e) ~(1/2) / (-exh+f*xg)~(1/2
)/ (b*x+a) ~(1/2) , (- (~axd+b*c) * (~exh+f*g) / (-cxf+d*e) / (~a*h+bxg) ) ~(1/2) ) *(-a*
h+b*g) = (1/2) * ((-a*xf+bxe) * (d*x+c) / (-cxf+d*e) / (b*x+a) ) ~(1/2) * (h*xx+g) ~(1/2) /b
/d/£72/h72/ (-exh+f*xg) ~(1/2) / (d*x+c) ~(1/2) / (- (-axf+b*e) * (h*x+g) / (-exh+f*g) /
(bxx+a) )~ (1/2) -1/4* (5*a*B*dxfxh+b* (4xA*xd*f*h-3*B* (c*fxh+d*exh+d*f*g)) ) *ELL
ipticE((-cxh+d*g) ~(1/2) *(f*x+e) ~(1/2) / (-exh+fxg) = (1/2) / (d*x+c)~(1/2), ((-ax*
d+bxc) * (—exh+f*g) / (—a*f+bxe) / (~cxh+d*g) ) ~(1/2) ) * (~c*h+d*g) ~ (1/2) * (-~exh+f*g
)~ (1/2) * (bkxx+a) = (1/2) * (- (-cxf+d*e) * (h*x+g) / (-exh+f*g) / (d*x+c)) ~(1/2) /d~2/f
~2/h72/ ((-cxf+d*xe) * (b*x+a) / (-axf+bxe) / (d*x+c)) ~(1/2) / (h*x+g) ~(1/2)

3.6.2 Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 21961 vs. 2(981) = 1962.

Time = 36.59 (sec) , antiderivative size = 21961, normalized size of antiderivative = 22.39

(a+ bz)3/?(A + Br)
Ve+dzy/e + fz/g+ hx

dxr = Result too large to show

‘Integrate[((a + b*x) " (3/2)*(A + Bx*x))/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg
+ hxx]),x]

lResult too large to show

(a+bx)3/2(A+Bz)
3.6. f Vetdzy/e+fx/g+hx dzx
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3.6.3 Rubi [A] (warning: unable to verify)

Time = 2.96 (sec) , antiderivative size = 983, normalized size of antiderivative = 1.00,

number of steps used = 12, number of rules used = 11, Bumber of rules _ ( 969 Ryjes
integrand size

used = {2100, 2105, 25, 27, 194, 327, 2101, 183, 188, 321, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a + bz)%/?(A + Bzx)
Ve +dzye+ frg+ hx ’

l 2100

f 4Adfha®+b(4Abdf h+5aBdf h—3bB(df g+deh+cfh))z?—bB(bceg+a(deg+cfg+ceh))+2(2Bdf ha?+4Abdf ha—bB(df g+deh+cfh)a—b? B(deg+

Va+bz/ct+dz+/e+ fr\/g+hz

adfh
bB+va + bx+/c+ dxv/e + fx\/g + hx
2dfh

l 2105

-4

(bdeg+acfh)(4Abdfh+5aBdfhf3bB(dfg+deh+cfh))72dfh(4a2Adfhbe(bceg+a(deg+6fg+ceh))) + ((adfh+b(dfg+deh+cfh))(4Abdfh+5aBdfh73bB(dfg

Va+bzv/ct+dzv/e+fzx/gt+hz
2%dfh

bB+va + bx+/c + dz+/e + fx\/g + hx
2dfh

| 25

(bdeg+acfh)(4Abdf h+5aBdf h—3bB(df g+deh+cfh))—2dfh (4a2Adfh—bB(bceg+a(deg+cfg+ceh))) + ((adfh+b(dfg+deh+cfh))(4Abdfh+5aBdfh—3bB(df

4
f Va+bzy/ctdzv/e+fzx\/gt+hz

2bdfh

bB+a + bz+/c+ dx/e + fx\/g + hx
2dfh

| 27

(bdeg+acfh)(4Abdfh+5aBdfh—3bB(dfg+deh+cfh))—2dfh(4a2Adfh—bB(bceg+a(deg+cfg+ceh))) + ((adfh+b(dfg+deh+cfh))(4Abdfh+5aBdfh—3bB(dfg-4

f Va+bzv/ct+dzve+ fx/gt+hz
2dfh

bB+va + bx+/c+ dzv/e + fz\/g + hx
2dfh

l 194

(a+bx)3/2(A+Bz)
3.6. f Vetdzy/e+fx/g+hx dzx
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(bdeg+acfh)(4Abdf h+5aBdfh—3bB(df g+deh+cfh))—2dfh (40,2Adfh—bB(bceg+a(deg+cfg+ceh))) + ((adfh+b(df9+deh+cfh))(4Abdfh+5aBdfh—3bB(dfg-4
f Va+bzy/ct+dzv/e+fx\/g+hz
2dfh

bB+va + bx+/c+ dzv/e + fz\/g + hx
2dfh

l 327

(bdeg+acfh) (4Abdfh+5aBdfh—3bB(dfg+deh+cfh))—2dfh(4a2Adfh—bB(bceg+a(deg+cfg+ceh))) + ((adfh+b(dfg+deh+cfh))(4Abdfh+5aBdfh—3bB(dfg-§
f Va+bzy/ctdzv/e+ fx\/g+hz
2dfh

bB+va + bx+/c+ dxv/e + fx\/g + hx

2dfh
l 2101
((adfh+b(cfh+deh+dfg))(5aBdfh+4Abdfh—3bB(cfh+deh+dfg))—4dfh (2a2Bdfh+4aAbdfh—abB(cfh+deh+dfg)—b2B(ceh+cfg+deg))) I NN AN \m

b

2dfh

bB+va + bx+/c+ dzv/e + fz\/g + hx
2dfh

l 183

bva + bxv/c+ drve + fx/g+ h:cB
2dfh

de—cf)(g+h . dg—chv/exfz \| (bc—ad)(fg—eh
_ VAg=chy/Fg=ehv/atba |- (FTEES B (arcsin (YI=TELE ) | Gemadi{fa= ol ) (4Abdf h-+ 5aBdf h—3bB(df g+ dehtof b)) | Vabay
(de—cf)(a+be) yoopo
dfh\/(b: {be—af)(ctda) VIThE

l 188

bva + bxv/c+ dzv/e + fz/g + th
2dfh

de—cf)(g+h . dg—chv/exfz \| (bc—ad)(fg—eh
_ Vdg=chy/Fg=ehv/atba| - (FINETS B (arcsin (VI=TELE ) | Gemadi{fa= ol ) (4Abdf h-+ 5aBdf h—3bB(df g+deh+of b)) | Vatbay
(de—cf)(a+be) joopo
dfh\/(b: {be—af)(ctda) VIThE

l 321

(a+bx)3/2(A+Bz)
3.6. f Vetdzy/e+fx/g+hx dzx



CHAPTER 3. LISTING OF INTEGRALS 85

de+bec+dx¢e+fm¢g+th
2dfh

de—cf)(g+h. i ( Vdg—chveFtfz | (bc—ad)(fg—eh)
_\/dg—ch\/fg—eh\/a—l—bxq/ %E(Mcsm(\/é ZhJ;Tz)|(bz_zf)(df]_ih))(4Abdfh+5aBdfh—3bB(dfg+deh+cfh)) n Vatbz/
(de—cf)(a+bx)
drh/ (e=e P i) Vatha

l 412

de+bec+dx¢e+fm¢g+th
2dfh

(de—cf)(g+hz) . (Vdg—ch\/e+ (be—ad)(fg—eh)
_\/dg—Ch\/fg—Eh\/a‘*'bm\/_(fz Ceh)(i+di)E(arcsm<\/fg Zh\/;g)l(bz—zf)(dz—zh))(4Abdfh+5aBdfh_3bB(dfg+d6h+cfh)) + Vatbz/
(de—cf)(a+bz)
dfh\/(b: (be=af)(ctda) VIThT

input Int[((a + b*x)~(3/2)*(A + Bxx))/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + hx*x]
) ,x]

output | (bxBxSqrt[a + b*x]*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x])/(2xd*f*h) +
(((4xA*bxd*fxh + H*a*Bxd*fxh - 3*bxB*(d*fxg + d*exh + cxf*h))*Sqrtla + b*x
IxSqrt[e + f*x]*Sqrt[g + h*x])/(fxh*Sqrt[c + d*x]) - (Sqrt[d*g - c*h]*Sqrt
[f*g - e*h]*(4*A*b*d*f*h + Bka*Bkd*fx*h - 3*%b*B*(d*f*g + d*exh + c*fx*h))*Sq
rt[a + bxx]*Sqrt[-(((d*e - c*f)*(g + h*x))/((f*g - exh)*(c + d*x)))]*Ellip
ticE[ArcSin[(Sqrt[d*g - cx*h]*Sqrtl[e + f*x])/(Sqrt[f*g - e*h]*Sqrtlc + d*x]
)], ((bxc - axd)*(f*g - exh))/((b*e - a*xf)*(dxg - cx*h))])/(dxf*h*Sqrt [((d*
e - cxf)*(a + b*x))/((bxe - axf)*(c + d*x))]1*Sqrt[g + h*x]) - ((2*d*(bxe -
a*f)*Sqrt [b*g - axh]*(4*Axbxd*f*h + 3xa*Bkd*fxh - b*B*(c*f*h + 3xd*x(f*xg +
exh)))*Sqrt [((bxe - a*f)*(c + d*x))/((d*e - cxf)*(a + b*x))]*Sqrt[g + h*x
1*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrtl[a
+ bxx])], -(((bxc - a*d)*(f*g - exh))/((d*e - c*f)*(b*xg - axh)))])/(bxSqr
t[f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((b*e - a*xf)*(g + h*x))/((f*g - exh)*(a
+ b*x)))]) + (2%Sqrt[-(d*g) + c*h]l*((axd*fxh + bx(d*fxg + d*kexh + c*xfxh))=*
(4xA*b*d*fxh + b*axBxdxf*h - 3xb*Bk(d*f*g + dxexh + cxfxh)) - 4xdxfxh*(4*a
xAxb*d*fxh + 2*%a~2xBkxd*f*h — b~2*Bx(d*kexg + ckfxg + ckexh) - axb*Bk(d*fx*g
+ d*exh + cxf*h)))*(a + b*x)*Sqrt[((b*xg - a*h)*(c + d*x))/((d*g - c*h)*(a
+ b*x))]*Sqrt [((b*g - a*h)*(e + f*x))/((f*g - e*h)*(a + b*x))]*EllipticPil
-((bx(d*g - c*h))/((b*c - axd)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrt[g + hx*x])
/(Sqrt[-(dxg) + c*h]l*Sqrt[a + b*x])], ((b*e - a*xf)*(d*xg - cxh))/((bxc -...

(a+bx)3/2(A+Bz)
3.6. f Vetdzy/e+fx/g+hx dzx
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3.6.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 27

rule 183

rule 188

rule 194

rule 321

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N\

Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_]1 :> Simp[2*(a + b*x)*Sqrt[(b*g - a*xh)*((
c + d*x)/((d*g - c*h)*(a + b*x)))]1*(Sqrt[(bxg - a*h)*((e + f*x)/((f*g - exh
)*x(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])) Subst[Int[1/((h - b*x"2)*Sq
rt[1 + (bxc - a*d)*(x"2/(d*g - c*h))]*Sqrt[1l + (b*e - a*f)*(x"2/(fxg - exh)
)1), x], x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (f_.)
*(x_)1*Sqrt[(g_.) + (h_.)*(x_)1), x_] :> Simp[2*Sqrt[g + h*x]*(Sqrt[(bxe -
axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]1/((f*g - e*h)*Sqrt[c + d*x]*Sqrt[(
-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1
+ (b*c - axd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(f*xg - e*h))]),
x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h},
x]

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£_.)

*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(b*e
- axf))*((g + h*x)/((f*g - e*h)*(a + b*x)))]/((b*e - a*f)*Sqrt[g + h*x]*Sq
rt[(bxe - a*f)*((c + d*x)/((d*xe - cxf)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(bxc - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - axh)*(x~2/(f*g - exh))], xI,
x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrtl[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(a*d))], x] /; FreeQl[{a, b, c, d}, x] && NegQl[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

(a+bx)3/2(A+Bz)
3.6. f Vetdzy/e+fx/g+hx dzx
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rule 327

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[c]*Rt[-d/c, 2]1))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

rule 412

rule 2100

rule 2101

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_ ) + (f_.)*(x
_)"21), x_Symbol]l :> Simp[(1/(a*Sqrt[c]*Sqrtl[el*Rt[-d/c, 2]))*EllipticPi [b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2I1*x], cx(£f/(d*e))], x] /; FreeQl{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Int[(((a_.) + (b_)*(x_)) " (m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_)1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbol] :> Simp[2
*b*Bx(a + b*x) " (m - 1)*Sqrt[c + d*x]*Sqrt[e + fxx]*(Sqrtlg + h*x]/(d*f*xh*(2
*m + 1))), x] + Simp[1/(d*fxh*(2*m + 1)) Int[((a + b*x)"(m - 2)/(Sqrtlc +
d*x]*Sqrt[e + f*x]*Sqrtl[g + h#*x]))*Simp[(-b)*B*(a*(d*e*xg + c*f*g + c*e*h)
+ 2%bxckexgk(m - 1)) + a~2*Axd*fxh*(2+m + 1) + (2*a*Axb*d*f*h*x(2*m + 1) - B
* (2*a*xbx (d*f*g + dxexh + cxf*h) + b~2x(dxe*g + cxf*g + c*exh)*(2%m - 1) - a
“2xd*fxhx (2*m + 1)))*x + bx(Axbxd*f*h*(2*m + 1) - B*(2%b*(d*f*g + d*exh + c
*fxh)*m - a*xd*fxhx(4*m - 1)))*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g
, h, A, B}, x] && IntegerQ[2*m] && GtQ[m, 1]

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (£_.)*(x_)1*Sqrtl[(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(A*b
- axB)/b  Int[1/(Sqrtl[a + b*x]*Sqrtlc + d*x]*Sqrt[e + fxx]*Sqrt[g + h*x])
, x], x] + Simp[B/b Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrtlg
+ h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B}, x]

rule 2105

N

Int[(CA_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrt[(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(b*fxh*Sqrt[c + d*x
1)), x] + (Simp[1/(2*bxd*f*h) Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtle
+ fxx]*Sqrt[g + h*x]))*Simp[2*Axbxd*fxh - Cx(b*d*e*g + akckfxh) + (2¥b*Bxd*
fxh - Ckx(axd*fxh + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Simp[C*(d*e
- cxf)*((d*g - cxh)/(2*bxd*f*h)) Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}
, X]

(a+bx)3/2(A+Bz)
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3.6.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1813 vs. 2(898) = 1796.

Time = 5.18 (sec) , antiderivative size = 1814, normalized size of antiderivative = 1.85

method | result size

elliptic | Expression too large to display | 1814

default | Expression too large to display | 55936

input | int ((b*x+a)~(3/2)* (B*x+A)/(d*x+c)~(1/2)/ (f*x+e)~(1/2) / (h*x+g)~(1/2) ,x,meth
od=_RETURNVERBOSE)

output  ((b*x+a)*(d*x+c)* (£*x+e)* (h*xx+g))~(1/2)/(b*x+a) ~(1/2)/(d*x+c) ~(1/2) / (f*x+e
)~ (1/2) / (h*xx+g) ~(1/2) *(1/2*Bxb/d/f /h* (b*d*f*h*x~4+a*xd*f*h*x~3+b*c*xf*h*x~3+
bkd*exh*x~3+b*d*f*g*x~3+axckf*h*x~2+ard*exh*x " 2+a*xd*f*g*x~2+bxckexh*x 2+bx*
c*f*g*x*2+b*d*e*g*x‘2+a*c*e*h*x+a*c*f*g*x+a*d*e*g*x+b*c*e*g*x+a*c*e*g)‘(1/
2)+2* (a~2*A-1/2%B*b/d/f/h* (1/2*axcxe¥*h+1/2*a*c*xf*g+l/2%a*d*exg+l/2xbxcke*g
))*(g/h-a/b)*((-g/h+c/d)*(x+a/b) / (-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c/d) “2* ((-c/
d+a/b) *(x+e/f) /(-e/f+a/b) / (x+c/d) )~ (1/2) *((-c/d+a/b) * (x+g/h) / (-g/h+a/b) / (x
+c/d))~(1/2)/ (-g/h+c/d) / (-c/d+a/b) / (b*d*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h
))~(1/2)*E1llipticF(((-g/h+c/d)*(x+a/b) /(-g/h+a/b) /(x+c/d))~(1/2),((e/f-c/d
)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h)) ~(1/2) ) +2% (2xaxbxA+a~2+B-1/2*B*b/d/f /h*(
axckfxh+axdkexh+akxd*f*g+bxckexh+bkckxf*g+bkdxexg))*(g/h-a/b)*((-g/h+c/d)*(x
+a/b)/(-g/h+a/b) /(x+c/d)) ~(1/2) *(x+c/d) “2*((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (
x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d)) ~(1/2) / (-g/h+c/d) / (-c
/d+a/b) / (b*d*xf*h* (x+a/b) *(x+c/d) * (x+e/f) *(x+g/h)) ~(1/2) * (-c/d*E1lipticF (((
-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2),((e/f-c/d) *(g/h-a/b) /(-a/b+e/f
)/ (-c/d+g/h))~(1/2))+(c/d-a/b)*E1llipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(
x+c/d))~(1/2),(-g/h+a/b)/(-g/h+c/d) , ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+
g/h))~(1/2)))+(b~2%A+2xaxb*B-1/2xB*b/d/f /h* (3/2*a*d*f*h+3/2*bxc*f*h+3/2xb*
d*exh+3/2xbxd*f*g) ) * ((x+a/b) * (x+e/f) * (x+g/h) +(g/h-a/b) * ((-g/h+c/d) * (x+a/b)
/(-g/h+a/b)/ (x+c/d)) ~(1/2) *(x+c/d) ~2*((-c/d+a/b) *(x+e/f)/(-e/f+a/b) /(x+. ..
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3.6.5 Fricas [F(-1)]

Timed out.
(a+ bx)3?(A + Bx)

dx = Timed out
Ve+dzve+ fry/g + hr

input‘integrate((b*x+a)“(3/2)*(B*X+A)/(d*x+c)“(1/2)/(f*x+e)“(1/2)/(h*x+g)“(1/2),
‘x, algorithm="fricas")

output tTimed out

3.6.6 Sympy [F]

(a+b2)"*(A+Br) . _ (A+ Bz) (a+ bz)?
Vet doye+ fag+hzr ) Vetdzet fz/g + hr

input | integrate ((b*x+a)**(3/2) * (B*x+A) / (d*x+c) **(1/2) / (£xx+e) **(1/2) / (hxx+g) ** (1
/2) ,%)

output | Integral ((A + B*x)*(a + b*x)**(3/2)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g +
h*x)), x)

3.6.7 Maxima [F]

/ (a+b2)**(A+Ba) . _ / (Bz + A)(bz +a)?
Ve +dzye+ fx/g+ hx Vdz +cv/fr+evhr +g

input integrate((b*x+a)~(3/2)* (B*x+A) / (d*x+c) ~(1/2) / (fxx+e) ~(1/2) / (h*xx+g) ~(1/2),
x, algorithm="maxima")

output | integrate((Bxx + A)*(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

(a+bx)3/2(A+Bz)
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3.6.8 Giac [F]

(a+b2)*(A+Br) . _ (Bz + A)(bz +a)?
Vet dryet favgthe ) Vdr+o/fr+e/hz g

input  integrate((b*x+a)~(3/2)* (B*x+A) / (d*x+c) ~(1/2) / (£xx+e) ~(1/2) / (hxx+g) ~(1/2),
x, algorithm="giac")

output | integrate((Bxx + A)*(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

3.6.9 Mupad [F(-1)]

Timed out.

(a + bz)¥/?(A + Bz) i (A+ Bz) (a+bz)*?
Vet doye+ favg+hr ) Vet Frxg+hzvetdz

input int (((A + B*x)*(a + b*x)~(3/2))/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)
~(1/2)) ,x)

output int (((A + B*x)*(a + b*x)~(3/2))/((e + f*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)
~(1/2)), x)

(a+bx)3/2(A+Bz)
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3.7 f = v a+bz(A+Bx)

+dx+/e+ fr/g+hx
3.7.1 Optimalresult . . .. .. ... . ... . e OT]
3.7.2 Mathematica [B| (warning: unable to verify) . . . . . .. ... ... ... .. 921
3.7.3 Rubi [A] (verified) . . . . ... .. .. 921
3.7.4 Maple [B] (verified) . . .. ... .. ... 97l
3.7.5 Fricas [F(-1)] . . . . . o o 98]
3.7.6  Sympy [F] . . . . 99
3.7.7 Maxima [F] . . . . . o 99
3.7.8 Giac [F] . . . . . 99
3.79 Mupad [F(-1)] . . . . o 100!

3.7.1 Optimal result

Integrand size = 42, antiderivative size = 736

va + bx(A + Bz) dp — Bva + bry/e+ fz\/g+ hx
Vet doye+ fag+ht fh/c+dx

By/dg — ch\/fg — ehv/a + bx\/— %E (arcsin (@%) |EZ§:Z?)((§§:§Z;>
i [EDE o e
B(be — af)v/bg — ahy | S5t /5T R BllipticF (arcsin (Y=eivetlz ) | (eeg(foe )
B bfh\/fg—eh\/c+dx\/—— %
v/—dg + ch(2Abdfh + B(adfh — b(dfg + deh + cfh)))(a + bx) \/ (by—ah)(c+dz) \/ (by—ah)(e+/2) FjinticPi

(dg—ch)(a+bx) \/ (fg—eh)(a+bz)

bd\/bc — adfh?vc + dz/e + fz

_|_

va+bz(A+Bz)
3.7. f Vetdzy/e+fx/g+hx dz
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output | (2xA*bxd*f*h+B* (a*d*f*h-b* (c*f*h+d*exh+d*f*g)))*(b*x+a)*EllipticPi((-a*d+b
*xc) " (1/2) * (h*x+g) ~(1/2) / (c*h-d*g) ~(1/2) / (b*x+a) ~(1/2) ,-b* (—cxh+d*g) / (-a*d+
b*c) /h, ((—axf+b*e)* (-cxh+d*g) / (—a*xd+b*c)/(—exh+f*xg))~(1/2) ) *(cxh-d*g) ~(1/2
)* ((-axh+b*g) * (d*x+c) / (-c*h+d*g) / (b*x+a) ) = (1/2) * ((—axh+b*g) * (f*x+e) / (-e*h+
fxg)/(b*x+a))~(1/2)/b/d/£/h~2/(-a*d+b*c) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e)~(1/2)
+B* (b*x+a) = (1/2) * (f*xx+e) ~(1/2) * (h*x+g) ~(1/2) /£/h/ (d*x+c) " (1/2) -B* (—a*xf+b*e
)*EllipticF ((-a*xh+b*g) ~(1/2) * (fxx+e) ~(1/2)/(-exh+f*xg) ~(1/2)/(b*x+a)~(1/2),
(- (-axd+b*c)* (~exh+f*xg) / (—cxf+d*e) /(-a*h+b*xg) )~ (1/2) ) * (—axh+b*xg) ~ (1/2) *((-
axf+bxe) * (dxx+c) / (—c*xf+d*e) / (b*x+a) ) ~(1/2) * (h*x+g) ~(1/2) /b/f/h/ (-exh+f*xg)~
(1/2) / (d*x+c) ~(1/2) / (- (~axf+b*e) * (h*x+g) / (—exh+f*g) / (bxx+a) ) ~(1/2) -B*Ellip
ticE((-c*h+d*g) ~(1/2) *(f*x+e)~(1/2) / (-exh+f*g) ~(1/2) / (d*x+c) ~(1/2), ((-a*d+
b*c) * (~exh+f*xg) / (—a*f+bxe) / (—cxh+d*g)) ~(1/2) ) * (-cxh+d*g) ~(1/2) * (—exh+Lf*g)~
(1/2) *(b*x+a) = (1/2) * (- (-c*xf+d*e) * (h*x+g) / (-exh+f*g) / (d*x+c) )~ (1/2) /d/£/h/(
(—cxf+dxe) * (bxx+a) / (—a*f+bxe) / (d*x+c)) ~(1/2) / (h*x+g) ~(1/2)

3.7.2 Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 8030 vs. 2(736) = 1472.

Time = 42.32 (sec) , antiderivative size = 8030, normalized size of antiderivative = 10.91

dzr = Result too large to show

/ va+ bx(A+ Brz)
Ve+dzye+ fx/g+ hx

p
input \ Integrate[(Sqrt[a + b*x]*(A + B*x))/(Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg +
‘ h*x]) ,x]

output‘Result too large to show

3.7.3 Rubi [A] (verified)

Time = 1.21 (sec) , antiderivative size = 725, normalized size of antiderivative = 0.99,
number of steps used = 8, number of rules used = 7, Lumber of rules _ 0.167, Rules used

' integrand size
= {2099, 183, 188, 194, 321, 327, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

va+bz(A+Bz)
3.7. f Vetdzy/e+fx/g+hx dzx
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Va+ bz(A+ Bx)

Ve +dzy/e+ fr/g+ hx

l 2099
1<B<a—c—e—g)+2A> vatbo dz +
2 b d f h Ve+dz/e+ fr/g+ hx
va+bzr
B(de —cf)(dg = ch) | Gramyrt vesfavamia®®
2dfh
B(be — af)(bg — ah) f \/a—i-bx\/c-i—dx\/e-i-fw\/g-l—hw dz + Bva+bxv/e+ fr\/g+ hx
2fh fhv/c + da
l 183
(c+dz)(bg—ah) [(e+fz)(bg—ah) g 1 :
(@) eiirmem tertonta-en (B3 =85 ~ 1) +24) | (omgemny et ¢
ve+dzye+ fx
Vatbz
B(de — cf)(dg — ch) | Gzt yar favamma
_2dfh
B(be - a’f) (bg - ah f \/a+bx\/c+dx\/e+fx\/g+hx dzx B\/a + bw\/e + fx\/g + hx
2bfh fhvc+dzx

l 188

(a' + bx) ((c1+d§)(bg:ih) (Z+f$)(bg:zh) B - —%—1 + 2A f T c—a T e—a T d%
Vi et (55— 5 - 1) +24) ) (o e e
Ve+dzye+ fx
Va+b:
B(de - Cf) (dg o Ch) f (c+dac)3/2\(;e+g)ccx\/g+hzd
2dfh

(ctdz)(be—af) Vetf

Bv/g + ha(be — af)(bg — ah)\/ (oisye—cr) | o " \/1 CEDCIORN

(de—cf)(a+bx) (fg—eh)(a+tbx) +

bfhv/e+da(fg — eh)y/—Ehaie=el)
BvVa +bxye+ fx\/g+ hx
fhve+ dx

l 194

va+bz(A+Bz)
3.7. f Vetdzy/e+fx/g+hx dz
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(c+dzx)(bg—ah) (e+fz)(bg—ah) a c_e_ g -
(a + bx)\/(a+bz)(dg—ch) (a+bzx)(fg—eh) (B<5 —d I h) + 2A> f (h— b(g+h:c)) (bc— ad)(g+hz)+ \/(be af)(g+hz)+1d4

a+bx (dg—ch)(a+bzx) (fg—eh)(a+bzx)
Ve+ dzye+ fac
BV/g + ha(be — af)(bg — ah),/{ctibezal) dyetre

a+bz)(de—c (be—ad)(e+fx) (bg—ah)(e+fz) b
(atballdemel) T | eaglls +1\/ - ey Yatts

bfhve+da(fg — eh),/—¥rpae=el)

(bc—ad)(e+fz)
/ _ / (g+h:l:)(de cf) 1- (be—af)(c+dz) jv/e+fx
B a+ b.'L'(dg Ch (C-I—dﬂ})(fg eh) f 1 (dg ch)(e+fx) d\/c+d;1:

(Fg—eh)(ctdz) i Bva +bzv/e+ fry/g+ hx
7. /(atbx)(de—cf) de cf) hv/ d
dfh g+hz (c+dz)(be—af) fhve+dz
| 321
+b (c+dz)(bg—ah) [(e+fz)(bg—ah) Bl(e_c_e_9)4124 4
(a -’E) (a+bx)(dg—ch) (a+bx)(fg—eh)( <b d f h) >f <h_b(5::zx)) él;; ‘1%((%1'22%1\/5’}2 Z’:ﬂiﬂi’iﬁ;“ .
ve+dxve+ fx

(bc—ad)(e+fx)
(g+ha)(de=cf) [ V1~ Ge=af)(ctdn) /et fz
BV +ba(dg —ch) ~ (ctdz)(fg—eh) J 1 (dg—ch)(ct /2] d\/c—i-dx
(fg—eh)(c+dx)
~+bz)(de—cf)
dfhv/g + hzx Ez—i-dgébee—;f)
dz)(b e s . ba—ah+/e+ Tz be—ad —eh
B+/g + hz(be — af)\/bg — ah EZibi)E Tt ZQ EllipticF (arcsm ( \/I}-‘; _‘:’;L \/Z:Z) ,— E T f))((ig—ZhD

+hz)(be—a
bfhv/e+ dzy/Fg — ehy/— Erpmle=al)

Bva +bz/e + fx\/g+ hz
fhve+dzx
| 327
(a + bz) (C+Cll)$)(zg—02) (e+£x)(bg—a”i) (B(% —c_s_ %) + 2A> [ d:
e ¥ twreltiemeh ’ () e e
ve+dzrye+ fx

By/g + hi(be — af)Vbg — ah/{5550e) Bliptick (arcsin (Ea/etle ) —heegfocy)

v fg—ehva+bx
bfhve+doy/fg—ehy/—Ernte=el)
+hz)(de—cf . v/dg—ch+/ bc—ad)(fg—eh
Bva + bx\/dg — ch\/fg — eh\/— 7E§+dw))((fg eh;E(arcsm <\/fgg;—2h\/6cifl§) |Ebe af)((dz chg) N
df /g F e | (e
BVa +bzye+ fr\/g+ hx
fhve+dz
l 412

va+bz(A+Bz)
3.7. f Vetdzy/e+fx/g+hx dzx
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+dz)(bg—ah +5z)(bg—ah c e b(dg—ch Vbc—ad
(a+ bz)v/ch —dg EZ_,_bz)EdZ Zhg EZ+£;C))((fZ Zhg (B(f —4a" 7 7) + 2A) EllipticPi ( (IE 2] 2),1, arcsin (\/M
hv/c+ dz+/e + fxv/bc — ad
- C : vbg—ah+/e+fx — —eh
B+/g + hz(be — af)y/bg — ah % EllipticF (arcsm ( \/S’c‘; _iﬂ) ,— EZZ—i(;))(({g—ZhD )
bfhve+ dzy/Fg — ehy/— Erpmle=al)
(g+hz)(de—cf) . (Jdg—chn/exfz \ | (bc—ad)(fg—eh)
B+va+ bz+/dg — ch\/fg — eh WE(arcsm (x/ff]—eh\/c—i—dx) |(be_af)(dg_ch)> .
- a+bz)(de—cf
dfh g+hz Ec-l—dx)gbe afg
Bva+bzy/e + fx\/g+ hz
fhvc+ dzx

input | Int[(Sqrt[a + b*x]*(A + B*x))/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]),
x]

output | (BxSqrt[a + b*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(fxh*Sqrt[c + d*x]) - (B*Sqr
t[d*g - cxh]*Sqrt[f*g - exh]*Sqrt[a + b*x]*Sqrt[-(((d*xe - c*f)*(g + h*x))/
((f*xg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]l*Sqrtle + fx*x])
/(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((b*c - a*d)*(f*g - exh))/((b*e - axf)=*
(d*g - c*h))])/(d*fxh*xSqrt[((d*e - c*f)x(a + b*x))/((b*e - axf)*(c + dx*x))
I*Sqrt[g + h*x]) - (Bx(b*e - a*f)*Sqrt[b*g - a*h]*Sqrt[((b*e - a*xf)*(c + d
*x))/((d*e - cxf)*(a + bxx))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - a
*h]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrt[a + b*x])], -(((b*c - axd)*(fxg -
exh))/((d*e - c*f)*(b*g - axh)))])/(b*xf*h*Sqrt[f*g - exh]*Sqrtlc + d*x]*S
agrt[-(((bxe - axf)*(g + h*x))/((fxg - exh)*(a + b*x)))]) + ((2*A + Bx(a/b

- c/d - e/f - g/h))*Sqrt[-(d*g) + cxh]l*(a + bxx)*Sqrt[((b*g - axh)*(c + d*
x))/((d*g - cxh)*(a + b*x))]*Sqrt[((b*g - axh)*(e + f*x))/((f*g - e*h)*(a

+ b*x))]*E1llipticPi[-((b*(d*g - c*h))/((b*c - a*d)*h)), ArcSin[(Sqrt([b*c -

a*d]*Sqrt[g + h*x])/(Sqrt[-(d*g) + c*h]*Sqrt[a + b*x])], ((b*e - a*f)*(dx*
g - c*h))/((b*c - axd)*(f*g - exh))])/(Sqrt[b*c - axd]l*h*Sqrt[c + d*x]*Sqr
tle + £*x])

N

va+bz(A+Bz)
3.7. f Vetdzy/e+fx/g+hx dzx
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rule 194

rule 321
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3.7.3.1 Defintions of rubi rules used

Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£_.)*(
x_)IxSqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[2*(a + b*x)*Sqrt[(b*g - axh)x*((
c + d*x)/((d*g - cxh)*(a + b*x)))]*(Sqrt[(b*g - a*h)*((e + f*x)/((f*g - exh
)x(a + bxx)))]/(Sqrtlc + d*x]*Sqrtle + f*x])) Subst[Int[1/((h - b*x~2)*Sq
rt[1 + (bxc - axd)*(x"2/(d*g - c*h))]*Sqrt[1 + (b*xe - a*f)*(x"2/(f*g - exh)
)1), x], x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQl{a, b, c, d, e, f, g,
h}, x]

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)1*Sqrtl(g_.) + (b_.)*(x_)1), x_1 :> Simp[2*Sqrtl[g + h*x]*(Sqrt[(bxe -
a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - e*h)*Sqrtlc + d*x]*Sqrt[(
-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1
+ (bxc - a*xd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(fxg - ex*h))]),
x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h},
x]

\

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (£_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(b*e
- axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]1/((b*xe - a*xf)*Sqrt[g + h*x]*Sq
rt[(b*xe - a*f)*((c + d*x)/((d*xe - c*f)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(b*c - a*xd)*(x"2/(d*e - c*f))]/Sqrt[1l - (bxg - a*h)*(x"2/(f*xg - e*h))], x],
x, Sqrt[e + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(a*xd))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

rule 327‘Int[Sqrt[(a_) + (b_.)*(x_)"2]/8qrt[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[

|
L

(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

va+bz(A+Bz)
3.7. f Vetdzy/e+fx/g+hx dzx
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rule 412 Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]1), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]1*x], cx(f/(d*e))], x] /; FreeQl{a, b, c, d, e,
£}, x] & 'GtQld/c, 0] &% GtQlc, 0] && GtQl[e, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

rule 2099 Int[(Sqrtl[(a_.) + (b_.)*(x_)I*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)IxSartl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[B*
Sqrt[a + b*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(fxh*Sqrtlc + d*x])), x] + (-Sim
p[Bx(bxe - a*f)*((b*xg - a*h)/(2xbxf*h)) Int[1/(Sqrtla + b*x]*Sqrtlc + d*x
I1*Sqrt[e + fxx]*Sqrtlg + h*x]), x], x] + Simp[B*(d*e - c*f)*((d*g - cx*h)/(2
*d*f*h))  Int[Sqrt[a + b*x]/((c + d*x)~(3/2)*Sqrt[e + f*x]*Sqrt[g + hx*x]),
x], x] + Simp[(2*Axb*d*fxh + B*(axd*f*h - bx(d*fxg + d*exh + cxfxh)))/(2*b
*d*f*h)  Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]), x]
, x]1) /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B}, x] && NeQ[2xA*d*f - Bx(d*e +
cxf), 0]

3.7.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1543 vs. 2(671) = 1342.

Time = 5.15 (sec) , antiderivative size = 1544, normalized size of antiderivative = 2.10

method | result size

elliptic | Expression too large to display | 1544

default | Expression too large to display | 21369

input(int((b*x+a)“(1/2)*(B*x+A)/(d*x+c)“(1/2)/(f*x+e)“(1/2)/(h*x+g)“(1/2),x,meth
\ od=_RETURNVERBOSE)

va+bz(A+Bz)
3.7. f Vetdzy/e+fx/g+hx dzx
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output

((bxx+a) * (d*x+c) * (£xx+e) * (h*xx+g) )~ (1/2) / (bxx+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)~ (1/2) / (hxx+g) ~(1/2) * (2*A*ax(g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c
/d))~(1/2)*(x+c/d) ~2*((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) ) ~(1/2) *((-c/d+
a/b)*(x+g/h)/(-g/h+a/b) / (x+c/d))~(1/2) /(-g/h+c/d) / (-c/d+a/b) / (bxd*f*h* (x+a
/D) *(x+c/d) *(x+e/f)*(x+g/h)) ~(1/2) *E1lipticF (((-g/h+c/d) *(x+a/b) /(-g/h+a/b
)/ (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h) )~ (1/2))+2* (A*b
+B*a)*(g/h-a/b) * ((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d)) " (1/2) * (x+c/d) ~2* ((
-c/d+a/b)*(x+e/f)/(-e/f+a/b)/(x+c/d)) ~(1/2)*((-c/d+a/b) * (x+g/h) / (-g/h+a/b)
/(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (b*d*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+
g/h))~(1/2)*(-c/d*EllipticF (((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d))~(1/2),
((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b)*E1llipticPi (((
-g/h+c/d)*(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2), (-g/h+a/b) / (-g/h+c/d) , ((e/f-c/
d)*(g/h-a/b)/(-a/b+e/f) /(-c/d+g/h))~(1/2)) ) +B*b* ((x+a/b) * (x+e/f) * (x+g/h) +(
g/h-a/b)*((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d)) = (1/2) * (x+c/d) ~2*((-c/d+a/
b)*(x+e/f)/(-e/f+a/b) / (x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d
))~(1/2)*((a*c/b/d-g/h*a/b+g/h*c/d+c~2/d"2) /(-g/h+c/d) / (-c/d+a/b) *Elliptic
F(((-g/h+c/d)*(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d) *(g/h-a/b)/(-a/b
+e/f)/(-c/d+g/h))~(1/2))+(-a/b+e/f)*E1lipticE(((-g/h+c/d)*(x+a/b) /(-g/h+a/
b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))/(-c/d
+a/b) + (a*d*f*h+b*c*f*h+b*d*exh+b*d*f*g) /b/d/f/h/ (-g/h+c/d)*E1lipticPi((...

3.7.5 Fricas [F(-1)]

Timed out.

Vva + bx(A+ Bz)

dz = Timed out
Ve +dzye+ fx/g+ hx

input‘

integrate ((b*x+a) ~(1/2) *(B*xx+A) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2),
x, algorithm="fricas")

-

outputt

Timed out

| —

va+bz(A+Bz)
3.7. f Vetdzy/e+fx/g+hx dz



input

output

input

output

input

output
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3.7.6 Sympy [F]

Vva + bx(A + Bx) dr — (A+ Bz)va+ bz
Vet doye+ favg+hzr ) Vetdze+ fzvg + hr

integrate ((b*x+a)**(1/2)* (Bxx+A) / (d*x+c) **(1/2) / (£xx+e) ** (1/2) / (h*x+g) ** (1
/2) ,%)

Integral ((A + B*x)*sqrt(a + b*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x
)), x)

3.7.7 Maxima [F]

/ va + bx(A + Bz) /‘ (Bx + A)Vbx +a
dr = x
Ve +dzye+ fx/g+ hx Vdz +cv/fr+evhr + g

integrate ((b*x+a) ~(1/2) * (B*xx+A) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2),
X, algorithm="maxima")

integrate((B*x + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

3.7.8 Giac [F]

Va+ bz(A+ Bzx) dr = (Bx + A)Vbz +a i
Ve +dzye+ fx/g+ hx Vdz +cv/fr+evhz +g

integrate ((b*x+a) ~(1/2)* (Bxx+A) / (d*x+c) ~(1/2)/ (f*x+e) ~(1/2) / (h*x+g) ~(1/2),
x, algorithm="giac")

integrate((B*x + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

va+bz(A+Bz)
3.7. f Vetdzy/e+fx/g+hx dz
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3.7.9 Mupad [F(-1)]

Timed out.
va + bx(A + Bz) dp — (A+Bz) Va+bzx
Ve+drye+ fx/g+ hx Vet fr\g+hzve+dzx

input int(((A + B*x)*(a + b*x)~(1/2))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)
~(1/2)) ,x)

output int (((A + Bxx)*(a + b*x)~(1/2))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)
~(1/2)), x)

va+bz(A+Bz)
3.7. f Vetdzy/e+fx/g+hx dx
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A+Bx

3.8 f Va+bry/c+dx/e+ fr/g+hx dz

3.8.1 Optimalresult . .. .. ... .. ... ... 101
3.8.2 Mathematica [A] (verified) . . . . . .. ... ... Lo 102
3.8.3 Rubi [A] (verified) . . .. ... .. . ... 1021
3.84 Maple [B] (verified) . ... ... ... ... 105
3.85 Fricas [F(-1)] . . . . . o
3.86 Sympy [F] . . . . .
3.8.7 Maxima [F] . . . . . . . 107
3.88 Giac [F] . . . . . 107
3.89 Mupad [F(-1)] . . . . o 107

3.8.1 Optimal result

Integrand size = 42, antiderivative size = 442

A+ Bz
dx
va + bxvc+dry/e + fx/g + hx

(be—af)(ctdz) s gd . vbg—ah/e+fzx (bc—ad)(fg—eh)
2(Ab—aB) (de—cPattn) VI T hx EllipticF (arcsm <\/f!;—eh\/a+bz> ,— (de_cf)(bg_ah)>

- — _ (be—af)(g+hz)
bv/bg — ahv/fg — ehve+ dz\ [ — (=

(bg—ah)(ct+dz) [(bg—ah)(e+fT) T11svps s [ b(dg—ch) i [ Vbe—advgtha | (be—c
2B+/—dg + ch(a + bz)\/ (d!;—ch)(a+bz) (fz—eh)(aerw) EllipticPi <_(bciad)h’ arcsii <\/—dg+chja+bw> 7 (be—

bvbc — adhv/c + dz+\/e + fx

+

output | 2«B* (b*x+a) *E11lipticPi ((-a*d+b*c) ~(1/2) * (h*x+g) ~(1/2)/(cxh-d*g) ~(1/2) / (b*x
+a) " (1/2) ,-b*(-c*h+d*g) / (—a*xd+b*c) /h, ((-a*f+b*e) * (~c¥h+d*g) / (—a*xd+b*c)/(-e
*h+£%g) )~ (1/2))* (c*h-d*g) ~ (1/2) * ((-a*xh+bxg) * (d*x+c) / (-cxh+d*g) / (b*x+a)) ~ (1
/2) *((-axh+b*g) * (f*x+e) / (-exh+f*g) / (b*x+a))~(1/2) /b/h/ (-a*d+b*c) ~(1/2) / (d*
x+c) " (1/2)/ (£*x+e) " (1/2)+2% (Axb-B*a) *E1lipticF ((-a*h+b*g) ~(1/2) * (f*x+e) ~ (1
/2)/ (—exh+fxg) = (1/2) / (bxx+a)~(1/2) , (- (-axd+bxc) * (—exh+fxg) / (-cxf+dxe) / (-ax
h+b*g)) = (1/2) ) * ((~a*xf+b*e) * (d*x+c) / (-ckf+dxe) / (bxx+a)) ~(1/2) * (h*x+g) ~ (1/2)
/b/ (-axh+bxg) = (1/2) / (-exh+f*g) ~(1/2) / (d*x+c) ~(1/2) / (- (-a*xf+b*e) * (h*x+g) / (-
exh+fxg) / (b*x+a))~(1/2)

A+Bz dx

3.8. f Va+bz/ct+dz+/e+ fr\/g+hx




input

output
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3.8.2 Mathematica [A] (verified)

Time = 24.66 (sec) , antiderivative size = 586, normalized size of antiderivative = 1.33

A+ Bx
dx
Va+bzv/c+dxv/e + fx\/g+ hx

aB

(bg—a
(fg—e

(bg—ah)(et7a) e - ( [Chetaf(gtha)| (~betad)(—foteh)
2(a + bz)?/?, [ Ba=ah)(crda) _ Aby Ga—em(atbe) (g-+h) BllipticF (arcsin(\/ (Rt shlaris) ), (ChetegCloten) ) _
(dg—ch)(a+bzx)

(bg—ah)(a+ba) | GELSHEES)

Integrate[(A + Bxx)/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + hx
x]) ,x]

(2% (a + b*x)~(3/2)*Sqrt [((b*g - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(
- ((AxbxSqrt [((b*g - axh)*(e + £*x))/((fxg - exh)*(a + b*x))]*(g + h*x)*Ell
ipticF[ArcSin[Sqrt [((-(bxe) + a*f)*(g + h*x))/((f*g - exh)*(a + b*x))]1], (
(-(b*xc) + axd)*(-(f*g) + exh))/((b*e - axf)*(d*g - c*h))])/((bxg - axh)*(a
+ bxx)*Sqrt [((-(b*e) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))])) - (a*Bx
Sqrt[((bxg - axh)*(e + £xx))/((fxg - ex*h)*(a + b*x))]*(g + h*x)*EllipticF[
ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((fxg - exh)*(a + b*x))]], ((-(bxc)
+ axd)*(-(fxg) + exh))/((b*e - axf)*(d*g - c*h))])/((-(bxg) + axh)*(a + b
*x)*Sqrt [((-(b*e) + axf)*(g + h*x))/((fxg - exh)*(a + bxx))]) + (Bx(-(£f*g)
+ exh)*Sqrt [-(((b*xe - axf)*(bxg - axh)*(e + f*x)*(g + h*x))/((f*g - exh)”
2x(a + b*x)~2))]*EllipticPi[(b*(-(f*g) + e*h))/((b*e - a*f)*h), ArcSin[Sqr
t[((-(bxe) + axf)x(g + h*x))/((f*g - exh)*(a + b*x))]1], ((-(b*xc) + axd)*(-
(f*g) + e*h))/((bxe - axf)*(d*g - c*h))])/((b*e - a*f)+*h)))/(b*Sqrt[c + d*
x]*Sqrt[e + f*x]*Sqrtl[g + h*x])

3.8.3 Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 442, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5, Lumber of rules _ 0.119, Rules used

integrand size
= {2101, 183, 188, 321, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

A+ Bz
dx
Vva + bx/c+ dz/e + fx\/g + hx

A+Bz dx

3.8. f Va+bz/ct+dz+/e+ fr\/g+hx
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l 2101
1 Va+bx
(Ab B aB) f \/a+bx\/c+dx\/e+fx\/g+hxdm + B f \/c-i—dx\/e—i—fx\/g—l—hxdx
b b
l 183
1
(Ab B aB) f vVa+bx/ct+dz+/e+ fr\/g+hx dz +
b
2B(a + bz (Z+d0;)(bg c;h) (Z+f;c)(bg Zh) JVathz
\/( +oo)(dg—ch) \/ (atba) (Fa—ch) | (n-Yatha)), [Toe ﬁ))((sa:ggjL | Gemellothal g Vaths
bvc+ dxve+ fx
l 188
/ (ctdz)(be—af) 1 vetfzx
2 g + h.’L'(Ab - aB) (a—i—bz)(de—cf) f (bc—ad)(e+fz) 1\/1_ (bg—ah)(e+fzx) d\/a+b;1;
(de ) (a+oa) T (F9—ch)(a+ba) n
ha) (b
bve+ dz(fg — eh)\/— el
2B(a+bm) (101,+d2)(bg Zh) ((el+fmx)(bg Zh) T c—a x e—a x d i
VOBV SRS | G e e
bvc+ dxve+ fx
l'321
(c+dzx)(bg—ah) /(e+fz)(bg—ah) Vg+hx
2B (a+bm)\/(a+bw)(dg—ch) (a+bz)(fg—eh) J (h_b<g+hz>> (be— ad><g+hw) 1 \/(be af)(g+hz) +1d\/a+bz
a+bx (dg—ch)(a+bz) (fg—eh)(a+bzx) +
bvc+ dzve+ fx

dz)(be—af) 1oi7igs . ([ Jhg—ahv/eF [z be—ad)(fg—eh
2v/g + hz(Ab — aB) 752 +bg§ e — fg EllipticF (arcsm ( v fi] — \/Z+{;> ,— E — f))((bg—ZhD

bVt dav/bg — ahiy/Fg — ek~ LrmDbeman)
l 412

(ctdz)(be—af) st . Vbg—ah/e+fz\ _ (bc—ad)(fg—eh)
2v/g + hz(Ab — aB) (a2 (de=cT) EllipticF (arcsm <\/fi]—eh\/a+bx) , (de—cf)(bg—ah)>

bV T du/bg — ahy/Fg — ehy /- Ehleel)

ZB(a + ba:) /ch —da dg\/(c—i—dx)(bg—ah) \/(e-i—fx)(bg—ah) EllipticPi ( b(dg ;;’,)l,arcsm (x/bc—ad\/g+ha:> (be—af)(dg—ch)

(a+bz)(dg—ch) \ (atbz)(fg—eh) (be— v/ch—dg\/a+bx

? (be—ad)(fg—eh)

bhv/c + dz+\/e + fz\/bc — ad

( N
input LInt [(A + B*x)/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x]),x] J
A+Bz
3.8. f Va+bz/ct+dz+/e+ fr\/g+hx dx
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output (2x(A*b - axB)*Sqrt[((bkxe - axf)*(c + d*x))/((d*e - cxf)*(a + b*x))]*Sqrt[
g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - a*h]*Sqrtle + f*x])/(Sqrt[f*g - exh]
*Sqrt[a + bxx])], -(((b*c - a*d)*(fxg - exh))/((d*e - cxf)*(b*g - a*h)))])
/ (bxSqrt [b*g - axh]*Sqrt[f*g - exh]*Sqrtl[c + d*x]*Sqrt[-(((bxe - a*xf)*(g +
h*x))/((f*g - exh)*(a + b*x)))]) + (2+#B*Sqrt[-(d*g) + c*h]l*(a + b*x)*Sqrt
[((b*g - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*g - a*h)*(e + £
*xx))/((fxg - e*h)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((bxc - a*d)*h)
), ArcSin[(Sqrt[b*c - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + c*h]l*Sqrt[a + b*x
D1, ((bxe - a*f)*(d*g - cxh))/((b*c - a*d)*(fxg - exh))])/(b*Sqrt[bxc - a
*d] *h*Sqrt[c + d*x]*Sqrt[e + f*x])

3.8.3.1 Defintions of rubi rules used

rule 183  Int[Sqrt[(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[2*(a + b*x)*Sqrt[(b*g - axh)*((
c + d*x)/((d*g - c¥h)*(a + b*x)))I*(Sqrt[(bxg - a*h)*((e + £*x)/((f*g - e¥h
)*x(a + bxx)))]/(Sqrtlc + d*x]*Sqrtle + f*x])) Subst[Int[1/((h - b*x~2)*Sq
rt[1 + (bxc - a*d)*(x"2/(d*g - c*h))]1*Sqrt[1 + (bxe - a*xf)*(x"2/(f*g - exh)
)1), x]1, x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, 4, e, f, g,
h}, x]

rule 188 Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_]1 :> Simp[2*Sqrt[g + h*x]*(Sqrt[(bxe -

axf)*((c + d*x)/((d*e - c*f)*(a + b*x)))]/((f*xg - e*h)*Sqrtlc + d*x]*Sqrt[(
-(bxe - a*xf))*((g + h*xx)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (bxc - axd)*(x"2/(d*e - cxf))]*Sqrt[1l - (b*g - axh)*(x"2/(f*xg - e*h))]),

x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h},

x]

rule 321 Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]1*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

A+Bz dx

3.8. f Va+bz/ct+dz+/e+ fr\/g+hx
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Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]1), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]
*Sagrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(A*b
- axB)/b  Int[1/(Sqrtl[a + b*x]*Sqrtl[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + hx*x])
, x], x] + Simp[B/b Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg
+ hx*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

N\

3.8.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 847 vs. 2(404) = 808.

Time = 6.53 (sec) , antiderivative size = 848, normalized size of antiderivative = 1.92

method | result

24(

Sta
e

V/ (baz+a)(da+c)(fz+e) (hz+g)

elliptic

default | Expression too large to display

input \ int ((Bxx+A) / (bkx+a) = (1/2) / (d*x+c)~(1/2) / (£*x+e)~(1/2) / (h*x+g) ~(1/2) ,x,meth

' od=_RETURNVERBOSE)

A+ Bz
3.8. f Va+bz/ct+dz+/e+ fr\/g+hx dx




output
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((bxx+a) * (d*x+c) * (f*x+e) * (h*x+g) ) ~(1/2) / (bxx+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)~ (1/2) / (h*x+g) = (1/2) * (2xA*(g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d
))~(1/2)*(x+c/d) ~2*((-c/d+a/b) *(x+e/f) /(-e/f+a/b) / (x+c/d) ) ~(1/2)*((-c/d+a/
b)*(x+g/h)/(-g/h+a/b) / (x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*f*h* (x+a/b
)*(x+c/d) *(x+e/f)*(x+g/h))~(1/2)*E1lipticF (((-g/h+c/d) *(x+a/b) /(-g/h+a/b)/
(x+c/d))~(1/2),((e/f-c/d)*(g/h-a/b)/(-a/b+e/f) /(-c/d+g/h) )~ (1/2))+2*B*(g/h
-a/b)*((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) “2* ((-c/d+a/b) *
(x+e/f)/(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) )~
(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) )~ (1/2
)*(-c/d*EllipticF(((-g/h+c/d)*(x+a/b) /(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)
*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b)*E1llipticPi (((-g/h+c/d)*
(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), (-g/h+a/b) /(-g/h+c/d) , ((e/f-c/d) *(g/h-a/
b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))))

3.8.5 Fricas [F(-1)]

Timed out.

A+ Bz .
dz = Timed out
Vva+brvec+ dxy/e + fx\/g+ hx

input ‘ integrate ((B*x+A)/(b*x+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2),

Lx, algorithm="fricas")

-

outputLTimed out

input

output

3.8.6 Sympy [F]

A+ Bx A+ Bz

dr = d
Vva+brvec+ dzy/e + fx/g+ hx * Va + bxvc+ dx/e + fx\/g+ hx !

integrate ((B*x+A) / (bxx+a)**(1/2)/(d*x+c) **(1/2) / (fxx+e) **(1/2) / (h*x+g) ** (1
/2),%)

Integral ((A + B*x)/(sqrt(a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x
)), x)

A+Bz dx

3.8. f Va+bz/ct+dz+/e+ fr\/g+hx

~—




input

output

input

output

input

output
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3.8.7 Maxima [F]

A+ Bx Bx+ A

dx = d
Va+brvec+ dxv/e + fx/g+ hx v Vbx + avdzx + c/fr +ev/hxr + g !

integrate ((B*x+A)/ (bxx+a)~(1/2) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2),
x, algorithm="maxima")

integrate((B*x + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

3.8.8 Giac [F]

A+ Bz Bx+ A

dx = d
Vva+brvec+ dxy/e + fx/g+ hx N Vbz + av/dx + cv/fr+ev/hx + g *

integrate ((B*x+A)/(b*x+a) ~(1/2)/(d*x+c) ~(1/2) / (£xx+e) " (1/2) / (h*x+g) ~(1/2),
x, algorithm="giac")

integrate((B*x + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

3.8.9 Mupad [F(-1)]

Timed out.

A+ Bz A+ Bz

dx = d
Va+brvec+ dxv/e + fx\/g+ hx v Ve+ frxy/g+hzva+bxec+dx v

int ((A + Bxx)/((e + £xx)7(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)~(
1/2)),x)

int((A + Bxx)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)~(
1/2)), x)

A+Bx dx

3.8. f Va+bz/ct+dz+/e+ fr\/g+hx
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3.9 f A+Bx dx
’ (a+bx)3/2y/c+dz~/e+ fx\/g+he

39.1 Optimalresult . .. ... .. .. .. ... T08]
3.9.2 Mathematica [A] (verified) . . . . . .. ... .. .. L Lo oL 109
3.9.3 Rubi [A] (verified) . . . . ... .. ... 1091
3.9.4 Maple [B] (verified) . ... ... . ... .. 113
3.9.5 Fricas [F] . . . . . o o 114
3.9.6 Sympy [F] . . . . . 114
3.9.7 Maxima [F] . . . .. . . 114
398 Giac [F] . . . . . 115
3.9.9 Mupad [F(-1)] . . . . o 115

3.9.1 Optimal result
Integrand size = 42, antiderivative size = 606

/ A+ Bz dp — 2(Ab — aB)dv/a + bx\/e + fr\/g + hz

(a + bx)3/2\/c + dz/e + fr\/g + hx (bc — ad)(be — af)(bg — ah)vc + dz
20(Ab — aB)vc+ dz/e + fr\/g + hx

B (bc — ad)(be — af)(bg — ah)va + bz

(de—cf)(g+hx) : Vdg—chyetfz \ | (bc—ad)(fg—eh)
2(Ab — aB)+/dg — ch\/fg — ehv/a + bz /— — Fo—eh) et dz) eh)(ierx)E(arcsm (\/f‘; eh\/chdx) |(b€_af)(dz_ch)>

(be — ad)(be — af)(bg — ah)/ =t /o Ty

(be—af)(ctdz) . . ( Vbg—ahye¥fz (bc—ad)(fg—eh)
2(Bc — Ad) (de—c)(attn) VI T hx EllipticF (arcsm ( Y Jf; — \/a+bx> )~ (dee) (bZ—ah))

(bc — ad)y/bg — ahv/fg — ehv/c+ dp [ —Geaietss)

output | 2+ (A*xb-B*a) *d* (b*x+a) ~(1/2) * (fxx+e) ~(1/2) * (h*xx+g) ~ (1/2) / (—axd+b*c) / (-a*f+b
xe) / (—axh+b*g) / (d*x+c) ~ (1/2) -2xb* (Axb-B*a) * (d*x+c) ~ (1/2) * (£*x+e) ~(1/2) * (h*
x+g) " (1/2) / (—axd+b*c) / (-a*f+bxe) / (—axh+b*g) / (bxx+a) ~ (1/2) +2* (—A*d+B*c) *E11
ipticF((-axh+bxg) ~(1/2)*(£*x+e) ~(1/2)/(-exh+f*g) ~(1/2)/(b*x+a)~(1/2),(-(-a
*d+b*c) * (~exh+f*g) / (-cxf+d*e) / (-a*xh+bxg)) ~(1/2) ) * ((-a*xf+bxe) * (d*x+c) / (-c*f
+d*e) / (bxx+a)) " (1/2) * (h*x+g) ~(1/2) / (-a*d+b*c) / (~a*h+b*g) ~(1/2) / (-e*h+f*g) ~
(1/2)/ (d*x+c)~(1/2) / (- (-axf+bxe) * (h*x+g) / (~exh+f*g) / (bxx+a)) ~(1/2) -2* (A*xb-
B*a)*E1lipticE((-c*h+d*g) ~(1/2) * (fxx+e) ~(1/2) / (—exh+f*g) ~(1/2) / (d*x+c)~(1/
2), ((-a*d+b*c) * (-exh+f*g) / (—a*xf+b*e) / (-c*h+d*g) ) ~(1/2)) * (-cxh+d*g) = (1/2) *(
—exh+f*g) ~(1/2) * (b*x+a) ~(1/2) * (- (-c*f+d*e) * (h*x+g) / (—exh+f*g) / (d*x+c) ) ~(1/
2) / (-a*xd+bxc) / (—axf+b*e) / (~a*h+b*xg) / ((-c*xf+d*e) * (b*x+a) / (—axf+b*e) / (d*x+c)
)~ (1/2) / (h*xx+g) ~(1/2)

+

A+Bz dx

3.9. f (a+bx)3/2y/c+da~/eF fr/g+hz




input

output
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3.9.2 Mathematica [A] (verified)

Time = 26.02 (sec) , antiderivative size = 333, normalized size of antiderivative = 0.55

dz
3/2y/c + dx+/e + fx+/g + hx (t

/ A+ Bz 2(be — af) |/ G=UHEE (e + fx)*/2(g + ha)P/? ((Ab — aB)(
(a + bx)

Integrate[(A + B*x)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt(g +
h*x]) ,x]

(2% (bxe - axf)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(e +
£xx)~(3/2)*(g + h*x)~(3/2)*((Axb - a*B)*(d*g - cxh)*EllipticE[ArcSin[Sqrt[
((-(bxe) + axf)*x(g + h*x))/((fxg - exh)*(a + b*x))]1], ((bxc - a*d)*(fxg -
exh))/((bxe - a*f)*(d*g - cxh))] + (Bxc - Axd)*(b*g - a*h)*EllipticF[ArcSi
n[Sart [((-(bxe) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))]], ((bxc - axd)*
(f*g - e*h))/((bxe - a*f)*(d*g - c*h))]))/((bxc - a*d)*(f*g - exh) 3x(a +
b*x) " (5/2)*Sqrt[c + d*x]*(-(((b*e - a*f)*(bxg - a*h)*(e + f*x)*(g + h*x))/
((f*g - exh)~2*x(a + b*x)~2)))"(3/2))

3.9.3 Rubi [A] (verified)

Time = 1.37 (sec) , antiderivative size = 576, normalized size of antiderivative = 0.95,
number of steps used = 8, number of rules used = 7, Bumber of rules _ 167 Ryles used

integrand size
= {2102, 2105, 27, 188, 194, 321, 327}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ A+ Bx
dz
(a + bx)3/2\/c+ dz\/e + fx\/g + hx
l 2102

f — Adfha®—b(B(deg+cfg+ceh)—A(df g+deh+cfh))a+2b(Ab—aB)df ha?+b% Beeg+(Ab—aB)(adf h+b(df g+deh+cfh))x dr
vVa+bz/ct+dz+/e+ fr\/g+hz
(bc — ad)(be — af)(bg — ah)
2b\/c + dzv/e + fx\/g + hz(Ab — aB)
va + bx(bc — ad)(be — af)(bg — ah)

l 2105

A+Bz dx

3.9. f (a+bx)3/2y/c+da~/eF fr/g+hz
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JaTbs | BB T I e e | ady/at /e /G TRE(Ab—al
_ _ _ a 49 a T/ C T/ e Vg T —_
(Ab CLB) (de Cf) (dg Ch’) f (c+dx)3/2\/ex fx\/g+hx dz + 2bdfh + Vetdx

(bc — ad)(be — af)(bg — ah)
2bv/c + dz+/e + fz+/g + hz(Ab — aB)
va + bz(bc — ad)(be — af)(bg — ah)

l27

(Ab— aB)(de — cf)(dg —ch) [ (c-l—dw)?’/zv\(;:—if‘x\/g—i-hxdm + (be — af)(bg — ah)(Bc — Ad

)f \/a+bx\/c+dw1\/e+fm\/g+hm
(bc — ad)(be — af)(bg — ah)
2b\/c + dz+/e + fx\/g + hz(Ab — aB)
Va + bz(bc — ad)(be — af)(bg — ah)

l 188

2/gFha(be—af)(bg—ah)(Be—Ad) ) {52kte=al} | =TeD

Ab — aB)(de — cf)(dg — ch Vatbz dr + (de=cf)(atba).
( )( f)( g ) f (c~|—dx)3/2\/e+f1:\/!]+ha: M(fg—eh)\/—%

(bc — ad)(be — af)(bg — ah)
2bv/c + dz+/e + fz+/g + hz(Ab — aB)
Vva+ bz(bc — ad)(be — af)(bg — ah)

l 194

_ _ _ (ctdz)(be—af) 1 Vetfz _ _ — (g+h=)(de
2Wgtha(be—af)(bg—ah)(Be=Ad)\/ (o5 (de=epy | \/<bc_ad>(e+fx>+1\/1_(bg—ah><e+fm>dm 2Va+ba(Ab—aB)(dg—ch)\/ ~ (i da) 5

(de—cf)(atbx) (fg—eh)(a+bz)
NN = Vot
(bc — ad)(be — af)(bg — ah)
2bv/c + dz+/e + fz+/g + hz(Ab — aB)
Va + bz (bc — ad)(be — af)(bg — ah)

l 321

(bc—ad)(e+fx)
1—
2v/atbz(Ab—aB)(dg—ch),/— {Lthelde=el] (be—af)(etdz) g v/etio
c+dx —e dg—ch)(e+f +dzx (ctdz)(be—af) st ‘
(atbz)(de—cf) (g+ho)
Vothay/ e aei (be—ar) Vetdzy fg_eh\/_ (o)
(bc — ad)(be — af)(bg — ah)

2bv/c + dz+/e + fz+/g + hz(Ab — aB)
Va + bx(bc — ad)(be — af)(bg — ah)

l 327

A+Bz dx

3.9. f (a+bx)3/2y/c+da~/eF fr/g+hz
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2v/gFha(be—af)v/bg—ah(Be—Ad),/ (2 Ce D BilipticF (arcsin ( YRShVERLE ) _ (emegifo-el ) 2v/atho(Ab—aB)v/dg—chy/Fg—eF
ovin i [ R

(bc — ad)(be — af)(bg — ah)

2bv/c + dz+/e + fz+/g + hz(Ab — aB)
va+ bz(bc — ad)(be — af)(bg — ah)

input Int[(A + B*x)/((a + bxx)~(3/2)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),
x]

output | (-2%b* (A*b - a*B)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x])/((bxc - a*xd)*
(b*xe - axf)*(b*g - a*h)*Sqrt[a + bxx]) + ((2x(Axb - a*B)*d*Sqrt[a + b*x]*S
grtle + f£xx]*Sqrtlg + h*x])/Sqrtlc + d*x] - (2%x(A*b - axB)*Sqrt[d*g - c*h]
*3qrt [fxg - exh]*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + hxx))/((f*g - exh)
*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtle + f*x])/(Sqrt[f*xg -
exh]*Sqrt[c + d*x])], ((bxc - axd)*(fxg - exh))/((bxe - axf)*(d*g - cxh))
1)/(Sqrt[((d*e - cxf)*(a + bxx))/((b*e - axf)*(c + d*x))]*Sqrtlg + hxx]) +

(2% (Bxc - Axd)*(b*e - axf)*Sqrt[b*g - axh]*Sqrt[((b*e - axf)*(c + d*x))/(
(d*e - cxf)x(a + b*x))]*Sqrtl[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - a*h]*Sq
rt[e + £f*x])/(Sqrt[f*g - exh]*Sqrt[a + b*x])], -(((b*c - a*xd)*(f*g - exh))
/((d*xe - cxf)*(bxg - a*h)))])/(Sqrt[f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((b*e
- axf)*(g + hxx))/((f*g - exh)*(a + b*x)))]))/((bxc - a*xd)*(b*xe - a*f)*(bx
g - axh))

3.9.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 188  Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl[(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]1), x_] :> Simp[2*Sqrt[g + h*x]*(Sqrt[(bxe -
axf)*((c + d*x)/((d*xe - c*xf)*(a + b*x)))]/((f*xg - exh)*Sqrt[c + d*x]*Sqrt[(
-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrtl[1
+ (b*c - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1 - (bxg - a*h)*(x"2/(f*xg - e*h))]),
x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h},
x]

A+Bz dx

3.9. f (a+bx)3/2y/c+da~/eF fr/g+hz




rule 194

rule 321

rule 327

rule 2102

rule 2105
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Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(bxe
- axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((bxe - a*f)*Sqrt[g + h*x]*Sq
rt[(b*xe - a*f)*((c + d*x)/((d*xe - c*f)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(bxc - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - exh))], xI,

x, Sqrt[e + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]1))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Int[(((a_.) + (b_)*(x))" (@ )*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_)IxSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~"(m + 1)*Sqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrtl[g + hx*x]
/((m + 1)*(b*c - a*d)*(bxe - a*f)*(b*g - axh))), x] - Simp[1/(2*(m + 1)*(b*
c - axd)*(bxe - a*f)*(bxg - axh)) Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*S
grtle + f£xx]*Sqrtlg + h*x]))*Simp[A*(2*a~2*d*f*h*x(m + 1) - 2%a*bx(m + 1)*(d
xf*xg + dxexh + cxfxh) + b"2*%(2*%m + 3)*(d*exg + c*f*xg + ckexh)) - b*Bx(a*(d*
exg + cxf*xg + cxexh) + 2*¥bkckxexgx(m + 1)) - 2x((A*b - axB)*(a*d*fxhx(m + 1)
- bx(m + 2)*(d*f*g + d*kexh + cxf*h)))*x + dxf*h*(2xm + 5)*(A*xb~2 - a*bxB)*
x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2*m
1 && LtQ[m, -1]

Int[(CA_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrt[(c_.
) + (d_)*(x_)]*Sqrtl(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + f*x]*(Sqrtl[g + h*x]/(b*fxh*Sqrt[c + d*x
1)), x] + (Simp[1/(2*bxd*f*h) Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtl[e
+ f*x]*Sqrt[g + h*x]))*Simp[2*A*b*d*fxh - Ckx(bkd*exg + axcxfxh) + (2xb*B*d*
fxh - Ckx(axd*fxh + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Simp[C*x(d*e
- cxf)*((d*xg - c*h)/(2*b*d*f*h))  Int[Sqrt[a + b*x]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}

» XJ

A+Bz dx

3.9. Lf(a+bxyv2vz+dm¢e+fwvb+hw
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3.9.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 2249 vs. 2(552) = 1104.

Time = 7.69 (sec) , antiderivative size = 2250, normalized size of antiderivative = 3.71

method | result size

elliptic | Expression too large to display | 2250

default | Expression too large to display | 18724

input | int ((B*x+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/ (f*x+e)~(1/2)/ (h*x+g)~(1/2) ,x,meth
od=_RETURNVERBOSE)

output | ((b*x+a)* (d*x+c)* (f*x+e) * (h*x+g) ) ~(1/2)/ (bxx+a) ~(1/2)/(d*x+c)~(1/2)/ (f*x+e
)~ (1/2) / (h*x+g) = (1/2) * (2% (b*d*f *h*x~3+b*c*f*xh*x~2+b*xd*exh*x~2+b*d*f*g*xx~2+
b*ckexh*x+b*cxf*g*x+bkd*exg*x+bkcxexg) / (a~3*d*f*h-a~2*b*c*f*h-a~2*bxd*e*h—
a~2xbkxd*f*gt+axb~2kckexht+axb~2xcxfxg+axb~2xd*xexg-b~3kckexg) * (Axb-B*a) / ((x+a
/D) * (bxd*f*h*x~3+b*c*f*h*x~2+b*kd*exh*x~2+bxd*f*g*kx~2+b*ckexh*x+bkckf*g*x+b
xdxe*xgkx+bxckexg)) ~(1/2)+2x (B/b+1/b* (a~2*d*f*h-a*bkcxfxh-a*b*dxexh-axbxd*f
*g+b~2kckexh+b~2xcxf*g+b~2xd*e*g) * (Axb-B*a) / (2~ 3*d*f*h-a~2*bxcxf*h-a”~2xbx*d
xe*xh-a~2xbxd*f*g+axb~2kckexh+axb 2xc*f*xg+axb~2*%d*xexg-b " 3*cxexg) - (b*c*exh+b
xcxfxg+bxdxexg) /(a~3xd*xfxh-a~2xbxcxfxh-a~2xb*d*exh-a~2*b*d*f*g+a*xb~2*c*e*h
+axb 2xckf*g+a*b~2xd*exg-b~3*kckexg) * (Axb-Bxa) ) * (g/h-a/b) * ((-g/h+c/d) * (x+a/
b)/(-g/h+a/b)/(x+c/d)) ~(1/2) *(x+c/d) "2x((-c/d+a/b) * (x+e/f) / (-e/f+a/b) / (x+c
/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) )~ (1/2) / (-g/h+c/d) / (-c/d+
a/b) / (bxd*xf*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) ) ~(1/2) *E1lipticF (((-g/h+c/d)
*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g
/h))~(1/2))+2* (- (a*d*f*h-b*c*f*h-bxd*exh-bxd*f*g) * (Axb-B*a) / (a~3*d*f*h-a~2
*bxcxfxh-a”~2xbxd*exh-a~2¥b*d*f*g+a*xb~2xcxexh+axb™2kxc*f*g+a*b~2*d*exg-b~3*c
xexg) — (2xbxc*f*h+2xb*d*exh+2xb*d*f*g) / (a~3*d*f*h-a~2xb*c*f*h-a~2+b*d*exh-a
“2*xb*d*fxg+arb2*ckxexh+a*b~2xcxfxg+a*b~2xdxexg-b 3xckexg) * (Axb-B*a) ) * (g/h-
a/b)*((-g/h+c/d) *(x+a/b)/(-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c/d) ~2*((-c/d+a/b) *(
x+e/f)/(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) . . .

A+Bz dx

3.9. L[(a+bxp/2vb+dzve+f$V?+hx
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3.9.5 Fricas [F]

dz

A+ Bzx dz—/m Br+ A
(a +bx)3/2V/c + dzv/e + fzv/g + hx (bx+a)%\/dm+c\/fx+e\/hx+g

input | integrate ((Bxx+A)/ (b*x+a)~(3/2) /(d*x+c)~(1/2) / (f*x+e)~(1/2) / (h*x+g) ~(1/2),
x, algorithm="fricas")

output | integral ((B*x + A)*sqrt(bxx + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)

/ (b™2*d*f*h*x~5 + a~2*ckexg + (b~2*d*xf*g + (b~2*d*e + (b~2%c + 2*axb*d)*f)

*h)*x~4 + ((b"2+d*e + (b~2%c + 2*axbxd)*f)*g + ((b~2%c + 2%axb*xd)*e + (2*a

x¥b*xc + a~2xd)*f)*h)*x"3 + (((b"2%c + 2%a*bkxd)*e + (2xaxb*c + a~2xd)*f)*xg +
(a”2xcxf + (2*%a*b*c + a"2*d)*e)*h)*x~2 + (a"2*c*kexh + (a~2*c*xf + (2*%axb*c
+ a”2%d) *e) *g) *x) , x)

3.9.6 Sympy [F]

/‘ A+ Bz /‘ A+ Bz
dr = 3 dz
(a+bx)¥2/c+ dzv/e + fr/g + ha (a+bz)2 v/c+dz\e+ fx\/g+ hx

input  integrate ((B*x+A)/(b*x+a)**(3/2)/(d*x+c)*x(1/2) / (£*x+e) **(1/2) / (h*x+g) ** (1
/2),x)

output | Integral ((A + B*x)/((a + b*x)#*x(3/2)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g +
h*x)), x)

3.9.7 Maxima [F]

/’ A+ Bx / Bz + A
dr = 3 dz
(a + bx)3/2/c+ dz\/e + fx/g + hz (bz + a)2Vdz + cv/Fz + ev/hz + g

input | integrate ((B*x+A)/(b*x+a) ~(3/2)/(d*x+c)~(1/2) / (fxx+e) ~(1/2)/ (h*x+g) ~(1/2),
x, algorithm="maxima")

output integrate((Bxx + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

A+Bz dx

3.9. f (a+bx)3/2y/c+da~/eF fr/g+hz




input

output

input

output
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3.9.8 Giac [F]

dz

A+ Bz d _/ Bx+ A
(a+bx)*2v/ e+ dzve+ fr/g+ ho (bz +a)?Vdz + cv/fz T evhz + g

integrate ((B*x+A)/(b*x+a) ~(3/2)/(d*x+c)~(1/2)/ (f*x+e)~(1/2) / (h*x+g)~(1/2),
x, algorithm="giac")

integrate((B*x + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

3.9.9 Mupad [F(-1)]

Timed out.

/‘ A+ Bx dx—/ A+ Bz Iz
(a+ bzx)32/c+ dz\/e + fx\/g+ hz Vet fzvgt+hz(a+bz)?Vet+ds

int((A + Bxx)/((e + £xx)7(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*(c + d*x)~(
1/2)),x)

int ((A + Bxx)/((e + £xx)7(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*(c + d*x)~(
1/2)), x)

A+Bz dx

3.9. f (a+bx)3/2y/c+da~/eF fr/g+hz
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3.10.1 Optimal result
Integrand size = 42, antiderivative size = 1081
/ A+ Bz _ 2d(3a®Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab?(B(de
(a + bx)>2\/c + dz\/e + fx/g + hz

2b(Ab — aB)vc+ dz+/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/?

_ 2b(3a’Bdfh + b°(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh) — 4A(dfg + deh + cfh)) —

3(bc — ad)?(be — af)%(bg — ah)?v/a + bx

2¢/dg — ch\/fg — eh(3a®Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab®*(B(deg + cfg + ceh) — 4A(df ¢

3(bc — ad)?(be — af

2(3a?d(Bc — Ad) fh + b*(3Bcdeg — A(2d%eg — 2 fh + cd(fg + eh))) + ab(3Ad?(fg + eh) — B(d?eg + ¢

3(bc — ad)2(be — af)(bg — ah)3/2\/fg

A+ Bz dx

3.10. f (a+bx)5/2\/c+dzr/e+ fay/g+ha




CHAPTER 3. LISTING OF INTEGRALS 117

output | 2/3*d* (3%a~3*B*d*f*h+b~3* (3*xBkckxe*xg-2xA* (cxexh+c*f*g+drexg) ) —axb~2* (Bx (cxe
xh+c*fxg+dxe*g) —4*A* (cxfxh+d*xexh+d*f*g) ) —a~2xb* (6xA*d*f*xh+B* (cxf*h+d*exh+d
*xfxg)) ) * (bxx+a) = (1/2) ¥ (fxx+e) ™ (1/2) * (h*x+g) = (1/2) / (-axd+b*c) "2/ (-axf+bxe) ~
2/ (—axh+b*g) "2/ (d*x+c) = (1/2)-2/3*b* (Axb-B*a) * (d*x+c) ~(1/2) * (f*xx+e) ~(1/2) *(
h*x+g) ~(1/2) / (~a*d+b*c) / (—a*f+b*e) / (—axh+b*g) / (b*x+a) ~(3/2) -2/3%b* (3*a~3*B
*xd*f¥h+b~3* (3xBxcke*xg-2xA*x (cxexh+c*xf*g+dxexg) ) —axb™2* (Bx (cxexh+cxf*g+dxexg
) —4*xAx (cxfxh+d*exh+d*f*g) ) —a~2*b* (6*xA*d*f*h+B* (c*f*h+d*exh+d*f*xg)))* (d*x+c
)~ (1/2) % (£xx+e) ~(1/2) * (h*x+g) ~(1/2) / (~a*d+b*c) "2/ (—axf+bxe) "2/ (-a*h+b*g) ~2
/ (bxx+a) ~(1/2)-2/3% (3%a~2*d* (~A*d+B*c) *fxh+b~2* (3*xB*cxd*e*xg-A* (2¥d~2*%e*g-c
~2*fxh+cxd* (exh+f*xg) ) ) +a*b* (3*A*d~2* (exh+f*xg) -Bx (A" 2xe*xg+c 2xfxh+2*c*d* (e*
h+f*g))))*EllipticF ((-axh+b*g) ~(1/2)* (f*x+e)~(1/2)/(-exh+f*g) ~(1/2)/(b*x+a
)~ (1/2) , (- (~a*d+bx*c) * (~exh+f*xg) / (—~c*xf+d*e) / (—axh+b*g) ) ~(1/2) ) * ((—a*xf+b*e) *
(d*x+c) / (-c*f+d*e) / (b*x+a)) ~(1/2) * (h*x+g) ~(1/2) / (-a*d+b*c) "2/ (-a*xf+b*e) /(-
axh+bxg) ~(3/2) / (—e*h+f*g) ~(1/2)/ (d*x+c) ~(1/2) / (- (—a*f+b*e) * (h*x+g) / (—exh+f
*xg) / (bxx+a)) ~(1/2)-2/3*(3%a~3*B*d*f*h+b~ 3% (3*B*c*e*xg-2*A* (ckxexh+cxfxg+drex
g) ) —a*xb”2x (B (ckexh+c*f*xg+dxe*g) —4*A* (cxf*xh+d*exh+d*f*g) ) —a~2xb* (6*xA*d*f*h
+Bx (c*fxh+d*exh+d*f*g)))*E1lipticE((-c*h+d*g) ~(1/2) * (fxx+e) ~(1/2) / (—exh+f*
g)~(1/2)/(d*x+c)~(1/2) , ((-a*d+b*c) * (—exh+f*g) / (~axf+b*e) / (-c*h+d*g) )~ (1/2)
) * (-cxh+d*g) ~(1/2) * (~e*xh+£f*g) ~(1/2) * (b*x+a) ~ (1/2) * (- (-c*f+d*e) * (h*x+g) / (-e
*xh+fxg) / (d*x+c)) ~(1/2)/ (—a*d+bxc) "2/ (—a*xf+bxe) "2/ (~a*h+b*xg) "2/ ((-cxf+dx*. ..

3.10.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 10828 vs. 2(1081) = 2162.

Time = 39.61 (sec) , antiderivative size = 10828, normalized size of antiderivative = 10.02

/ A+ Bz dz = Result too large to show
(a+ bx)5/2\/c+ dz+\/e + fr\/g + hx

p
input‘Integrate[(A + Bxx)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g +
‘h*x]),x]

output‘Result too large to show

A+ Bz dx

3.10. ‘f(a+bmp/2¢c+dz¢é+fmvb+hm
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3.10.3 Rubi [A] (verified)

Time = 3.68 (sec) , antiderivative size = 1068, normalized size of antiderivative = 0.99,

number of rules _ = 0.238, Rules
integrand size

number of steps used = 11, number of rules used = 10,
used = {2102, 25, 2102, 25, 2105, 27, 188, 194, 321, 327}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

A+ Bz
dx
(a+bx)5/2\/c + dz\/e + fx\/g + hz

l 2102

f_3Adfha2+b(B(deg+cfg+ceh) 3A(dfg+deh+cfh))a—b2(3Bceg—2A(deg+cfg+ceh))—(Ab—aB)(3adfh—b(df g+deh+cfh))z < 1
(a+bx)3/2+/c+dz/e+ fz\/g+ha

3(bc — ad)(be — af)(bg — ah)
2bv/c + dz+/e + fz+/g + hz(Ab — aB)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

| 25

f3Adfha2+b(B(deg+cfg+ceh) 3A(dfg+deh+cfh))a—b?(3Bceg—2A(deg+cfg+ceh))—(Ab—aB)(3adfh—b(df g+deh+cfh))z < dx
(a+bx)3/2+/c+dx/e+ fz\/g+hx

3(bc — ad)(be — af)(bg — ah)
2bv/c + dz+/e + fz+/g + hz(Ab — aB)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

l 2102

2bdfh(SBdfha3 —b(6Adfh+B(df g+deh+cfh))a®—b2(B(deg+cfg+ceh)—4A(df g+deh+cfh))a+bd (SBceg_zA(deg+cfg+ceh))) @2+ (adf h+b(df g+deh+cfh

f_

2bv/c + dz+/e + fz+/g + hz(Ab — aB)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

l 25

2bv/c+dz+/e+ fz/g+hz (3a® Bdf h—ab(6 Adf h+B(cfh+deh+df g))—ab? (B(ceh+cfg+deg)—4A(cfh+deh+df g))+b%(3Beceg—2A(ceh+cfg+d
Va+bz(bc—ad)(be—af)(bg—ah)

2b\/c + dzv/e + fx\/g + hz(Ab — aB)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

l 2105

A+ Bz dx

3.10. f (a+bx)5/2\/c+dzr/e+ fay/g+ha
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_ 2bV/c+dzve+ frv/g+hz(Ab—aB)
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

2b(3Bdfha®—b(6 Adfh+B(df g+deh-+cfh))a?—b?(B(deg+cfg+ceh)—4A(df g+deh+cfh))a+b3 (3Bceg—2A(deg+cfg+ceh)))vetdr/et fr/g+
(be—ad)(be—af)(bg—ah)v/a+bz

l 27

2bv/c+dz+/e+ fzy/g+hz(3a® Bdfh—ab(6 Adf h+B(cfh+deh+dfg))—ab?(B(ceh+cfg+deg)—4A(cfh+deh+df g))+b%(3Bceg—2A(ceh+cfg+d
Va+bz(bc—ad)(be—af)(bg—ah)

2bv/c + dz+/e + fz+/g + hz(Ab — aB)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

l 188

2bv/c + dz+/e + fz+/g + hz(Ab — aB)
~ 3(bc — ad) (be — af)(bg — ah)(a + bx)3/2

2b(3Bdfha®—b(6 Adfh+B(df g+deh-+cfh))a?—b?(B(deg+cfg+ceh)—4A(df g+deh+cfh))a+b3 (3Bceg—2A(deg+cfg+ceh)))vetdz/et fr/g+
(bc—ad)(be—af)(bg—ah)v/a+bz

l 194

2bv/c + dz+/e + fz+/g + hz(Ab — aB)
~ 3(bc — ad) (be — af)(bg — ah)(a + bz)3/2

2b(3Bdfha®—b(6 Adf h+B(df g+deh-+cfh))a?—b%(B(deg+cfg+ceh)—4A(df g+deh+cfh))a+b3 (3 Bceg—2A(deg+cfg+ceh)))vVetdz/et fr/g+
(be—ad)(be—af)(bg—ah)v/a+bz

l 321

2b\/c + dzv/e + fx\/g + hz(Ab — aB)
" 3(bc — ad)(be — af)(bg — ah)(a + bxz)3/2

2b(3Bdfha®—b(6Adf h+B(df g+deh+cfh))a®—b%(B(deg+cfg+ceh)—4A(df g+deh+cfh))a+b3 (3 Bceg—2A(deg+cfg+ceh)))vetdzy/e+ fay/g+
(bc—ad)(be—af)(bg—ah)v/a+bz

l 327

A+ Bz dx

3.10. f (a+bx)5/2\/c+dzr/e+ fay/g+ha
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_ 2bV/c+dzve+ frv/g+hz(Ab—aB)
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

2b(3Bdfha®—b(6 Adfh+B(df g+deh+cfh))a?—b?(B(deg+cfg+ceh)—4A(df g+deh+cfh))a+b3 (3 Bceg—2A(deg+cfg+ceh)))vetdo/et fr/g+
(bc—ad)(be—af)(bg—ah)v/a+bz

input Int[(A + B*x)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),
x]

output | (-2%b* (A*b - a*B)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])/(3*(b*xc - axd
)x(bxe - axf)*(b*g - axh)*(a + b*x)~(3/2)) - ((2%b*(3*a~3*B*d*xf*h + b~3%(3
*Bkckexg — 2kA*x(d*exg + cxfxg + ckxexh)) - a*xb~2x(Bx(d*exg + ckxf*g + c*xex*h)
- 4xAx(d*fxg + d*exh + cxfxh)) - a~2*b*(6*%A*dxfxh + B*(d*f*g + dkexh + cx
fxh)))*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/((bxc - a*d)*(bxe - axf)
*(bxg - a*h)*Sqrt[a + b*x]) - ((2%d*(3*a”~3*Bxd*f*h + b~ 3% (3*Bkckexg — 2kAx
(d*exg + c*fxg + cxe*xh)) - a*b~2*(B*x(d*exg + c*xfxg + ckexh) - 4xA*x(d*xfxg +
dxexh + cxfxh)) - a"2xbx(6*A*d*f*h + Bk(d*xfxg + dxexh + cxfxh)))*Sqrt[a +
b*x]*Sqrt[e + f*x]*Sqrtl[g + h*x])/Sqrtlc + d*x] - (2*Sqrt[d*g - c*h]*Sqrt
[f*g - exh]*(3*a"3*B*d*f*h + b"3*(3*xBxcxexg — 2xAx(d*exg + cxfxg + cxexh))
- axb”2x(Bx(dxe*g + c*fxg + ckxexh) - 4*xAx(dxf*g + d*exh + cxf*h)) - a~2*Db
*(6xAxd*xf*h + B*(d*fxg + d*exh + cxf*h)))*Sqrt[a + b*x]*Sqrt[-(((d*e - cx*f
)*x(g + hxx))/((f*g - exh)*(c + d+*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*S
qrtle + f*x])/(Sqrt[f*g - exh]*Sqrt[c + d*x])], ((b*c - a*d)*(f*g - exh))/
((b*e - axf)*(dxg - c*h))])/(Sqrt[((d*e - cxf)*(a + bxx))/((b*e - axf)*(c

+ d*x))]1*Sqrt[g + h*x]) - (2*(b*e - a*f)*Sqrt[b*g - axh]*(3*a~2*d*(B*c - A
*d)*fxh + b~2x(3*Bxckd*e*xg — 2%A*d"2xe*g + Axc”2*f*h - Axckd*(f*xg + exh))

+ axbx(3*%A*d~2*(f*xg + exh) - B*(d"2%exg + c~2xfxh + 2%c*d*(f*g + exh))))*S
qrt[((b*e - a*f)*(c + d*x))/((d*e - cxf)*x(a + b*x))]*Sqrt[g + h*x]*Ellipti
cF[ArcSin[(Sqrt[b*g - axh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrtl[a + b*x...

3.10.3.1 Defintions of rubi rules used

r

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

| —

rule 27(Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

A+ Bz dx

3.10. ‘f(a+bmp/2¢c+dz¢é+fmvb+hm
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rule 194

rule 321

rule 327

rule 2102
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Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_]1 :> Simp[2xSqrt[g + h*x]*(Sqrt[(bxe -

axf)*((c + d*x)/((dxe - c*xf)*(a + b*x)))]1/((fxg - exh)*Sqrtl[c + d*x]*Sqrt[(
-(bxe - a*xf))*((g + h*xx)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (bxc - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1l - (b*g - axh)*(x~2/(f*g - e*h))]),

x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h},

x]

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)1), x_1 :> Simp[-2#Sqrt[c + d*x]*(Sqrt[(-(bxe
- axf))*x((g + h*x)/((f*g - exh)*(a + b*x)))]/((b*e - a*f)*Sqrtl[g + h*x]*Sq
rt[(bxe - a*f)*((c + d*x)/((d*xe - cxf)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(b*c - a*d)*(x"2/(d*e - c*£))]/Sqrt[l - (bxg - a*h)*(x"2/(f*g - e*h))], x],
x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]l*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

/Int[Sqrt[(a_) + (b_.)*(x_)"2]/8qrt[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simpl[

(Sgrt[al/(Sqrt[cl*Rt[-d/c, 21))*EllipticE[ArcSin[Rt[-d/c, 2]1*x], b*(c/(a*d)

)1, x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Int[(((a_.) + (b_)*(x))" (@ )*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
A*¥b"2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrt[e + f*x]*(Sqrtl[g + h#*x]
/((m + 1)*(bxc - a*d)*(b*xe - axf)*(bxg - a*h))), x] - Simp[1/(2*(m + 1)*(b*
c - axd)*(bxe - a*f)*(bxg - axh)) Int[((a + bxx)"(m + 1)/(Sqrtlc + d*x]*S
grtle + fxx]*Sqrtlg + h*x]))*Simp[A*(2*a~2*d*f*h*x(m + 1) - 2%a*b*(m + 1)*(d
xf*xg + dxexh + cxfxh) + b™2*%(2#m + 3)*(d*exg + c*f*g + ckexh)) - b*Bx(a*(dx*
exg + c*xf*xg + ckexh) + 2xbxckexgx(m + 1)) - 2x((A*b - axB)*(axd*fxh*(m + 1)
- bx(m + 2)*(d*fxg + d*exh + c*kfxh)))*x + dkfxh*x(2*m + 5)*(A*b~2 - axb*B)=*
x~2, x], x], x] /; FreeQ[{a, b, c, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m

] & LtQ[m, -1]

A+ Bz dx

3.10. ‘f(a+bmp/2¢c+dz¢é+fmvb+hm
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rule 2105 Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + fxx]*(Sqrtlg + h*x]/(bxfxh*Sqrt[c + d*x
1)), x] + (Simp[1/(2*bxd*f*h) Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrt[g + h*x]))*Simp[2*Axbxd*fxh - Cx(b*d*e*xg + axckfxh) + (2¥b*B*xd*
fxh - Ckx(axd*fxh + bx(dxf*g + d*exh + c*f*h)))*x, x], x], x] + Simp[C*x(d*e
- cxf)*((d*g - cxh)/(2*bxd*f*h)) Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}

, X]

N\ J

3.10.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 3388 vs. 2(1009) = 2018.

Time = 10.18 (sec) , antiderivative size = 3389, normalized size of antiderivative = 3.14

method | result size
elliptic | Expression too large to display | 3389

default | Expression too large to display | 104801

input \(int ((Bxx+A) / (b*x+a) ~(5/2) / (d*x+c) " (1/2) / (f*x+e) " (1/2) / (h*x+g) ~(1/2) ,x,meth
od=_RETURNVERBOSE) J

N

A+ Bz dx

3.10. f (a+bx)5/2\/c+dzr/e+ fay/g+ha
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((bxx+a) * (d*x+c) * (f*x+e) * (h*x+g) ) ~(1/2) / (bxx+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)7 (1/2) / (hxx+g) ~(1/2) *(2/3/b/ (a~3*d*f*h—-a”~2*b*c*xfxh-a~2*bkd*exh-a”~2xbxd*f *
gtaxb~2kckxexh+a*b”2*ckf*g+axb 2xd*exg-b~3*ckexg) * (A*b—B*a) * (bxd*f*h*x~4+a*
dxfxh*x”~3+bxcxf*h*x~3+bxd*xexh*x~3+bxd*f*gxx~3+axcxfxh*xx~2+axd*exh*x~2+a*xd*
fxg*x"2+b*ckexh*xx™2+bkcxfxgkx~2+b*d*exgxx~2+a*xcrexhkx+arckf*grx+axdrexgrx+
bxckexgkx+axckexg) = (1/2)/(x+a/b) ~2+2/3* (bxd*f*h*x~3+bkcxf*h*x~2+bkd*e*h*x"
2+bxd*f*gxx~2+b*ckexh*x+bkcxfxg*x+brd*e*gkxt+bkcxe*g) / (a~3*d*f*xh-a 2 bkcxf*
h-a~2*xbxd*e*h—-a~2xb*d*f*g+a*b~2xcxexh+axb~2xc*f*g+axb~2xd*exg-b~3kckexg) ~2
* (6*%A*a~2¥b*d*f*h-4*A*a*xb~2kc*xf*h-4*A*a*xb~2kd*exh-4*Axaxb~2xd*f*g+2xAxb~ 3%
c*exh+2*%A*b~3*c*f*g+2*A*b~3*kd*e*xg—-3*B*a~3*d*f*h+B*a~2¥bxcxf*h+B*a~2xbxd*e*
h+B*a~2xbxd*f*g+B*xaxb~2*c*exh+B*a*xb~2*c*f*g+B*a*xb~2*d*e*g-3*%B*b~3*c*ex*g) / (
(x+a/b) * (b*d*f*xh*x~3+b*cxfxh*x~2+bxd*e*h*x ™ 2+b*d*f*kgxx~2+bkckexh*x+bkcxf*g
*xx+bxd*exgrx+bkckexg)) ~(1/2)+2x (-1/3* (3*Axa*b*d*f*xh-A*b~2*kcxf*h—A*b~2*d*e*
h-A*b~2xd*f*g—-3*B*a~2*d*f*h+B*axbxc*f*h+Bxaxb*d*exh+B*axb*d*f*g) /b/ (a~3*dx*
fxh-a~2%b*c*f*h-a~2*xbxd*exh-a”~2*b*d*f*g+a*b™2*c*xexh+a*xb™2xc*xf*g+axb™2*xd*e*
g-b~3*ckexg)+1/3/b* (a~2*d*f*h-a*b*cxfxh-a*b*dxexh—axbxd*f*g+b~2*c*exh+b~2*
cxfxg+b~2*kd*exg) * (6kAxa~2+b*xd*fxh-4*A*axb~2*ckfxh-4*A*axb~2*d*exh-4*A*a*xb”
2xd*f*g+2*xAxb~ 3k ckexh+2xAxb~ 3k cxfxg+2xAxb~3xd*xexg-3*Bxa~3xd*fxh+Bxa~2xb*c*
f*h+B*a~2*b*d*exh+B*a~2xb*xd*f *g+B*a*b~2*c*exh+B*xaxb~2kc*xf*g+Bkxa*b~2*d*e*g-

3*B*b~3*c*xexg) / (a~3*d*f*xh-a~2xbxcxf*xh-a~2xbkxd*xexh-a~2xbxd*f*g+axb~2*c*e. ..

3.10.5 Fricas [F]

A+ Bz / Bx+ A

d —
(a + bx)5/2\/c + dx"/e + fr\/g + hx

(bx + a)g\/dx +cvfr+evhr+g

dz

7

’integrate((B*x+A)/(b*x+a)“(5/2)/(d*x+c)‘(1/2)/(f*x+e)‘(1/2)/(h*x+g)‘(1/2),
x, algorithm="fricas")

integral ((B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)
/ (b"3xd*f*xh*x~6 + a~3*ckexg + (b 3xd*f*g + (b~3xdxe + (b~3*c + 3xaxb~2%d)*
£)*h)*x~5 + ((b~3*d*e + (b~3*c + 3*axb~2xd)*f)*g + ((b~3*c + 3*a*xb~2*d)*e
+ 3x(a*b”2%c + a”2xb*d)*f)*h)*x"4 + (((b~3*c + 3xa*b~2*d)*e + 3*(axb™2*c +
a”2xbxd) *f)*g + (3*(a*b”2xc + a"2+bxd)*e + (3*a”2xbkc + a~3*d)*f)*h)*x"3
+ ((3*%(a*b™2xc + a"2*bxd)*e + (3*a"2*bxc + a~3*d)*f)*g + (a~3xcxf + (3*a”2
*b*c + a~3xd)*e)*h)*x"2 + (a~3%ckexh + (a~3*ckf + (3*a"2%b*c + a~3%d)*e)*g

)*x), Xx)

f A+Bzx dx
(a+bx)3/2+/c+dz+/ e+ fx\/g+ha

3.10.
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3.10.6 Sympy [F(-1)]

Timed out.

A+ Bz .
dz = Timed out
(a + bx)5/2\/c + dz\/e + fr\/g + hz

input \ integrate ((Bxx+A) / (bxx+a)**(5/2) / (dxx+c) ** (1/2) / (fxx+e) ** (1/2) / (hxx+g) ** (1
/2),%)

output LTimed out

3.10.7 Maxima [F]

/ A+ Bx dac—/ Bx+ A da
(a +bz)5/2\/c+ dzv/e + foy/g + ha (bx+a)%\/dz+c\/fx+e\/hx+g

input integrate ((B*x+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (hxx+g)~(1/2),
x, algorithm="maxima")

output | integrate((Bxx + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

3.10.8 Giac [F]

/ A+ Bzx dx—/ Bx+ A i
(a +b2)*/2Vc +dzve + fzv/g + h (bx+a)%\/dx+c\/fx+e\/hx+g

input integrate((B*x+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(fxx+e) ~(1/2)/ (h*xx+g)~(1/2),
x, algorithm="giac")

output | integrate((Bxx + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

A+ Bz dx

3.10. f (a+bx)5/2\/c+dzr/e+ fay/g+ha




input

output
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3.10.9 Mupad [F(-1)]

Timed out.

A+ Bz dx—/ A+ Bz d
(a + bx)5/2\/c + dz/e + fr\/g + hx Vet fzvgthz(a+bz)?Vet+da

int ((A + Bxx)/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*(c + d*x)~(
1/2)),x)

int ((A + Bxx)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*(c + d*x)~(
1/2)), x)

A+ Bz dz

3.10. tf(a+bmﬁ/2¢c+dwvé+me?+hm
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3.11 f (a+bz)3/%(de+cf+2df ) dr

Vetdry/e+ fzy/g+hx
3.11.1 Optimal result . . . . . . . . . ... . 126
3.11.2 Mathematica [B| (warning: unable to verify) . . . . . ... ... ... ... ..
3.11.3 Rubi [A] (warning: unable to verify) . . ... ... ... . ... ... ... . 128
3.11.4 Maple [B] (verified) . . . ... ... ... 1331
3.11.5 Fricas [F(-1)] . . . . . o o 134
3.11.6 Sympy [F] . . . . o 134
3.11.7 Maxima [F] . . . . . . o 134
3.11.8 Giac [F] . . o o o e 135
3.11.9 Mupad [F(-1)] . . . . o o

3.11.1 Optimal result

Integrand size = 49, antiderivative size = 898

(a + bx)3/?(de + cf + 2dfz) dp— (5adfh — b(3dfg + deh + cfh))Va + bx\/e + fr\/g + hx

Vet doye+ fag+ht 2fh2vc+dx
N bva + bxvc+ dxv/e + fr\/g + hx
h
_ Vdg —ch/fg — eh(Badfh — b(3dfg + deh + cfh))vVa + b —%E(amsin <ﬁ—w}§:’i %) |G

TN

(be — af)+/bg — ah(3adfh + b(cfh — d(3fg + eh))) %mEllipﬁcF <arcsin <%
2bfh2/fg — ehv/c + dw\/%

V/—dg + ch(6abd?f2gh — 3a2d?f2h? + b%(2cdefh? — 2f2h2 — d2(3f2g% + €2h?))) (a + bz) % |

2bdv/be — adfh3v/e+ dzv/e + ]

(a+bx)3/2(de+cf+2df z)
3.11. f Vetdzy/e+ fr/g+hz dx




output
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-1/2% (6*axb*xd~2+f " 2xg*h-3%a~2xd " 2*f ~2xh~2+b~2* (2*c*d*exf*xh~2-c~2*f~"2*h~2-d
~2%(e"2+h"2+3*f"2%g"2)) ) * (b*x+a) *E11lipticPi ((-a*d+b*c) ~(1/2)* (h*xx+g) ~(1/2)
/ (c¥h-d*g) ~(1/2)/ (b*x+a)~(1/2) ,~-b* (-c*h+d*g) / (—a*d+b*c) /h, ((—a*f+b*e) * (—-c*
h+d*g) / (-a*d+b*c) / (-exh+fxg) ) ~(1/2) ) *(c*h-d*g) = (1/2) * ((—a*h+bxg) * (d*x+c) /(
-cxh+d*g) / (b*x+a) )~ (1/2) * ((-axh+b*g) * (f*x+e) / (-exh+f*g) / (bxx+a)) ~(1/2) /b/d
/£/h~3/ (—axd+b*c) " (1/2) / (d*x+c) ~(1/2) / (£*x+e) = (1/2) +1/2* (Bka*xd*f*xh—-b* (c*f*
h+d*exh+3*d*f*g) ) * (b*x+a) =~ (1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /£/h~2/ (d*x+c)~
(1/2)+bx (bxx+a) = (1/2) * (d*x+c) = (1/2) * (f*x+e) = (1/2) * (h*x+g) ~(1/2) /h-1/2% (-a*
f+b*e) * (3kaxd*f*xh+b* (c*f*h-d* (exh+3*f*xg)) ) *EllipticF ((-a*h+b*g) ~(1/2) * (f*x
+e)~(1/2) / (-exh+f*g) ~(1/2) / (bxx+a) ~(1/2) , (- (-a*d+b*c) * (—exh+f*g) / (~cxf+d*xe
)/ (—a*h+b*g)) ~(1/2) ) * (—a*h+b*g) ~ (1/2) * ((-a*xf+bxe) * (d*x+c) / (-c*xf+d*e) / (b*x+
a)) " (1/2)* (h*x+g) ~(1/2) /b/£/h~2/ (-exh+f*g) = (1/2) / (d*x+c) ~(1/2) / (- (-a*xf+bxe
) * (hxx+g) / (—exh+fx*g) / (b*xx+a) ) ~(1/2) -1/2* (5*a*d*f*xh-b* (cxf*h+d*exh+3*d*f*g)
)*E11lipticE((-c*h+d*g)~(1/2)* (f*x+e) ~(1/2) / (-e*h+f*g) ~(1/2)/(d*x+c)~(1/2),
((-axd+b*c) * (-exh+f*g) / (-axf+bxe) / (-cxh+d*g) ) ~(1/2) ) * (-cxh+d*g) =~ (1/2) * (-ex
h+fxg) = (1/2) * (b*xx+a) = (1/2) * (- (-cxf+d*e) * (h*xx+g) / (-exh+f*g) / (d*x+c)) ~(1/2)/

d/£/h~2/ ((-cxf+d*e) * (bxx+a) / (-axf+bxe) / (d*x+c))~(1/2) / (h*x+g) ~(1/2)

3.11.2 Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 15131 vs. 2(898) = 1796.

Time = 35.44 (sec) , antiderivative size = 15131, normalized size of antiderivative = 16.85

dx = Result too large to show

/ (a+ bx)%?(de + cf + 2dfz)
Ve+dzye+ fx/g+ hx

input{Integrate[((a + bxx)~(3/2)*(d*e + c*f + 2xd*f*x))/(Sqrtlc + dxx]*Sqrtl[e +

Lf*x]*Sqrt[g + h*x]),x]

outputhesult too large to show

(a+bx)3/2(de+cf+2df z)
3.1L f Vetdz/e+ fry/g+hz dzx
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3.11.3 Rubi [A] (warning: unable to verify)

Time = 2.38 (sec) , antiderivative size = 892, normalized size of antiderivative = 0.99,

number of steps used = 12, number of rules used = 11, Bumber of rules _ () 994 Ryjes
integrand size

used = {2100, 27, 2105, 27, 194, 327, 2101, 183, 188, 321, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a+ bx)%/%(cf + de + 2dfz)
Ve+dzye+ fx/g+ hx

l 2100

f 2(bdf (5adf h—b(3df g+deh+cfh))z? +2df (2df ha?—b(df g—deh—cfh)a—b?(deg+cfg+ceh))z+df (2a2(de+cf)h—b(bceg+a(deg+cfg+ceh)))) d
Va+bz/ct+dz+/e+ fr\/g+hx '
4dfh
bva + bx/c+ dxv/e + fx\/g+ hx
h

l 27

bdf (5adf h—b(3df g+deh—+cfh))x2+2df (2df ha® —b(df g—deh—cfh)a—b? (deg+cfg+ceh)) z+df (2a% (de+cf)h—b(bceg+a(deg+cfg+ceh))) d
f Va+bz/c+dx+/e+ fr\/g+hx z
2dfh
bva + bxv/c + dzv/e + fx\/g + hx
h

l 2105

_|.

bdf (deg(Bdfg+deh—cfh)b2 —afh (—fhc2 —d(fg—eh)c+7d2 eg) b+a2df (4de—cf)h2 — ( (— ( (3f2g2+e2 h2) d2)+2cefh2d—c2 12 h2) b2 +6ad? f2ghb—3a2d2 f2 hz)z

f Va+bzvct+dzve+ fx/g+ha
2bdfh

2dfh

bva + bx+/c+ dz/e + fx\/g + hx
h

l 27

deg(3df g+deh—cfh)b2—afh (—fhc2 —d(fg—eh)c+7d2<zg) b+a2df (4de—cf)h2 — ((— ( (3f2g2+62 h2) d2)+2cefh2d—c2 72 h2> b2 +6ad? f2ghb—3a242 f2 h2)m
f Va+bzv/ct+dzve+ fz/gt+hz
2h

dx

2dfh

bva + bx/c+ dxv/e + fx\/g+ hx
h

l 194

(a+bx)3/2(de+cf+2df z)
3.1L f Vetdz/e+ fry/g+hz dzx
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deg(Sdfg+deh—cfh)b2—afh(—fh02—d(fg—eh)c+7d25g)b+a2df(4de—cf)h2— ((—((3f2g2+e2h2)d2)+2cefh2d—c2f2h2)b2+6ad2f2ghb—3a2d2f2h2)z

f \/a+bz\/c+dz%e+fz\/g+hz dz
2

bva + bxv/c+ dxv/e + fx\/g+ hx
h

l 327

deg(3dfg+deh—cfh)b2—afh(—fhc2—d(fg—eh)c+7d2eg)b+a2df(4de—cf)h2— ((—((3f292+e2h2)d2)+2cefh2d—c2f2h2)b2+6ad2f29hb—3a2d2f2h2)x

f Va+bz/c+dz/e+ fr\/g+hz dz
2h

bva + bx/c+ drv/e + fx\/g+ hx
h

l 2101

(—3a2d2f2h2+6abd2f2gh+b2 (—c2f2h2+2cdefh2— (d2 (e2h2+3f292)))) | I %dm d(be—af)(bg—ah)(3adfh—b(—cfh+deh+3dfg)) [ ——

b b
2h

bva + bx/c+ dxv/e + fx\/g+ hx

h
l 183
st [T (SO (202242 i 2?2 st (8 (21245%5))) | :

: b(g+hzx bc—ad)(g+hzx .
(h_ ((f+bz )> Edg—ch))((i-#—bmg +

byctdzet+fz

2h

bva + bxy/c+ dxv/e + fx\/g+ hx
h

l 188

va+ bx+/c+ dzv/e + fr\/g+ hxb N
h

(de—cf)(g+hz) . Vdg—ch+/e+ (bc—ad)(fg—eh)
_ Vdg—chy/g=ehv/atba|—{Fm N LE 1 (aresin (VEE=SELEE )| Gemedite 2l ) (sadfh—b(3dfg +deh+cfh)) | dVatbey/etay/gFh
(@e—cf ) (atb2) h
hy/ (el i) Votha

l 321

(a+bx)3/2(de+cf+2df z)
3.1L f Vetdz/e+ fry/g+hz dzx
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Vd+bx¢c+dx¢e+fm¢g+hwb+
h

(de—cf)(g+hz) . (/dg—ch/eFfx \| (bc—ad)(fg—eh)
_“@_mvm_““wwxv_U;im&ng@“w(vé—wﬁmaﬁwiimé—aﬁwmﬁ”*@#ﬁdm+ﬁ@)+d¢aﬁa&ﬁfagim
(de—cf)(a+bx) h
hy/ Ge=af)(etda) VIThT

l 412

Vd+bx¢c+dx¢e+fm¢g+hmb+
h

(de—=cf)(g+hz) .. (/dg—ch+/etfz \ | (bc—ad)(fg—eh)
_ VAg=ah/Fg=ehatbey/— (7o N B (arcsin ( VEEGVELE ) I Ge=a e ) (Gadrh—b(dfg-+deh-cfh) | dvathoy/etfa/gFh
(de—cf)(atba) h
hy/ el ehs Vathe

input Int[((a + b*x)~(3/2)*(d*e + cxf + 2xdxfxx))/(Sqrtlc + d*x]*Sqrtle + f*x]*S
grtlg + hxx]),x]

output | (bxSqrt[a + b*x]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x])/h + ((d*(5*a*xd
xfxh - bx(3*dxf*g + dxexh + cxfxh))*Sqrt[a + b*x]*Sqrt[e + f*x]*Sqrt[g + h
*x])/(h*Sqrt[c + d*x]) - (Sqrtld*g - c*h]*Sqrt[f*g - exh]*(5xaxd*f*h - bx(
3*xd*fxg + d*exh + cxfxh))*Sqrt[a + b*x]*Sqrt[-(((d*e - c*xf)*(g + h*x))/((f
*g — exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrt[e + f*x])/(S
qrt[fxg - exh]*Sqrtlc + d*x])], ((bxc - a*xd)*(f*g - exh))/((bxe - a*f)*(d*
g - cxh))])/(h*Sqrt[((d*xe - cxf)*(a + b*x))/((bxe - a*f)*(c + d*x))]I*Sqrt[
g + hxx]) + ((-2*d*(bxe - axf)*Sqrt[bxg - axh]*(3xaxdxfxh - bx(3*d*f*g + d
xexh — cxf*h))*Sqrt[((bxe - axf)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt[
g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]
*Sqrt[a + bxx])], -(((bkc - a*d)*(f*g - exh))/((d*e - c*f)*(b*g - axh)))])
/ (bxSqrt[f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((bxe - a*xf)*(g + h*x))/((fxg - e
*h)*(a + bxx)))]) - (2*Sqrt[-(d*g) + cxh]*(6*a*xbxd~2*f 2*gxh - 3*a~2xd~2*f
“2%h"2 + bT2*(2xckdke*fxh”2 - c"2+f72xh"2 - d72%(3*xf"2*g"2 + e"2*h"2)))*(a

+ bxx)*Sqrt [((bxg - axh)*(c + d*x))/((d*g - cxh)*(a + b*x))]*Sqrt[((bxg -

axh)*(e + f*x))/((fxg - exh)*(a + b*x))]*EllipticPi[-((b*(d*g - cxh))/((b
*c - a*d)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrt[g + h*x])/(Sqrt[-(d*g) + cxh]*
Sqrt[a + b*x])], ((b*e - a*xf)*(dxg - c*h))/((b*c - a*d)*(fxg - exh))])/(b*
Sqrt [bxc - a*xd]*h*Sqrt[c + d*x]*Sqrtle + £*x]))/(2xh))/(2*d*f*h)

(a+bx)3/2(de+cf+2df z)
3.1L f Vetdz/e+ fry/g+hz dzx
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3.11.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 183  Int[Sqrt[(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_]1 :> Simp[2*(a + b*x)*Sqrt[(b*g - axh)*((
c + d*x)/((d*g - c*h)*(a + b*x)))]1*(Sqrt[(bxg - a*h)*((e + f*x)/((f*g - exh
)*(a + b*x)))]1/(Sqrtlc + d*x]*Sqrtle + f*x]))  Subst[Int[1/((h - b*x~2)*Sq
rt[1 + (bxc - a*d)*(x"2/(d*g - c*h))]*Sqrt[1 + (b*e - a*f)*(x~2/(fxg - exh)
)1), x], x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQl{a, b, c, d, e, f, g,
h}, x]

rule 188 Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)
*(x_)1*Sqrt[(g_.) + (h_.)*(x_)1), x_] :> Simp[2*Sqrt[g + h*x]*(Sqrt[(b*e -

a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - exh)*Sqrtlc + d*x]*Sqrt[(
-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (bxc - a*d)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(fxg - ex*h))]),

x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h},

x]

rule 194 Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl[(e_.) + (£f_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(b*e
- axf))*((g + h*x)/((f*g - e*h)*(a + b*x)))]/((b*e - a*f)*Sqrt[g + h*x]*Sq
rt[(bxe - a*f)*((c + d*x)/((d*xe - cxf)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(bxc - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - a*h)*(x~2/(f*g - exh))], xI,
x, Sqrt[e + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

rule 321 Int[1/(Sqrt[(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]l*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(a*xd))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQl[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

rule 327 | Int[Sqrtl[(a_) + (b_.)*(x_)"2]1/Sqrt[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[c]*Rt[-d/c, 21))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

(a+bx)3/2(de+cf+2df z)
3.1L f Vetdz/e+ fry/g+hz dzx
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rule 412 Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]1), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]1*x], cx(f/(d*e))], x] /; FreeQl{a, b, c, d, e,
£}, x] & 'GtQld/c, 0] &% GtQlc, 0] && GtQl[e, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

rule 2100 | Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_)IxSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[2
*b*B*(a + b*x)~(m - 1)*Sqrtlc + d*x]*Sqrtle + fxx]*(Sqrtlg + hxx]/(d*fxh*(2
*m + 1))), x] + Simp[1/(d*f*xh*(2*m + 1)) Int[((a + b*x)"(m - 2)/(Sqrtlc +
d*x]*Sqrt[e + fxx]*Sqrt[g + h*x]))*Simp[(-b)*B*(ax(d*xe*xg + c*fxg + ckxexh)
+ 2%bxcxexgx(m - 1)) + a~2xA*d*fxh*(2*m + 1) + (2xaxA*b*d*xfxh*(2*m + 1) - B
* (2xaxbk (dxf*g + dxexh + c*fxh) + b 2k (dxexg + cxfxg + c*exh)*(2*m - 1) - a
“2%d*fxkhx (2xm + 1)))*x + bx(Axbxd*f*h*k(2*m + 1) - B*(2+b*(d*f*g + d*e*h + c
*fxh)*m - a*xd*xfxh*(4*m - 1)))*x~2, x], x], x] /; FreeQ[{a, b, c, d, e, f, g
, h, A, B}, x] & IntegerQ[2*m] && GtQ[m, 1]

rule 2101 Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl[(c_.) + (d_.)*(x_)]

*Sagrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(A*b
- axB)/b  Int[1/(Sqrtl[a + b*x]*Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrt[g + hx*x])

,» x], x] + Simp[B/b  Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtlg
+ hx*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

rule 2105 Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrt[(c_.
) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + f*x]*(Sqrt[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Simp[1/(2*bxd*f*h) Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtl[e

+ f*xx]*Sqrt[g + h*x]))*Simp[2*Axb*d*f*h - Cx(bxd*exg + a*ckfxh) + (2xb*Bxd*
fxh - C*(a*xd*f*h + bx(dxf*g + d*exh + c*fxh)))*x, x], x], x] + Simp[C*(d*e

- cxf)*((d*g - cxh)/(2*bxd*f*h)) Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}

» x]

(a+bx)3/2(de+cf+2df z)
3.1L f Vetdz/e+ fry/g+hz dzx
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3.11.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1808 vs. 2(817) = 1634.

Time = 5.17 (sec) , antiderivative size = 1809, normalized size of antiderivative = 2.01

method | result size

elliptic | Expression too large to display | 1809
default | Expression too large to display | 35482

input | int ((b*x+a) = (3/2) * (2*%d*f*x+c*xf+d*e) / (d*x+c) ~(1/2) / (£*xx+e) ~(1/2) / (h*xx+g) ~ (1
/2) ,x,method=_RETURNVERBOSE)

output | ((b*x+a)* (d*x+c)* (f*x+e) * (h*x+g) ) ~(1/2)/ (bxx+a) ~(1/2)/(d*x+c)~(1/2)/ (f*x+e
)~ (1/2) / (h*x+g) = (1/2) * (b/h* (bxd*f*xh*x~4+a*d*f*h*x~3+b*c*f*h*x~3+bxd*exh*x~
3+b*d*f*gxx~3+axcxf*xh*x™2+a*d*exh*x™2+a*xd*f*xgxx~2+bkckexh*x ™ 2+b*cxf*gxx™2+
b*d*e*xgxx~2+akckexh*x+axckf*gkxt+axd*xe*xgkx+bkckrexgrxtakxckexg) ™ (1/2)+2%(a~2x*
cxf+a~2+d*e-b/h*(1/2*a*ckexh+1/2%axcxf*g+l/2xa*d*e*xg+l/2¥bkcxex*g) ) *(g/h-a/
b)*((-g/h+c/d)*(x+a/b) /(-g/h+a/b) /(x+c/d) )~ (1/2) *(x+c/d) ~2* ((-c/d+a/b) * (x+
e/f)/(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d)) ~(1/
2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/£) * (x+g/h) ) ~(1/2) *E
1llipticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d) *(g/h-a/b
)/ (-a/b+e/f)/(~c/d+g/h) )~ (1/2) ) +2* (2xa~2xd*f+2*a*cxf*b+2*axbkd*e—-b/h* (a*xc*
fxh+axd*exh+a*d*f*g+b*ckexh+bxcxfxg+brdxe*g))*(g/h-a/b) *((-g/h+c/d) * (x+a/b
)/ (-g/h+a/b) /(x+c/d)) ~(1/2) *(x+c/d) “2*((-c/d+a/b) * (x+e/f) / (-e/f+a/b) / (x+c/
d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) )~ (1/2) / (-g/h+c/d) / (-c/d+a
/b) / (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h)) ~(1/2) *(-c/d*E1llipticF(((-g/h
+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/£f) /(-
c/d+g/h))~(1/2))+(c/d-a/b)*E1lipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/
d))~(1/2),(-g/h+a/b)/(-g/h+c/d) , ((e/f-c/d) *(g/h-a/b) /(-a/b+e/f)/(-c/d+g/h)
)~ (1/2)) )+ (4*a*xd*fxb+b~2*cxf+b~2*d*e-b/h* (3/2*a*d*f*h+3/2*b*cxf*h+3/2*b*d*
exh+3/2xbxd*f*g) ) * ((x+a/b) * (x+e/f) * (x+g/h) +(g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (
-g/h+a/b) / (x+c/d))~(1/2) *(x+c/d) "2x ((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/ . ..

(a+bx)3/2(de+cf+2df z)
3.1L f Vetdz/e+ fry/g+hz dzx
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3.11.5 Fricas [F(-1)]

Timed out.

dz = Timed out

/ (a+ bx)%?(de + cf + 2df )
Ve+dzve+ fry/g + hr

input‘integrate((b*x+a)“(3/2)*(2*d*f*X+C*f+d*e)/(d*X+C)”(1/2)/(f*X+e)”(1/2)/(h*x
‘+g)“(1/2),x, algorithm="fricas")

output tTimed out

3.11.6 Sympy [F]

/ (a + bz)3/?(de + cf + 2dfz) / (a+ bm)% (cf + de + 2dfx)
dr = dx
Ve+dzy/e+ fx/g+ hx Ve+dzy/e+ fx/g+ hx

input | integrate ((bxx+a)**(3/2) * (2xd*f*x+ckf+d*e) / (d*x+c)** (1/2) / (fxx+e)**(1/2)/(
h*x+g)**(1/2) ,x)

output | Integral((a + b*x)**(3/2)*(cxf + d*e + 2*d*f*x)/(sqrt(c + d*x)*sqrt(e + f*
x)*sqrt (g + hx*x)), x)

3.11.7 Maxima [F]

/(a+bx)3/2(de+cf+2dfx) o / (2dfz + de + cf)(bz + a)?
Ve+dzye+ fx/g+ hx ) Vdz+o/frreVhr+g

input  integrate ((b*x+a)~(3/2)*(2xdxf*x+ckf+dxe)/(d*x+c)~(1/2)/ (f*x+e)~(1/2)/(h*x
+g)~(1/2) ,x, algorithm="maxima")

output | integrate ((2xd*f*x + dxe + c*xf)*(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(fxx +
e)*sqrt(h*x + g)), x)

(a+bx)3/2(de+cf+2df z)
3.11. f Vetdzy/e+ fr/g+hz dx




input

output

input

output
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3.11.8 Giac [F]

/(a—l—bx)3/2(de—|—cf—|—2df:c) dx_/(2dfav—|—de—|—cf)(bac—|—a)g
Ve+dzve+ fry/g+ hx Vdz +c/fr+ev/hx +g

integrate ((b*x+a) = (3/2) * (2xd*f*x+cxf+d*e)/ (d*x+c) ~(1/2) / (£*xx+e) " (1/2) / (h*x
+g)~(1/2) ,x, algorithm="giac")

integrate((2*d*f*x + d¥e + cxf)*(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x +
e)xsqrt(h*x + g)), x)

3.11.9 Mupad [F(-1)]

Timed out.

dz

/ (a + bz)¥2(de + cf + 2df ) e (a+bz)*?(cf+de+2dfz)
Ve+dzye+ fx/g+ hx B Ve+ fryg+hzve+dzx

int(((a + b*x)~(3/2)*(cxf + d*e + 2*d*f*x))/((e + £*x)~(1/2)*(g + h*x)~(1/
2)x(c + d*x)~(1/2)),x)

int(((a + b*x)~(3/2)*(c*f + d*e + 2xdxf*x))/((e + £f*x)~(1/2)*(g + h*x)~(1/
2)x(c + d*x)~(1/2)), x)

(a+bx)3/2(de+cf+2df z)
3.11. f Vetdzy/e+ fr/g+hz dx
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3.12 f \/a+bx (de+cf+2df )

ct+dzv/e+fr\/g+hx
3.12.1 Optimal result . . . . . . . . . ... 136
3.12.2 Mathematica [A] (verified) . . . . . . . . .. ... L 137
3.12.3 Rubi [A] (verified) . . . . . . .. .. 137
3.12.4 Maple [B] (verified) . . . . ... .. ... 140
3.12.5 Fricas [F(-1)] . . . . . o o 1411
3.12.6 Sympy [F] . . . . . 142
3.12.7 Maxima [F] . . . . . .. 142
3.12.8 Giac [F] . . . o o 142
3.12.9 Mupad [F(-1)] . . . . o o 143]

3.12.1 Optimal result

Integrand size = 49, antiderivative size = 472

Vva + bx(de + cf + 2dfz) dp — 20\/c + dzv/e + fz\/g + hx
Vet doye+ fag+ht hv/a + bz

[ _ (be—af)(g+hz) . ( Vbg—ahetfz (bc—ad)(fg—eh)
_ 2vbg — ah/fg — ehv/c + du %E (arcsm (\/fi]—eh\/a+bz> - (dZ—if)(bﬁ—Zh))
b e eReag Vo T b

32 (fg—eh)(atbz) [(fg—eh)(ct+dz) iy ops [ f(bg—ah) - Vbe—af/gthx \ (de—cf)
/ (bf;J :h)(g+f;) d;’ ceh)(§+f2)(e + fz) EllipticPi ((bega;)h’arCSIH <\/bg—ah\/Z+fz) ) (b:—;f)(

Vbe —afh?va + bxv/c+ dx

output | -2xd* (—a*h+bxg) ~(3/2) * (f*x+e) *E1lipticPi ((-a*f+bxe) ~(1/2)* (h*x+g) ~(1/2)/ (-
axh+b*g) ~(1/2) / (f*x+e) ~(1/2) ,£* (-a*h+b*g) / (-axf+bxe) /h, ((-cxf+d*e) * (~a*h+b
*g) / (—axf+bxe) / (~cxh+d*g) )~ (1/2)) * ((-exh+f*g) * (b*x+a) / (~axh+b*g) / (f*x+e) )~
(1/2) *((-exh+f*g) * (d*xx+c) / (-cxh+d*g) / (fxx+e)) ~(1/2) /h~2/ (-axf+bxe) ~(1/2) /(
b*x+a) ~(1/2) / (d*x+c) ~(1/2) +2xb* (d*x+c) ~(1/2) * (£xx+e) " (1/2) * (h*x+g) ~(1/2) /h
/ (b*x+a) ~(1/2)-2xE1llipticE((-axh+bxg) ~(1/2) * (f*x+e) ~(1/2) / (—e*h+f*g)~(1/2)
/ (bxx+a) ~(1/2) , (-(~a*d+b*c) * (—~exh+f*g) / (—cxf+d*e) / (-axh+b*g) )~ (1/2)) *(-a*h
+bxg) = (1/2) * (—~exh+fxg) ~ (1/2) * (d*x+c) ~(1/2) * (- (—~axf+bxe) * (h*xx+g) / (—exh+f*g)
/ (bxx+a))~(1/2) /h/ ((-a*xf+bxe) * (d*x+c) / (-cxf+d*e) / (b*x+a) ) ~(1/2) / (h*x+g) ~ (1
/2)

va+bz(de+cf+2df )
3.12. f Vetdry/e+ fa/g+ha dx




input

output
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3.12.2 Mathematica [A] (verified)

Time = 36.16 (sec) , antiderivative size = 443, normalized size of antiderivative = 0.94

Va + bx(de + cf + 2df x) dr —
Ve+dzye+ fx/g+ hx

(fg—eh), | Sdete)(da—ch)(efz)(g+he) ((de—cf)hE (arcsin< M) u=
dh(e+fz)(g+hz) (fg—eh)2(c+dz) (Ffg—eh)(c+dz) (de-
2va+brve+dz| — —
ct+dzx

Integrate[(Sqrt[a + b*x]*(d*e + c*f + 2kd*f*x))/(Sqrt[c + d*x]*Sqrt[e + fx*
x]*Sqrt [g + h*x]),x]

(-2xSqrt[a + b*x]*Sqrtlc + d*x]*(-((d*h*x(e + f*x)*(g + h*x))/(c + d*x)) -
((fxg - exh)*Sqrt[((-(d*e) + cxf)*(dxg - c*h)*(e + f*x)*(g + h*x))/((f*g -
exh) “2x(c + d*x)~2)]*((d*e - c*f)*h*EllipticE[ArcSin[Sqrt[((-(d*e) + c*f)
*(g + h*x))/((f*g - exh)*(c + d*x))]], ((bxc - a*xd)*(-(f*g) + exh))/((d*e
- cxf)*(bxg - a*h))] + (-(d*exh) + cxf*h)*EllipticF[ArcSin[Sqrt[((-(d*e) +
cxf)*(g + h*x))/((f*g - exh)*(c + d*x))]], ((b*c - axd)*x(-(fxg) + exh))/(
(d*e - cxf)*(b*g - a*h))] + fx(d*g - c*h)*EllipticPi[(d*(-(f*xg) + exh))/((
dxe - c*f)*h), ArcSin[Sqrt[((-(d*e) + c*f)*(g + h*x))/((f*g - exh)*(c + d*
x))11, ((b*c - a*d)*(-(f*g) + exh))/((d*e - cxf)*(b*g - a*h))]))/((d*e - c
*£)*Sqrt [((d*g - c*¥h)*(a + b*x))/((b*g - a*h)*(c + d*x))])))/(h"2*Sqrt[e +
fxx]*Sqrt[g + h*x])

3.12.3 Rubi [A] (verified)

Time = 0.84 (sec) , antiderivative size = 472, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5, number of rules _ 0.102, Rules used

integrand size
= {2098, 183, 194, 327, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

Va+ bx(cf + de + 2dfz) de
Ve+dzye+ fx\/g+ hx

l 2008

va+bz(de+cf+2df )
3.12. f Vetdry/e+ fa/g+ha dx
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Jeids Vet fs
(be o af) (bg - ah) f (a+bat)3/2\c/e+g;m\/g+hxd . d(bg - ah) f \/a—i—bx\/i—i—d:\/g—i—hxdm
h

+

2b\/c + dz+/e + fx\/g + hx
hva + bz

l 183

Jerd
(be — af)(bg — ah) | (a+bx)3/2;:+f°x\/g+hxd

h
_ (at+be)(fg—eh) [(ctde)(fg—eh) Vgthz
2d(e+f:1:)(bg a'h)\/(e-l—fx)(bg—ah)\/(e—i—fx)(dg—ch) f (h f(9+hm)>\/1 (be— af)(g+hm) \/1 (de—cf)(g+ha:)d\/e+fx
etfa (bg—ah)(e+f=) (dg—ch)(e+fz)

hva+ bzvc+ dx
2bv/c + dz+/e + fx\/g + hx

hva + bx
l 194

(bc—ad)(e+fzx)
/| _ (g+hz)(be—af) (de— cf)(a+ba:)+ Vet+fz
c+ dm bg - ah (a+b:c)(fg eh) f 1 (bg—ah)(e+fz) d\/a+bq:

(fg—eh)(atbz)

(ctdz)(be—af)
hvg + hzy (Z+b§)(di—if)

_|_

_ (atbz)(fg—eh) [(ctdz)(fg—eh) 1 Vg+hz
2d(e + fz)(bg — ah)\/ (i) (bg—ah) \/ (e+ ) (da—ch) | (h— L)) - GeeDloiray [~ Geeninn V=
Tz (bg—ah)(e+/2) \/ 1~ (dg=ch)(et/a) N
hva + bzxvc+ dz
2b\/c + dz+/e + fx\/g + hx
hva + bz
| 327

(a+bz)(fg—eh) [(ct+dz)(fg—eh) Vgtha
2d(6+f$)(bg—ah)\/ (et 7o) (bg—ah) \| (et fa)(dg—ch) | (=D ) — NG et T

(bg—ah)(e+fz) (dg—ch)(e+fz)
hva + bxvc+ dx
2vc + dz\/bg — ah\/fg — eh —%E (arcsin ( vbg—ahy e+f$> |- (bc—ad)(fg—eh)> .

v fg—eh\a+bx (de—cf)(bg—ah)
+dz)(be—af
hvg + hx §Z+bﬁ§§di_‘i f;
2b\/c + dz+/e + fx\/g + hx
hva + bz

l 412

va+bz(de+cf+2df )
3.12. f Vetdry/e+ fa/g+ha dx
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+bx)(fg—eh +dz)(fg—eh « s 1 [ f(bg—ah . vbe—af+\/g+hz de—cf)(bg—ah
2d(e + fz)(bg — ah)?/ 2\/ §Z+ fi))ibﬁ_ihg §Z+ fz))((di—ihg EllipticPi <(b(ega;)’z’arcsm (x/bg—a{h/irfw) ’ Eb:-;f ggdgi—i‘hi

h2va + bzv/c + dz+\/be — af

D) in (BI=ahVeEfE | | _ (be—ad)(fg—ch)
2vVc+ da:\/bg - ah\/fg —ehy/— (a+bz)(fg—eh) E(arcsm (\/ﬁ\/a+bx> | (de—cf)(bg—ah)) +

+dz)(be—af
hvg+ hz §Z+bﬁ§§di_‘i f;
2b\/c + dz/e + fx\/g + hx
hva + bz

input Int[(Sqrt[a + bxx]*(dxe + cxf + 2xdxfxx))/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqr
tlg + h*x]),x]

output | (2xb*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(h*Sqrt[a + b*x]) - (2+Sqr
t[bxg - axh]*Sqrt[fxg - e*h]*Sqrtlc + d*x]*Sqrt[-(((b*e - axf)*(g + h*x))/
((f*g - exh)*(a + b*x)))]1*EllipticE[ArcSin[(Sqrt[b*g - a*h]*Sqrtle + f*x])
/(Sqrt[fxg - ex*h]*Sqrtla + b*x])], -(((b*c - axd)*(fxg - e*h))/((d*e - cx*f
)*(bxg - axh)))]1)/(h*Sqrt[((bxe - a*xf)*(c + d*x))/((d*e - c*f)*(a + b*x))]
*Sart[g + h*x]) - (2*d*(b*g - axh)~(3/2)*Sqrt[((f*g - exh)*(a + b*xx))/((b*
g - axh)*(e + £*x))]*Sqrt[((f*g - exh)*(c + d*x))/((d*g - c*h)*(e + f*x))]
*(e + f*x)*EllipticPi[(f*(b*g - axh))/((b*e - a*f)*h), ArcSin[(Sqrt[b*e -

a*f]*Sqrt[g + h*x])/(Sqrt[b*g - axh]*Sqrtle + f*x])], ((d*e - cxf)*(bxg -

axh))/((bxe - a*f)*(d*g - cxh))])/(Sqrt[b*e - a*f]l*h~2+Sqrtl[a + b*x]*Sqrt[

c + d*x])

3.12.3.1 Defintions of rubi rules used

rule 183  Int[Sqrt[(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£_.)*(

x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[2*(a + b*x)*Sqrt[(b*g - axh)*((
c + d*x)/((d*g - c*h)*(a + b*x)))]1*(Sqrt[(bxg - a*h)*((e + fxx)/((f*g - exh
)*x(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])) Subst[Int[1/((h - b*x~2)*Sq
rt[1 + (bxc - a*d)*(x"2/(d*g - c*h))]1*Sqrt[1 + (bxe - a*xf)*(x"2/(f*g - exh)
)1), x]1, x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, 4, e, f, g,
h}, x]

va+bz(de+cf+2df )
3.12. f Vetdry/e+ fa/g+ha dx




rule 194

rule 327

rule 412

rule 2098

input
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Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(bxe
- axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((bxe - a*f)*Sqrt[g + h*x]*Sq
rt[(b*xe - a*f)*((c + d*x)/((d*xe - c*f)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(bxc - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - exh))], xI,

x, Sqrt[e + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

/Int[Sqrt[(a_) + (b_.)*(x_)"2]/8qrt[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simpl[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*d)
)1, x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Int[1/(((al) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)721), x_Symboll :> Simp[(1/(axSqrt[cl*Sqrt[e]*Rt[-d/c, 2]1))*EllipticPi[bx
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && '( 'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Int[(Sqrtl(a_.) + (b_.)*(x_)]*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[b*
BxSqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrt[g + h*x]/(d*f*h*Sqrt[a + b*x])), x] + (
-Simp [B*((bxg - a*h)/(2*f*h)) Int[Sqrtle + f*x]/(Sqrt[a + b*x]*Sqrtlc + d
*xx]*Sqrt[g + h*x]), x], x] + Simp([B*(b*e - axf)*((b*g - axh)/(2xd*fxh)) I
nt[Sqrtc + d*x]/((a + b*x)~(3/2)*Sqrt[e + f*x]*Sartl[g + h*x]), x], x1) /;

FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && EqQ[2*Axd*f - Bx(d*e + cxf), 0]

N\

3.12.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1559 vs. 2(426) = 852.

Time = 5.17 (sec) , antiderivative size = 1560, normalized size of antiderivative = 3.31

method | result size

elliptic | Expression too large to display | 1560

default | Expression too large to display | 13180

‘/int ((bxx+a) = (1/2) * (2xd*f*x+cxf+d*e) / (d*x+c) = (1/2) / (f*x+e) " (1/2) / (h*x+g) ~(1
/2) ,x,method=_RETURNVERBOSE)

N

va+bz(de+cf+2df )
3.12. f Vetdry/e+ fa/g+ha dx
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output

((bxx+a) * (d*x+c) * (£xx+e) * (h*xx+g) )~ (1/2) / (bxx+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)~ (1/2) / (h*x+g) = (1/2) * (2x (a*c*f+a*xd*e) * (g/h-a/b) * ((-g/h+c/d) *(x+a/b) /(-g/h
+a/b) /(x+c/d))~(1/2) *(x+c/d) 2% ((-c/d+a/b) * (x+e/f) / (-e/f+a/b) / (x+c/d)) "~ (1/
2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~(1/2) / (-g/h+c/d) / (-c/d+a/b) / (b*
d*f*h* (x+a/b) * (x+c/d) * (x+e/f) *(x+g/h) ) ~(1/2) *E1llipticF(((-g/h+c/d) * (x+a/b)
/(-g/h+a/b)/(x+c/d))~(1/2),((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)/(-c/d+g/h)) "~ (1/
2) ) +2x (2*axd*f+b*c*f+bxd*e) * (g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/
d))~(1/2)*(x+c/d) "2x((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) ) ~(1/2) *((-c/d+a
/D) *(x+g/h) /(-g/h+a/b) /(x+c/d)) ~(1/2) /(-g/h+c/d) / (-c/d+a/b) / (b*d*f*h* (x+a/
b) *(x+c/d) * (x+e/f) * (x+g/h) ) ~(1/2) *(-c/d*E1lipticF (((-g/h+c/d) *(x+a/b) / (-g/
h+a/b)/(x+c/d))~(1/2), ((e/f-c/d) *(g/h-a/b) /(-a/b+e/f)/(-c/d+g/h)) ~(1/2))+(
c/d-a/b)*EllipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2),(-g/h+a/
b)/(-g/h+c/d), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h) )~ (1/2)) ) +2*¥b*d*f*
((x+a/b) *(x+e/f)*(x+g/h)+(g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d))
~(1/2)*(x+c/d) 2% ((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) )~ (1/2) *((-c/d+a/b)
*(x+g/h) /(-g/h+a/b) /(x+c/d))~(1/2)*((a*c/b/d-g/h*a/b+g/h*c/d+c~2/d"2) / (-g/
h+c/d)/(-c/d+a/b)*E1lipticF (((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2),
((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(-a/b+e/f)*E1lipticE (((
-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2),((e/f-c/d)*(g/h-a/b)/(-a/b+e/f
)/ (-c/d+g/h))~(1/2))/(-c/d+a/b) +(a*d*f*xh+b*c*f*h+bkd*e*xh+bxdxf*g) /b/d/f. ..

3.12.5 Fricas [F(-1)]

Timed out.
va+bz(de+ cf + 2dfz)

dz = Timed out
Ve +dzye+ fx/g+ hx

input‘

integrate ((b*x+a)~ (1/2)* (2kd*f*xx+cxf+d*e) / (d*x+c) ~(1/2)/ (f*x+e)~(1/2) / (h*x
+g)~(1/2) ,x, algorithm="fricas")

-

outputt

Timed out

\ >

va+bz(de+cf+2df )
3.12. f Vetdry/e+ fa/g+ha dx




input

output

input

output

input

output
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3.12.6 Sympy [F]

Vw+mwa+d+2#@dw: VW+M@f+@+Q#@d$
Ve+dzye+ fx/g+ hx Ve+dzye+ fx\/g+ hx

integrate ((b*x+a)**(1/2)* (2xd*f*x+ckf+d*e) / (d*x+c)**(1/2) / (£xx+e)**(1/2) /(
hxx+g)**(1/2) ,x)

Integral(sqrt(a + b*x)*(c*f + dxe + 2kd*fx*x)/(sqrt(c + d*x)*sqrt(e + f*xx)*
sqrt(g + h*x)), x)

3.12.7 Maxima [F]

/\/a+baz(de+cf—|—2dfx) /(Qdfa:—l-de—l-cf)\/ba:—l—a
dr = dz
Ve +dzye+ fx/g+ hx Vdz +cv/fr+evhr + g

integrate ((b*x+a)~ (1/2) * (2kd*f*x+cxf+d*e) / (d*x+c) ~(1/2)/ (f*x+e)~(1/2)/ (h*x
+g)~(1/2) ,x, algorithm="maxima")

integrate ((2*d*f*x + d*e + cxf)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)
*xsqrt (h*x + g)), x)

3.12.8 Giac [F]

Vet dave+ favgthe  J) Vdr+o/fr+evhz +g

va+bx(de+ cf + 2dfx) s (2dfx+de+cf)\/bx+adm

integrate ((b*x+a) ~(1/2) * (2*d*f*x+cxf+d*e) / (d*x+c) ~(1/2)/ (fxx+e) ~(1/2)/ (h*x
+g)~(1/2) ,x, algorithm="giac")

integrate((2*dxf*x + d*e + c*f)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)
*sqrt (h*xx + g)), x)

va+bz(de+cf+2df )
3.12. f Vetdry/e+ fa/g+ha dx
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3.12.9 Mupad [F(-1)]

Timed out.

\/a+bw(de+cf+2dfw /\/a—i-b:c cf+de—|—2df:c)dx
\/c-l—dx\/e—i-fx\/g-i-hw Vet fr\g+hzve+dzx

input int(((a + b*x)~(1/2)*(c*f + d*e + 2xd*xf*x))/((e + £*x)~(1/2)*(g + h*x)~(1/
2)*(c + d*x)~(1/2)),x)

output int(((a + b*x)~(1/2)*(c*f + dxe + 2xdxf*x))/((e + £*x)~(1/2)*(g + h*x)~(1/
2)x(c + d*x)~(1/2)), x)

va+bz(de+cf+2df )
3.12. f Vetdry/e+ fa/g+ha dx
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de+cf+2dfz

3.13 f Va+bryctdx/e+ fx/g+hx dz

3.13.1 Optimalresult . . . . . . . . . . . . .. 144
3.13.2 Mathematica [A] (verified) . . . . . .. ... .. .. L 145
3.13.3 Rubi [A] (verified) . . . . ... . . . .. 1451
3.13.4 Maple [B] (verified) . ... ... ... .. ... 148
3.13.5 Fricas [F(-1)] . . . . . o o 149
3.13.6 Sympy [F] . . . . . 149
3.13.7 Maxima [F] . . . . . .. 150
3.13.8 Giac [F] . . . . . o 1501
3.13.9 Mupad [F(-1)] . . . . oo 150

3.13.1 Optimal result

Integrand size = 49, antiderivative size = 449

de +cf +2dfx "
Vva+bzvc+dzv/e + fx\/g+ hx

(be—af)(c+dz) vbg—ahvetfz (be—ad)(fg—eh)
2(bde + bef — 2adf) m\/g + hz EllipticF (arcsm (\/ff] eh\/a+bz> ,— (dce_cf)(b;’_zh)>

bv/bg — ah/fg — ehvc+ dx %

(bg—ah)(c+dzx) (bg—ah)(e+fx) sog: . b(dg—ch) . vbc—ad+\/g+hz (be—¢
4df+/—dg + ch(a + bx) (dZ—Zh)(Z+bi) (fi—ih)(;bz) EllipticPi (— (bcia(;)h’ arcsin <\/_dg+chja+bm> , (bi_(

bvbc — adhv/c + dz+\/e + fz

_|_

output | 4*xd*f* (b*x+a)*E1lipticPi((-axd+bxc)~(1/2)* (h*x+g)~(1/2)/(cxh-d*g)~(1/2)/(b
*x+a) ~(1/2) ,-b* (-c*h+d*g) / (—a*d+b*c) /h, ((-axf+bxe) * (-cxh+d*g) / (—a*xd+b*c) / (
-exh+f*g) )~ (1/2))*(cxh-d*g) ~ (1/2) * ((-axh+b*g) * (d*x+c) / (-cxh+d*g) / (bxx+a) )~
(1/2) *((-axh+b*g) * (f*xx+e) / (~exh+f*g) / (b*x+a) ) ~(1/2) /b/h/ (-a*d+b*c) ~(1/2) /(
dxx+c) ~(1/2) / (£xx+e) " (1/2) +2* (-2*a*d*f+bxc*f+bxd*e) *E11ipticF ((~a*h+bxg) = (
1/2)*(f*xx+e) ~(1/2) / (-exh+f*g) ~(1/2) / (b*x+a) " (1/2) , (- (-a*d+b*c) * (—exh+f*xg) /
(-cxf+d*e) / (~a*h+b*g) )~ (1/2) ) * ((-axf+b*e) * (d*x+c) / (-cxf+dxe) / (b*x+a)) ~(1/2
)* (h*x+g) ~(1/2) /b/ (-axh+b*xg) ~(1/2) / (-exh+f*g) = (1/2) / (d*x+c) " (1/2) / (- (-a*f+
bxe) * (h*x+g) / (-~exh+f*g) / (bxx+a))~(1/2)

de+cf+2dfx dx

3.13. f Va+bzv/ct+dz/e+ fz\/g+ha




input

output
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3.13.2 Mathematica [A] (verified)

Time = 25.23 (sec) , antiderivative size = 723, normalized size of antiderivative = 1.61

de +cf +2dfx
T
va+bzvc+dxv/e+ fx\/g+ hx

bg—ah)(ct+dx bg—ah)(e+fx o . —be+a hx —
B 2va + bz —E dZ _Chggaibwg <—bde(be —af)hy/ —E fgg _eh))((aﬂ:mg (9 + hx) EllipticF (arcsm <‘ /_((fg je ’{))(Sij-bz))> ’ (_(1

Integrate[(d*e + c*f + 2xd*f*x)/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrtle + f*x]
*Sqrt [g + h*x]),x]

(2%Sqrt[a + b*x]*Sqrt[((b*g - a*h)*(c + d*x))/((d*g - cxh)*(a + b*x))]*(-(
b*d*e* (b*e - a*f)*h*Sqrt[((bxg - ax*h)*(e + £*x))/((f*g - exh)*(a + b*x))]*
(g + h*x)*EllipticF[ArcSin[Sqrt[((-(b*e) + axf)*(g + h*x))/((fxg - exh)*(a
+ bxx))]], ((-(bxc) + axd)*(-(f*g) + e*xh))/((bxe - axf)*(d*g - c*h))]) +
2%axd*f*(bxe - axf)*h*Sqrt[((bxg - axh)*(e + f*x))/((f*g - exh)*(a + b*x))
1*(g + h*x)*EllipticF[ArcSin[Sqrt [((-(bxe) + a*xf)*(g + h*x))/((f*g - e*h)*
(a + b*x))]1], ((-(b*c) + axd)*(-(fxg) + exh))/((bxe - axf)*(d*g - c*h))] +
bxcxf* (- (b*xe) + a*xf)*h*Sqrt[((bxg - a*h)*(e + f*x))/((f*g - exh)*(a + b*x
))1*(g + h*x)*EllipticF[ArcSin[Sqrt[((-(bxe) + a*f)*(g + h*x))/((f*g - e*h
Y¥(a + b*x))]1], ((-(b*c) + axd)*(-(fxg) + exh))/((bxe - axf)*(d*g - cxh))]
- 2xd*f*(b*g - axh)*(f*g - e¥h)*(a + b*x)*Sqrt[((-(bxe) + a*f)*(g + h*x))
/((f*g - exh)*(a + bxx))]*Sqrt[((-(bxe) + axf)*(bxg - axh)*(e + fxx)*(g +
h*x))/((f*xg - e*h)~2*(a + b*x)~2)]1*EllipticPi[(bx(-(f*g) + e*h))/((bxe - a
*f)*h), ArcSin[Sqrt[((-(b*e) + a*f)*(g + h*x))/((fxg - exh)*(a + b*x))1],
((-(b*xc) + a*xd)*(-(fxg) + exh))/((b*e - a*f)*(d*g - c*h))]))/(bx(bxe - a*f
)*h* (b*g - axh)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x]*Sqrt[((-(b*e) +
a*f)*(g + h*x))/((fxg - exh)*(a + b*x))])

3.13.3 Rubi [A] (verified)

Time = 0.79 (sec) , antiderivative size = 449, normalized size of antiderivative = 1.00,
number of steps used = 6, number of rules used = 5, Lumber of rules _ 0.102, Rules used

' integrand size
= {2101, 183, 188, 321, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

de+cf+2dfx dx

3.13. f Va+bzv/ct+dz/e+ fz\/g+ha
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+

cf +de + 2df x e
Va+ bzve+ dzv/e + fo/g+ ha
l 2101
a+bx
(=2adf + bef +bde) [ e e da . 2df [ ﬁ Smda
b b
l 183
1
(—2adf + bef + bde) f \/a+bx\/c+dx\/e+fx\/g+hxdx n
4df(a + bz (c+dz)(bg—ah) /(e+fz)(bg—ah) 1 d\/m
plo+ b GRS CD | (o e e
bvec+dzve+ fx
l 188
(ct+dz)(be—af) 1 VeI fz
2v/g + hxz(—2adf + bef + bde) (a+bz)(de—cf) J = ad)(e+fa:)+1\/1_(bg_ah)(e_htx) d\/a+bz
(de—cf)(a+bzx) (fg—eh)(a+bz) +
hz)(be—a
bvVc+ dz(fg — eh) ‘%wﬁﬁ%
Adf (a + bx), / {ctdalba=ah) /(e+fa) (bg an) I Vil
\/(a+bx)(dg ch)\/ (a+bzx)(fg—eh) ( b(fi:m))\/?;g ci))((?zi};a:;—'_l\/gl}g 6{1))((?11};:1:;4_1 Vatbo
bvec+dzve+ fr
| 321
4d a—i—bx (c+dzx)(bg—ah) /(e+fz)(bg—ah) 1 d\/m
f )\/(a+bw)(dg ch) '\ (a+bz)(fg—eh) f (h_b(ﬂ:f)>\/EZ?‘Z?f&fii%h/ﬁﬁ ‘Zi))((ii’;igﬂ W/
bve+dzve+ fx

ct+dzx)(be—a o g . Vbg—ah+/ bc—ad —eh
2v/g + hxz(—2adf + bef + bde) W EllipticF (arcsm ( \/1}5; _‘;}"L \/Zijgz) ,— g o f))((ig—ahi)

bV T dav/bg — ahy/fg — ehy/— ErmDbean

J'412

2/9 + hz(—2adf + bef + bde) 7521‘238';:%3 EllipticF (arcsin ( \/V l}i;_—i’i N Z‘:{i ) ,— Ezce:‘z%((ig:szg) .

bV T dav/bg — ahy/Fg — ek~ LrDbema)

(be—af)(dg—ch)

c+dz)(bg—ah e+fz)(bg—ah s e e b(dg—ch . Vbc—ad\/g+hzx
4df (a + be)v/ch —dg Ea+bx)(d§ ch; Ea+bx))((f§—ehg EllipticPi (—(éciad)g,arcsm (\/%\/?H_bﬁ)

? (be—ad)(fg—eh)

bhv/c + dz+/e + fx/bc — ad

Int[(d*e + c*f + 2xd*f*x) /(Sqrt[a + b*x]*Sqrtl[c + d*x]*Sqrtl[e + f*xx]*Sqrtl[
& + hxx]) ,x]

de+cf+2dfx dx

3.13. f Va+bzv/ct+dz/e+ fz\/g+ha




output

rule 183

rule 188

rule 321
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(2% (b*d*e + bkc*xf - 2kaxd*f)*Sqrt[((bxe - axf)*(c + d*x))/((d*xe - cxf)*(a

+ b*x))]1#Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + f*x])/(S
qrt [f*g - exh]*Sqrt[a + b*x])], -(((b*c - axd)*(f*g - e*h))/((d*e - cxf)x*(
b*g - axh)))])/(b*Sqrt[b*g - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b
xe - axf)*(g + h*x))/((fxg - exh)*(a + b*x)))]) + (4*d*f*Sqrt[-(d*g) + c*h
Ix(a + b*x)*Sqrt[((bxg - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]1*Sqrt[((b
xg - axh)*(e + f*x))/((fxg - exh)*(a + b*x))]*EllipticPi[-((b*x(d*g - c*h))
/((b*c - axd)*h)), ArcSin[(Sqrt[bxc - a*d]*Sqrt[g + h*x])/(Sqrt[-(d*g) + c
xh]*Sqrt[a + b*x])], ((bxe - axf)*(d*g - c*h))/((b*c - a*d)*(f*g - e*h))])
/ (bxSqrt [bxc - axd]*h*Sqrt[c + d*x]*Sqrt[e + fxx])

3.13.3.1 Defintions of rubi rules used

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(
x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[2*(a + b*x)*Sqrt[(b*g - axh)*((
c + d*x)/((d*g - c*h)*(a + b*x)))]1*(Sqrt[(bxg - a*h)*((e + fxx)/((f*g - exh
)*x(a + bxx)))]/(Sqrtlc + d*x]*Sqrtle + f*x])) Subst[Int[1/((h - b*x~2)*Sq
rt[1 + (bxc - a*d)*(x"2/(d*g - c*h))]1*Sqrt[1 + (bxe - a*xf)*(x"2/(f*g - exh)
)1), x]1, x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, 4, e, f, g,
h}, x]

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_]1 :> Simp[2*Sqrt[g + h*x]*(Sqrt[(bxe -

axf)*((c + d*x)/((d*e - c*f)*(a + b*x)))]/((f*xg - e*h)*Sqrtlc + d*x]*Sqrt[(
-(bxe - a*xf))*((g + h*xx)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (bxc - axd)*(x"2/(d*e - cxf))]*Sqrt[1l - (b*g - axh)*(x"2/(f*xg - e*h))]),

x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h},

x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

de+cf+2dfx dx

3.13. ([_¢a+bx¢b+szE+waQ+h$




rule 412

rule 2101

N\

input
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Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]1), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

/

Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]
*Sagrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(A*b
- axB)/b  Int[1/(Sqrtl[a + b*x]*Sqrtl[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + hx*x])
, x], x] + Simp[B/b Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg
+ hx*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

3.13.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 854 vs. 2(411) = 822.

Time = 6.28 (sec) , antiderivative size = 855, normalized size of antiderivative = 1.90

method | result

2(cf+de)(

S
(SaS]

V/ (baz+a)(da+c)(fz+e) (hz+g)

elliptic

default | Expression too large to display

‘int((2*d*f*x+c*f+d*e)/(b*x+a)“(1/2)/(d*x+c)“(1/2)/(f*x+e)‘(1/2)/(h*X+g)A(1
'/2) ,x,method=_RETURNVERBOSE)

de+cf+2dfz
3.13. f Va+bzv/ct+dz/e+ fz\/g+ha dz



output
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((bxx+a) * (d*x+c) * (f*x+e) * (h*x+g) ) ~(1/2) / (bxx+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)~ (1/2) / (hxx+g) ~(1/2) * (2% (c*f+d*e) * (g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b
)/ (x+c/d))~(1/2)*(x+c/d) "2*((-c/d+a/b) *(x+e/f) / (—e/f+a/b) / (x+c/d) ) ~(1/2) *(
(-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d)) ~(1/2) / (-g/h+c/d) / (-c/d+a/b) / (bxd*f*
h*(x+a/b) *(x+c/d) * (x+e/f) *(x+g/h) )~ (1/2) *E1lipticF (((-g/h+c/d) *(x+a/b) / (-g
/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+
4xd*f*(g/h-a/b)*((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) * (x+c/d) ~2* ((
-c/d+a/b)*(x+e/f) /(-e/f+a/b) /(x+c/d)) ~(1/2) *((-c/d+a/b) * (x+g/h) / (-g/h+a/b)
/(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (b*d*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+
g/h))~(1/2)*(-c/d*EllipticF (((-g/h+c/d) *(x+a/b)/ (-g/h+a/b) / (x+c/d))~(1/2),
((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b)*E1llipticPi (((
-g/h+c/d)*(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2), (-g/h+a/b) / (-g/h+c/d) , ((e/f-c/
d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))))

3.13.5 Fricas [F(-1)]

Timed out.

dz = Timed out

/’ de + cf + 2dfz
va+brvec+ dzy/e + fx\/g+ hx

input(integrate((2*d*f*x+c*f+d*e)/(b*x+a)‘(1/2)/(d*x+c)‘(1/2)/(f*x+e)‘(1/2)/(h*x

‘+g)“(1/2),x, algorithm="fricas")

output‘Timed out

input

output

3.13.6 Sympy [F]

de +cf + 2dfx cf +de+ 2dfx

dr = x
Va +bxvc+ dzv/e + fr\/g+ hx Va + bxvc+ dz/e + fx\/g+ hx

integrate ((2*dxf*x+cxf+dxe)/ (bxx+a)**(1/2)/(d*x+c)**(1/2)/ (fxx+e)**(1/2)/(
hxx+g) **(1/2) ,x)

Integral((cxf + d*e + 2xd*f*x)/(sqrt(a + b*xx)*sqrt(c + d*x)*sqrt(e + f£xx)*
sqrt(g + h*x)), x)

de+cf+2dfx dx

3.13. f Va+bzv/ct+dz/e+ fz\/g+ha




input

output

input

output

input

output
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3.13.7 Maxima [F]

de +cf + 2dfx 2dfz + de+cf

dx = d
Vva+brvec+ dxy/e + fx/g+ hx ! Vbx + avdx + c/fr+ev/hzr + g *

integrate ((2*dxf*x+cxf+dxe)/(bxx+a) ~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2) / (h*x
+g)~(1/2) ,x, algorithm="maxima"

integrate((2xd*f*x + dxe + c*f)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)
*sqrt (h*x + g)), x)

3.13.8 Giac [F]

de +cf + 2dfx 2dfr +de+cf

dx = d
Vva+brvec+ dxy/e + fx/g+ hx ‘ Vbz + av/dx + c/fr +ev/hx + g ’

integrate ((2xd*f*x+cxf+d*e)/(bxx+a) ~(1/2)/(d*x+c) ~(1/2)/(f*xx+e)~(1/2) / (h*x
+g)~(1/2) ,x, algorithm="giac")

integrate((2*d*f*x + d*e + cxf)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)
xsqrt (h*x + g)), x)

3.13.9 Mupad [F(-1)]

Timed out.

de +cf + 2dfx cf+de+2dfzx
dr = dz
Vva+brvec+ dzy/e + fx/g+ hx Ve+ frzg+hrva+bzc+dzx

int((c*f + d*e + 2xdxf*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)
*(c + d*x)~(1/2)),x)

int ((c*f + d*e + 2xdxf*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)
*(c + d*x)~(1/2)), x)

de+cf+2dfz dx

3.13. f Va+bzv/ct+dz/e+ fz\/g+ha
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de+cf+2dfz

3.14 f (a+b2)3/2\/c+dz~/e+ fx\/g+hz dz

3.14.1 Optimal result . . . . . . . . . .. [I51]
3.14.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo oL 152
3.14.3 Rubi [A] (verified) . . . . . ... .. 152
3.14.4 Maple [B] (verified) . . . . ... . ... .. 156
3.14.5 Fricas [F] . . . . o o o 157
3.14.6 Sympy [F] . . . . o 157
3.14.7 Maxima [F] . . . . . . 157
3.14.8 Giac [F] . . . . . o 158
3.14.9 Mupad [F(-1)] . . . o o 158

3.14.1 Optimal result
Integrand size = 49, antiderivative size = 625

/ de +cf + 2dfx dxz2d(bde—|—bcf—2adf)\/a+bz\/e—|—fm\/g+hx

(a + bx)3/2\/c + dz/e + fr\/g + hx (bc — ad)(be — af)(bg — ah)Vc + dz
2b(bde + bef — 2adf)v/c + dx/e + fx\/g + hx

B (bc — ad)(be — af)(bg — ah)va + bz

de—cf)(g+hz . Vdg—chvetfz \ | (bc—ad)(fg—eh)
2(bde + bef — 2adf)v/dg — chv/fg — ehva+ bz [~ Efg eh)>((i+dw§E <arcsm («fi eh\/cifzx> |(be—af)(dz—ch)>

(be — ad)(be — af)(bg — ah)y/ = et /o Ty

be—af)(ct+dx s . Vbg—ah+/e+fx (bc—ad)(fg—eh)
2d(de — cf) W\/g + hz EllipticF (arcsm (\/Jf; eh\/a+bx> , _(de—cf)(bg—ah)>

(be — ad)v/bg — ahy/fg — ehv/e + da [~ CeDlatia)

output | 2+¢d* (-2xa*xd*f+bxcxf+b*d*e) * (bxx+a) ~(1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) / (~axd
+bxc) / (—axf+b*e) / (~a*h+bxg) / (d*x+c) " (1/2) -2*%b* (-2xaxd*f+b*c*xf+bxd*e) * (d*x+
c) " (1/2) x(£xx+e) " (1/2) * (h*x+g) ~(1/2) / (—~a*d+bxc) / (—a*xf+b*e) / (—axh+b*g) / (b*x
+a) " (1/2) -2*d* (-cxf+d*e) *E1llipticF ((-axh+b*g) ~(1/2)* (f*x+e) ~(1/2) / (-exh+f*
g)~(1/2) / (b*x+a) ~(1/2) , (-(~a*d+b*c) * (~exh+f*g) / (-cxf+d*e) / (~axh+b*xg) )~ (1/2
) ) *((—axf+bxe)* (d*x+c) / (-cxf+d*e) / (bkx+a)) ~(1/2) * (h*x+g) ~(1/2) / (—a*d+b*c) /
(—axh+bxg) = (1/2) / (-exh+f*g) ~(1/2) / (d*x+c) ~(1/2) / (- (-axf+b*e) * (h*xx+g) / (-e*h
+f*g) / (bxx+a)) "~ (1/2) -2* (-2*a*xd*f+b*xckf+b*d*e) *E11ipticE((-c*h+d*g) ~(1/2) *(
fxx+e) " (1/2)/ (—exh+f*g) ~(1/2) / (d*x+c) ~(1/2) , ((-a*d+b*c) * (~exh+f*g) / (—axf+b
xe) / (—c*¥h+d*g) ) ~(1/2) ) * (-cxh+d*g) ~(1/2) * (—e*h+f*xg) = (1/2) * (b*x+a) ~(1/2) * (- (
-cxf+dxe) * (h*x+g) / (~exh+f*g) / (d*x+c)) ~(1/2) / (-a*d+b*c) / (-axf+b*e) / (-a*h+b*
g) / ((-c*f+d*e) * (b*x+a) / (-axf+b*e) / (d*x+c) )~ (1/2) / (h*xx+g) ~(1/2)

de+cf+2dfz dr

3.14. f (a+bx)3/2y/cHda~/e¥ fz/g+ha




input

output
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3.14.2 Mathematica [A] (verified)

Time = 25.78 (sec) , antiderivative size = 341, normalized size of antiderivative = 0.55

/ de + cf + 2dfz 2(be — af) |/ G=UHEE (e + fx)*/2(g + ha)P/? ((bde—i—bcf—
(a+ bx)3/2\/c+ dzv/e + fz/g + ha

Integrate[(d*e + cxf + 2xdxfx*x)/((a + b*x)~(3/2)*Sqrtl[c + d*x]*Sqrtle + fx*
x]*Sqrt[g + h*x]),x]

(2% (bxe - axf)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(e +
£*x)~(3/2)*(g + h*x)~(3/2)*((b*d*e + bxc*xf - 2%axd*f)+*(d*g - cxh)*Elliptic
E[ArcSin[Sqrt [((-(bxe) + axf)*(g + h*x))/((f*g - exh)*(a + b*x))]], ((bxc
- axd)*(fxg - e*h))/((bxe - axf)*(d*g - c*h))] - dx(dxe - cxf)*(bxg - a*h)
*EllipticF [ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*g - e*h)*(a + b*x))]
1, ((bxc - axd)*(f*g - exh))/((bxe - axf)*(d*g - cxh))]))/((bxc - a*xd)*(f*
g - exh)"3x(a + b*x)~(5/2)*Sqrtc + d*x]*(-(((bxe - axf)*(b*g - axh)x(e +
f*x)*(g + h*x))/((f*g - exh)"2*(a + b*x)~2)))"(3/2))

3.14.3 Rubi [A] (verified)

Time = 1.49 (sec) , antiderivative size = 595, normalized size of antiderivative = 0.95,
number of steps used = 8, number of rules used = 7, Bumber of rules _ 143 Ryles used

integrand size
= {2102, 2105, 27, 188, 194, 321, 327}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cf +de + 2dfx e
(a + bx)3/2\/c+ dz+/e + fx\/g + hx

l 2102

—df(de+cf)ha2—b(e(fg—eh)d2+cf2gd—czf2h)a+2bdf(bde+bcf—2adf)hz2+2b20defg+(bde+bcf—2adf)(adfh+b(dfg+deh+cfh))zd
f Va+bz/c+dx+/e+ fr\/gFhz z
(bc — ad)(be — af)(bg — ah)

2b\/c + dz/e + fz/g + hx(—2adf + bef + bde)

va + bz(bc — ad)(be — af)(bg — ah)
| 2105

de+cf+2dfz dr

3.14. f (a+bx)3/2y/cHda~/e¥ fz/g+ha
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[- 2bd? f (be—af)(de—cf)h(bg—ah)

a T/ C T/ € T X T 2d b h
Vatbz \/Tézd}/hﬂ Vath + (de — ¢f)(dg — ch)(—2adf + bef + bde) [ (C+dx)3/2~\(;:-t§w\/g+hx dy + 24Vatbeyetfz

(bc — ad)(be — af)(bg — ah)
2b\/c + dz+/e + fr\/g + hx(—2adf + bef + bde)
va + bz(bc — ad)(be — af)(bg — ah)

l 27

(de — cf)(dg — ch)(=2adf + bef + bde) [ ¢ gttt —mda — d(be — af)(bg — ah)(de — of ) | Jermerny
(bc — ad)(be — af)(bg — ah)
2b\/c + dz/e + fx\/g + hx(—2adf + bef + bde)
va + bx(bc — ad)(be — af)(bg — ah)

l 188

2d+/g+hxz(be—af)(bg—ah)(de—cf)+/ % S W
_ _ _ va+bx _ (
(de — cf)(dg — ch)(—2adf + bef +bde) [ (oo G e e 0 Verda(fg—ch)y/— 2]

(a+t
(bc — ad)(be — af)(bg — ah)

20v/c + dzv/e + fr\/g + hx(—2adf + bef + bde)
va + bz(bc — ad)(be — af)(bg — ah)

l 194

(bc—ad)(e+fzx)
— 1- be— d —
2v/atba(dg—ch)(—2adf +bef+bde) /- LEEDe=eD) y : Gl dYetdE  2dy/gFha(be—af) (bg—ah)(de—cf)y/ (ST eh) |
~ (fg=eh)(cHdz) _
Vgthay ) erimtie—cl) Verdz(fg—eh)y/—
(bc — ad)(be — af)(bg — ah)

2bv/c + dz+/e + fr\/g + hx(—2adf + bef + bde)
va + bx(bc — ad)(be — af)(bg — ah)

l 321

1— (bc—ad)(e+fx)
=) V'~ e—ai)(etda) ,vexrs —
ctdz)(fg—e dg—ch)(e+fz Vetd +dz)(be—af
B \/1—% eraz B 2ds/g-|—h:1:(be—af)\/bg—ah(de—cf)1/midz_zf)E
+bz)(de—cf)
Vg+hz mib:—;‘) \/c—l—dx\/fg—eh\/
(bc — ad)(be — af)(bg — ah)

2v/atbaz(dg—ch)(—2adf +be f+bde)\/ —(gtha)(de—c]) |

2b\/c + dz/e + fx\/g + hx(—2adf + bef + bde)
va + bz(bc — ad)(be — af)(bg — ah)

l 327

de+cf+2dfz dr

3.14. f (a+bx)3/2y/cHda~/e¥ fz/g+ha
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_ 2dV/gFha(be—af)VBg—ah(decf); [{ctanbe—el BllipticF (arcsin( o z}i—_ﬂ\&%) o~ fbezaditfo ) _ 2va+bay/dg—chy/fg—eh(~2adf
ovio Ty [~ R

(be — ad)(be — af)(bg -

20v/c + dzv/e + fr\/g + hx(—2adf + bef + bde)
va+ bz(bc — ad)(be — af)(bg — ah)

input Int[(d*e + c*f + 2*d*f*x)/((a + b*x)~(3/2)*Sqrtc + d*x]*Sqrt[e + f*x]*Sqr
t[g + h*xx]),x]

output | (-2%b* (b*d*e + b*c*f - 2%a*xd*f)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x])
/((b*c - axd)*(bxe - a*xf)*(b*g - a*h)*Sqrt[a + b*x]) + ((2%d*(bxd*e + b*cx
f - 2%axdxf)*Sqrt[a + b*x]*Sqrtle + f*x]*Sqrt[g + h*x])/Sqrtlc + d*x] - (2
*(b*d*e + bxcxf - 2%axd*f)*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrtl[a + b*x]*S
qrt[-(((d*xe - cxf)*(g + h*x))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(
Sart[d*g - c*h]*Sqrt[e + f*x])/(Sqrt[f*g - exh]l*Sqrtlc + d*x])], ((b*c - a
*d)*(fxg - exh))/((bxe - a*f)*(d*g - c*h))])/(Sqrt[((d*xe - cxf)*(a + b*x))
/((bxe - a*f)*(c + d*x))]*Sqrtlg + h*x]) - (2xd*(bxe - axf)*(d*e - c*f)*Sq
rt[b*g - axh]*Sqrt[((b*e - axf)x(c + d*x))/((d*xe - c*f)*(a + b*x))]*Sqrtlg
+ h*x]*EllipticF[ArcSin[(Sqrt[bxg - axh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*
Sqrt[a + bxx])], -(((bkc - a*d)*(f*g - exh))/((d*e - c*f)*(b*g - axh)))])/
(Sqrt[fxg - exh]*Sqrtlc + d*x]*Sqrt[-(((b*xe - a*xf)*(g + hx*x))/((f*g - e*h)
*(a + b*x)))]))/((b*c - axd)*(b*e - a*xf)*(bxg - a*h))

3.14.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 188  Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl[(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]1), x_] :> Simp[2*Sqrt[g + h*x]*(Sqrt[(bxe -
axf)*((c + d*x)/((d*xe - c*xf)*(a + b*x)))]/((f*xg - exh)*Sqrt[c + d*x]*Sqrt[(
-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrtl[1
+ (b*c - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1 - (bxg - a*h)*(x"2/(f*xg - e*h))]),
x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h},
x]

de+cf+2dfz dr

3.14. f (a+bx)3/2y/cHda~/e¥ fz/g+ha




rule 194

rule 321

rule 327

rule 2102

rule 2105
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Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(bxe
- axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((bxe - a*f)*Sqrt[g + h*x]*Sq
rt[(b*xe - a*f)*((c + d*x)/((d*xe - c*f)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(bxc - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - exh))], xI,

x, Sqrt[e + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]1))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Int[(((a_.) + (b_)*(x))" (@ )*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_)IxSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~"(m + 1)*Sqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrtl[g + hx*x]
/((m + 1)*(b*c - a*d)*(bxe - a*f)*(b*g - axh))), x] - Simp[1/(2*(m + 1)*(b*
c - axd)*(bxe - a*f)*(bxg - axh)) Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*S
grtle + f£xx]*Sqrtlg + h*x]))*Simp[A*(2*a~2*d*f*h*x(m + 1) - 2%a*bx(m + 1)*(d
xf*xg + dxexh + cxfxh) + b"2*%(2*%m + 3)*(d*exg + c*f*xg + ckexh)) - b*Bx(a*(d*
exg + cxf*xg + cxexh) + 2*¥bkckxexgx(m + 1)) - 2x((A*b - axB)*(a*d*fxhx(m + 1)
- bx(m + 2)*(d*f*g + d*kexh + cxf*h)))*x + dxf*h*(2xm + 5)*(A*xb~2 - a*bxB)*
x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2*m
1 && LtQ[m, -1]

Int[(CA_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrt[(c_.
) + (d_)*(x_)]*Sqrtl(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + f*x]*(Sqrtl[g + h*x]/(b*fxh*Sqrt[c + d*x
1)), x] + (Simp[1/(2*bxd*f*h) Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtl[e
+ f*x]*Sqrt[g + h*x]))*Simp[2*A*b*d*fxh - Ckx(bkd*exg + axcxfxh) + (2xb*B*d*
fxh - Ckx(axd*fxh + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Simp[C*x(d*e
- cxf)*((d*xg - c*h)/(2*b*d*f*h))  Int[Sqrt[a + b*x]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}

» XJ

de+cf+2dfz dr

3.14. ‘f(a+bmp/2¢c+dz¢é+fmvb+hm
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3.14.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 2297 vs. 2(571) = 1142.

Time = 7.75 (sec) , antiderivative size = 2298, normalized size of antiderivative = 3.68

method | result size

elliptic | Expression too large to display | 2298

default | Expression too large to display | 21256

input | int ((2*d*f*x+c*xf+d*e)/ (b*x+a) ~(3/2) /(d*x+c) ~(1/2) / (£*xx+e) ~(1/2) / (h*xx+g) ~ (1
/2) ,x,method=_RETURNVERBOSE)

output | ((b*x+a)* (d*x+c)* (f*x+e) * (h*x+g) ) ~(1/2)/ (bxx+a) ~(1/2)/(d*x+c)~(1/2)/ (f*x+e
)~ (1/2) / (h*x+g) = (1/2) * (2% (b*xd*fxh*x~3+b*c*f*xh*x~2+b*d*e*h*x~2+b*d*f*g*x~2
+bkckexh*x+bxcxf*gkxt+bkd*e*xgkx+b*xcke*xg)/(a~3*d*fxh-a~2xbxc*f*h-a~2*b*d*exh
—a~2xb*d*f*g+axb~2*c*exh+a*xb”2*c*f*gta*b~2kd*e*g-b 3kcke*xg) * (2ka*xd*f-bkckf
-bxd*e) / ((x+a/b) * (bxd*f*h*x~3+bkc*f¥h*x~2+b*d*exh*x " 2+b*d*f*xgxx~2+b*cxexhx*
x+b*ckfxgrx+bkdkexgxx+bkckexg) )~ (1/2)+2% (2/b*d*f-1/b* (a~2*d*f*h-a*bkcxf*h-
axbxd*exh—axb*d*f*g+b~2*ckexh+b " 2*kckxf*xg+b~2kd*exg) * (2xaxd*f-bxcxf-b*d*e) / (
a~3*d*f*h-a~2*bxcxfxh-a~2*%b*d*exh-a~2*b*d*f*g+axb~2*kckexh+axb~2*c*f*g+a*xb™
2%d*e*xg-b~3*cke*g) + (b*xckexh+bkcxfxg+bkxdrexg) / (a~3*d*fxh—a~2xb*cxf*h-a~2*b*
dxexh-a~2xbkxd*f*g+axb~2kc*xexh+axb 2xc*fxg+a*b~2*d*xexg-b " 3*ckexg) *x (2*axd*f-
bxc*f-bkd*e))*(g/h-a/b) *((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c
/d)"2x((-c/d+a/b)*(x+e/f) /(-e/f+a/b) / (x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-
g/h+a/b)/(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*fxh*(x+a/b) * (x+c/d) * (x+
e/f)*(x+g/h))~(1/2)*EllipticF (((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2
), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h)) " (1/2))+2* ((a*d*f*h-b*c*f*xh-b
*xd*e*h—bxd*f*g) * (2xa*xd*f-bxcxf-b*kd*e) / (a~3*d*f*h-a~2xb*c*f*h-a~2*b*d*exh-a
“2xb*d*fxg+a*b~2xcxexh+axb~2xc*f*kg+axb 2kd*exg-b 3kckexg) +(2xbxc*f*h+2xb*d
*xexh+2xbxd*xf*g) / (a~3*xd*f*xh-a~2xbxcxf*xh-a~2*b*d*exh-a~2*b*d*f*g+a*b~2*c*e*h
+axb 2xckf*xg+arb 2kd*exg-b 3kckexg) *x (2xa*d*f-bxcxf-bxd*e) ) *(g/h-a/b) * ((-g/
h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d)) " (1/2) *(x+c/d) "2x((-c/d+a/b) *(x+e/f) /. ..

de+cf+2dfz dr

3.14. ‘f(a+bmp/2¢c+dz¢é+fmvb+hm



input

output

input

output

input

output
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3.14.5 Fricas [F]

dz

/ de + cf + 2dfx dm:/‘ 2dfxr +de + cf
(a +b2)32Vc +dzve + fzv/g + h (bx+a)%\/dx+c\/fx+e\/ha:+g

integrate ((2*d*f*x+cxf+dxe)/(bxx+a) ~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x
+g)~(1/2) ,x, algorithm="fricas")

integral ((2*dxf*x + d¥e + c*xf)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*s
grt(h*x + g)/(b~2*d*f*h*x~5 + a~2xckxe*xg + (b~2xd*f*g + (b"2xd*e + (b™2%c +
2%axb*d) *f)*h) *x~4 + ((b"2xd*e + (b~2%c + 2xa*xb*d)*f)xg + ((b"2%c + 2xa*Db
*d)*e + (2%a*xbxc + a”2*d)*f)*h)*x"3 + (((b"2%c + 2*a*b*d)*e + (2*axb*c + a
~2xd) *f)xg + (a”2*ckf + (2xaxb*c + a~2+d)*e)*h)*x"2 + (a"2*kckxexh + (a~2*cx*
f + (2%a*b*c + a~2*d)*e)*g)*x), Xx)

3.14.6 Sympy [F]

dx

/ de +cf + 2dfx P _/ cf +de+ 2dfx
(a +bz)*2Vc + dzve+ fr/g+ hz (a—i—bx)% Ve+dzye+ fzy/g+ hx

integrate ((2*dxf*x+cxf+dxe)/ (bxx+a)**(3/2)/(d*x+c)**(1/2) / (fxx+e)*x(1/2)/(
hxx+g) **(1/2) ,x)

Integral ((cxf + dxe + 2xd*fxx)/((a + b*x)**(3/2)*sqrt(c + d*x)*sqrt(e + f*
x)*sqrt(g + h*x)), x)

3.14.7 Maxima [F]

dz

/ de + cf + 2dfx dm:/ 2dfx + de + cf
(a +bz)3/2\/c+ dzv/e + fo/g+ ha (bx+a)%\/dx+c\/fx+e\/hw+g

integrate ((2*d*f*x+cxf+dxe)/(bxx+a) ~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x
+g)~(1/2) ,x, algorithm="maxima")

integrate ((2*dxf*x + d¥e + c*f)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x +
e)*sqrt(h*x + g)), x)

de+cf+2dfz dr

3.14. f (a+bx)3/2y/cHda~/e¥ fz/g+ha
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3.14.8 Giac [F]

dx

de +cf + 2dfx d _/ 2dfz +de+cf
(a +b2)3/2Vc +dzve + fzv/g + h (bx+a)%\/dz+c\/fx+e\/hx+g

input  integrate ((2*d*f*x+c*f+d*e)/(b*x+a)~(3/2)/(d*x+c) ~(1/2)/(£*x+e)~(1/2)/ (h*x
+g)~(1/2) ,x, algorithm="giac")

output | integrate ((2xd*f*x + dxe + c*f)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x +
e)*sqrt(h*x + g)), x)

3.14.9 Mupad [F(-1)]

Timed out.

de +cf + 2dfx cf+de+2dfz
dz = 372 dz
(a+ bx)32/c+ dz\/e + fx/g+ hz Ve+ fzg+hr(a+bz)’ Ve+dzx

input int((c*f + d¥e + 2*d*f*x)/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)
*(c + d*x)~(1/2)),x)

output  int((c*f + d*e + 2xdxf*xx)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)
*(c + d*x)~(1/2)), x)

detcf+2dfx
3.14- f (a+bm)3/2\/c+dw\/e+fm\/g+hm d(L‘
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3 15 f de-l—cf—|—2dfac d
’ (a+b2)®/2\/c+dz~/e+ fx\/g+hz
3.15.1 Optimalresult . . .. .. .. . . ... .. . e 159
3.15.2 Mathematica [B] (verified) . . . . . .. ... ... Lo 160
3.15.3 Rubi [A] (verified) . . . . . . .. . ... 161l
3.15.4 Maple [B] (verified) . . . ... .. .. .. 1651
3.15.5 Fricas [F] . . . . . . o o 1661
3.15.6 Sympy [F(-1)] . . . . o 166
3.15.7 Maxima [F] . . . . . .. 166
3.15.8 Giac [F] . . . . . o 167
3.15.9 Mupad [F(-1)] . . . . o o 167l
3.15.1 Optimal result
Integrand size = 49, antiderivative size = 1090
/ de + cf + 2df dp— 4d(3a3d? f2h — a?bdf (df g + 4deh + 4cfh) — b*(d?e?g — cde(;
(a4 bx)52\/c+ dzv/e + fa/g+ he

2b(bde + bef — 2adf)v/c + dxv/e + fx/g + hx
~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/
_ 4b(3a’d*f*h — a®bdf (df g + 4deh + 4cfh) — b°(d*e®g — cde(fg — eh) + *f(fg + eh)) + ab?(2¢* f*h + d?
3(bc — ad)?(be — af)%(bg — ah)?v/a + bx
4v/dg — ch\/Tg — eh(3a3d? f>h — a®bdf (df g + 4deh + 4cfh) — b3(d*e*g — cde(fg — eh) + 2 f(fg + eh))

3(bc — ad)?(be — af)*(

2(de — cf) (3a*d® fh — abd(df g + 3deh + 2cfh) + b*(2d%eg — cdf g + cdeh + ¢ fh)) | | G B [y +

3(bc — ad)?(be — af)(bg — ah)3/2\/fg — ehv/c + dz\/— Elfg__i

+

de+cf+2dfz dr

3.15. f (a+bx)5/2\/c+dz/e+ fa\/g+h




output
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160

4/3%d* (3*%a~3xd~2*f "2%h-a~2xb*d*f* (4*cxfxh+4*d*exh+d*f*g) -b~3* (d"2%e~2xg-c*

dxex (—exh+f*xg)+c~2*f* (exh+f*g) ) +axb~2x (2xc~2%f ~"2xh+d~2*e* (2*e*xh+f*g) +cxd*f
* (3kexh+f*g)) ) * (bxx+a) = (1/2) *(f*x+e) " (1/2) * (h*x+g) ~(1/2) / (-axd+b*c) ~2/ (-a*
f+bxe) "2/ (—axh+bxg) “2/ (d*x+c) ~(1/2)-2/3*b* (-2*a*xd*f+b*cxf+b*d*e) * (d*¥x+c) ~ (
1/2) % (£xx+e) ~(1/2) * (h*x+g) ~ (1/2) / (-a*d+b*c) / (~a*f+b*xe) / (~a*h+b*g) / (b*x+a) ~
(3/2) -4/3%b* (3*a~3*d~2*f ~2xh-a~2¥bxd*f* (4*c*f*h+4*d*exh+d*f*g) —-b 3% (d"2%e”
2xg-c*d*e* (—exh+f*g) +c™2xf* (exh+f*g) ) +axb~2% (2%c~2xf ~2+h+d " 2xe* (2xe*h+f*g)
+ckd*f* (3xexh+f*g) ) ) * (d*xx+c) ~(1/2) *(fxx+e) = (1/2) * (h*x+g) = (1/2) / (-axd+b*c) ™
2/ (—axf+b*e) "2/ (-a*h+bxg) ~2/ (b*x+a) ~(1/2) +2/3* (-cxf+d*e) * (3*xa~2*%d~2*f*xh-ax*
bxd* (2xcxf*h+3*d*xexh+d*f*g) +b~ 2% (c~2xfxh+c*d*xexh-ckd*f*g+2xd~2*ex*g) ) *E1lip
ticF((-axh+b*g) ~(1/2)* (f*x+e) ~(1/2)/ (-e*xh+f*g) = (1/2) / (b*x+a)~(1/2), (-(-a*d
+b*c) * (—exh+f*g) / (-cxf+d*e) / (—axh+bxg) )~ (1/2) ) x ((-axf+b*e) * (d*x+c) / (-cxf+d
xe) / (b*x+a) )~ (1/2) * (h*x+g) ~(1/2) / (—a*d+bx*c) ~2/ (—axf+b*e) / (—~axh+b*g) ~(3/2) /
(-exh+f*g)~(1/2)/(d*x+c) ~(1/2) /(- (-a*f+b*e) * (h*x+g) / (~exh+fx*g) / (b*x+a)) ~ (1
/2)-4/3%(3%a~3%d~2*f ~2%h-a~2*b*d*f * (4*xcxf*h+4*xd*xexh+d*f*g) -b~3* (d"2*e~2xg-
ckdxex (—exh+fxg)+c~2*f* (exh+f*g) ) +a*xb~ 2% (2*xc~2+f ~2*h+d~2*e* (2*exh+f*g) +c*d
*xf* (3xexh+f*g)) ) *E1lipticE((-cxh+d*g) ~(1/2) * (f*x+e) ~(1/2) / (mexh+f*g) ~(1/2)
/ (d*x+c)~(1/2) , ((—a*d+bxc) * (~exh+f*g) / (—a*f+b*e) / (-cxh+d*g) ) ~(1/2) ) *(-c*h+
d*g) = (1/2) *(-exh+f*g) = (1/2) * (b*x+a) ~ (1/2) * (- (-c*kf+d*e) * (h*x+g) / (~e*h+f*g) /
(d*x+c))~(1/2)/ (-axd+bxc) ~2/ (-a*f+bxe) ~2/ (—a*h+b*g) ~2/ ((-c*f+d*xe) * (b*x+. ..

3.15.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 10790 vs. 2(1090) = 2180.

Time = 38.04 (sec) , antiderivative size = 10790, normalized size of antiderivative = 9.90

d 24,
/ e+cf +2dfz dz = Result too large to show
(a+ bx)%2v/c+ dz\/e + fx/g + hx

p
input‘

!\

Integrate[(d*e + cxf + 2xdxfx*x)/((a + bxx)~(5/2)*Sqrtl[c + d*x]*Sqrtle + fx*
x]*Sqrt [g + h*x]),x]

e

~—

outputLResult too large to show
de+cf+2dfz
3.15. f (a+bx)5/2v/c+dz+/e+ fr\/g+hz dz
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3.15.3 Rubi [A] (verified)

Time = 3.30 (sec) , antiderivative size = 1077, normalized size of antiderivative = 0.99,
number of steps used = 9, number of rules used — 8, Lumber of rules _ ( 153 Ryles used

integrand size
= {2102, 2102, 2105, 27, 188, 194, 321, 327}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cf +de+ 2dfz iz
(a + bz)%2\/c+ dz\/e + fx\/g + hx

l 2102

f 2bdf (3bceg—a(deg+cfg+ceh))—(de+cf) (3df ha? —3b(df g+deh+cfh)a+2b?(deg+cfg+ceh))+(bde+bef —2adf) (3adf h—b(df g+deh+cfh))x da
(a+bx)3/2+/c+dx/e+ fz\/g+hx
3(bc — ad)(be — af)(bg — ah)
2b\/c + dz/e + fx/g + hx(—2adf + bef + bde)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

l 2102

4bdfh (3d2 f2haB —bdf (df g+4deh+4cfh)a?+b2 (e(fg+2eh)d2 +cf(fg+3eh)d+2c2 £2 h) a—b3 (f(fg+eh)c2—de(fg—eh)c+d2 629) ) @2 +2(adf h+b(df g+deh+cfh))

2b(bde + bef — 2adf)vc + dx/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

l 2105

2(de—cf)(dg—ch) [ (c+dm)3/v2 a-:;a;x — dz (3d? f2ha3—bdf (df g+4deh+4cfh)a?+b2 (e(fg+2eh)d2+cf (fg+3eh)d+2c% f2h)a—b3 (f(fg+eh)c?

2b(bde + bef — 2adf)v/c + dz/e + fx/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

| 27

(be—af)(bg—ah)(de—cf)(3a?d? fh—abd(2cfh+3deh+df g)+b2 (c? fh+cdeh—cdf g+2d2eg)) [

1
mmm¢g+hzdz+2(de—cf)(dg—ch)(3c

2b\/c + dz/e + fx\/g + hx(—2adf + bef + bde)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

l 188

de+cf+2dfz dr

3.15. f (a+bx)5/2\/c+dz/e+ fa\/g+h
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2(de—cf)(dg—ch) [ (c+dz)3/\/2 a:ia;z — dz (3d? f2ha3—bdf (df g+4deh-+4cfh)a?+b% (e(fg+2eh)d2+cf (fg+3eh)d+2c? f2h)a—b (f(fg+eh)c?

2b(bde + bef — 2adf)vc + dx/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

l 194

1— (bc—ad)(e+fx)
4(dg—ch)Va+bz,/— (de—cf)(g+hz) f (be—af)(ct+dz) d

VetfT (52,2, 3_ 2,2 2 2.2, .3
(Fg—eh)(c+dz) \/1_(dg_ch)(e+fx) \/;_—di(&i f“ha” —bdf (df g+4deh+4cfh)a“+b (e(fg+2eh)d +cf(fg+3eh)d+2c” f h)a b (f(
(fg—eh)(ctdz)

de— +b.
Ebe—;%g—mg vothe

2b(bde + bef — 2adf)vc + dzv/e + fx/g + hz
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

l 321

(bc—ad)(e+fx)
1 \crad)lerjT)

(de—cf)(g+hz) (be—af)(ct+dz) Vet Fa (5,22 ,3 2,2 2 2 £2 3
4(dg—ch)va+bx (Fg—eh)(c+da) s \/1 (dg—ch)(e fa:)d o ds (Sd f“ha® —bdf (df g+4deh+4cfh)a“+b (e(fg+2&h)d +cf(fg+3eh)d+2c“ f h)a b (f(

~ (fg—eh)(ct+dz)

de—cf)(a+bz
\/ Ebe_a§§Ec+dm§ vethe

2b(bde + bef — 2adf)vc + dz/e + fz/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

l 327

(de—cf)(g+hx) . ( V/dg—chve+ (be—ad)(fg—eh) 2.2, 3 2.,,2 2
_4\/7dg—ch\/7fg—eh\/7a+b:c —%E(arcsm(vlfz_ih\/‘%>|(b:_‘;f)(d‘g_zh))(?)d 2ha3 —bdf (df g+4deh+acfh)a®+b2 (e(fg+2eh)d2+ef (£g+3;

de—cf)(a+bz
Ebe—af‘ggc-ﬁ-dm; Vgthz

2b(bde + bef — 2adf)v/c + dz/e + fz/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

input‘ Int[(d*e + cxf + 2xd*f*x)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqr ‘
tlg + hxx]) ,x] |

de+cf+2dfz dr

3.15. f (a+bx)5/2\/c+dz/e+ fa\/g+h
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output | (-2%b*(b*d*e + bxcxf - 2xaxdxf)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + hx*x])
/(3x(bxc - a*xd)*(b*xe - axf)x(bkg - a*h)*(a + b*x)~(3/2)) + ((-4xb*(3*a~3*d
“2%f72+h - a”~2xbkdxf*(dxf*g + 4*xdxexh + 4xc*fxh) - b~3*(d"2xe”2xg - cxd*ex
(fxg - exh) + c™2*%fx(fxg + e*h)) + a*xb™2x(2+c”™2+f"2xh + d"2xe*(f*g + 2*xe*h
) + cxdxf*(fxg + 3*exh)))*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x])/((b*c
- axd)*(bke - a*f)*(b*g - axh)*Sqrtl[a + b*x]) + ((4*d*(3*xa~3*d"2*f"2*h -
a~2xb*d*f* (dxf*g + 4*dkexh + 4*xcxfxh) - b~3*(d"2%e"2xg - cxdxex(fxg - exh)
+ c2*fx(fxg + exh)) + axb™2x(2*c"2xf"2%h + d"2%e*x(f*g + 2xe*h) + ckd*fx(
f*g + 3xexh)))*Sqrtla + b*x]*Sqrt[e + f*x]*Sqrt[g + hxx])/Sqrtlc + d*x] -
(4*Sqrt [d*g - cxh]l*Sqrt[fxg - ex*h]*(3*a~3*d~2*f"2xh - a~2xbxd*f*(d*f*g + 4
xdkexh + 4xckxfxh) - b~3*(d"2%e”2xg - ckdxex(fxg - exh) + c 2xfx(fxg + ex*h)
) + axb~2%(2%c”2*f"2xh + d"2xex(fxg + 2xexh) + cxd*f*(f*g + 3*e*h)))*Sqrt[
a + b*x]*Sqrt[-(((d*xe - c*f)*(g + h*x))/((f*g - exh)*(c + d*x)))]*Elliptic
E[ArcSin[(Sqrt[d*g - c*h]*Sqrtl[e + f*x])/(Sqrt[f*g - exh]l*Sqrtl[c + d*x])],
((bxc - a*xd)*(f*g - exh))/((b*e - a*f)*(d*g - cxh))])/(Sqrt[((d*e - c*f)x*
(a + b*x))/((b*xe - axf)*(c + d*x))]*Sqrt[g + hxx]) + (2%(b*e - a*f)*(d*e -
c*xf)*Sqrt [b*g - a*h]*(3*%a~2*%d"2*f*h - axbkxd*(d*f*g + 3*d*exh + 2*c*fxh) +
b~2% (2xd"2*e*g — ckxd*xf*g + ckdkexh + c 2*xf*h))*Sqrt[((b*e - axf)*(c + d*x
))/((d*e - c*f)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - a*h
1*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrt[a + b*x])], -(((b*c - axd)*(f*xg ...

3.15.3.1 Defintions of rubi rules used

ruk327/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 188  Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl[(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]1), x_]1 :> Simp[2*Sqrt[g + h*x]*(Sqrt[(bxe -

a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - e*h)*Sqrtlc + d*x]*Sqrt[(
-(bxe - a*xf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (b*c - a*d)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - a*h)*(x"2/(f*g - e*h))]),

x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h},

x]

de+cf+2dfz dr

3.15. ‘f(a+bmp/2¢c+dz¢é+fmvb+hm




rule 194

rule 321

rule 327

rule 2102

rule 2105
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Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(bxe
- axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((bxe - a*f)*Sqrt[g + h*x]*Sq
rt[(b*xe - a*f)*((c + d*x)/((d*xe - c*f)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(bxc - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - exh))], xI,

x, Sqrt[e + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]1))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Int[(((a_.) + (b_)*(x))" (@ )*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_)IxSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~"(m + 1)*Sqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrtl[g + hx*x]
/((m + 1)*(b*c - a*d)*(bxe - a*f)*(b*g - axh))), x] - Simp[1/(2*(m + 1)*(b*
c - axd)*(bxe - a*f)*(bxg - axh)) Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*S
grtle + f£xx]*Sqrtlg + h*x]))*Simp[A*(2*a~2*d*f*h*x(m + 1) - 2%a*bx(m + 1)*(d
xf*xg + dxexh + cxfxh) + b"2*%(2*%m + 3)*(d*exg + c*f*xg + ckexh)) - b*Bx(a*(d*
exg + cxf*xg + cxexh) + 2*¥bkckxexgx(m + 1)) - 2x((A*b - axB)*(a*d*fxhx(m + 1)
- bx(m + 2)*(d*f*g + d*kexh + cxf*h)))*x + dxf*h*(2xm + 5)*(A*xb~2 - a*bxB)*
x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2*m
1 && LtQ[m, -1]

Int[(CA_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrt[(c_.
) + (d_)*(x_)]*Sqrtl(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + f*x]*(Sqrtl[g + h*x]/(b*fxh*Sqrt[c + d*x
1)), x] + (Simp[1/(2*bxd*f*h) Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtl[e
+ f*x]*Sqrt[g + h*x]))*Simp[2*A*b*d*fxh - Ckx(bkd*exg + axcxfxh) + (2xb*B*d*
fxh - Ckx(axd*fxh + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Simp[C*x(d*e
- cxf)*((d*xg - c*h)/(2*b*d*f*h))  Int[Sqrt[a + b*x]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}

» XJ

de+cf+2dfz dr

3.15. ‘f(a+bmp/2¢c+dz¢é+fmvb+hm
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3.15.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 3570 vs. 2(1018) = 2036.

Time = 9.42 (sec) , antiderivative size = 3571, normalized size of antiderivative = 3.28

method | result size

elliptic | Expression too large to display | 3571

default | Expression too large to display | 87910

input | int ((2*d*f*x+c*f+d*e)/ (b*x+a)~(5/2) /(d*x+c) ~(1/2) / (£*xx+e) ~(1/2) / (h*xx+g) ~ (1
/2) ,x,method=_RETURNVERBOSE)

output | ((b*x+a)* (d*x+c)* (f*x+e) * (h*x+g) ) ~(1/2)/ (bxx+a) ~(1/2)/(d*x+c)~(1/2)/ (f*x+e
)" (1/2) / (h*x+g) = (1/2)*(-2/3/b/ (a~3*d*f*h-a~2xb*c*xf*h-a~2*b*d*exh-a~2*bxd*f
xg+axb~2xcxexh+axb~2*c*f*kg+axb~2kd*exg-b~3*kckexg) * (2xaxd*f-b*cxf-b*d*e) * (b
*xdxfxh*x"4+axd*fxh*xx~3+bxcxfxh*xx~3+bxd*xexh*x~3+b*d*f*g*x~3+a*c*f*h*x"2+a*d
*exh*x"2+axd*xfxgkx~2+b*ckexh*x"2+b*cxf*xgkx~2+b*d*e*g*x~2+a*xckexh*xx+axcxf*g
*xx+axdkexgxxt+bkckexgxx+akxckxexg) " (1/2)/(x+a/b) ~"2-4/3* (b*d*f*h*x~3+b*c*f*h*x
~2+b*d*kexh*x"2+bxd*f*g*x " 2+b*ckexh*x+b*ckf*gxx+b*rd*kexgxx+bkckexg) / (a~3xdx*f
*h-a~2xbxcxf*xh-a~2*%b*d*e*h-a~2*xbxd*f*g+axb~2*kckexh+a*b~2*xckxf*g+axb™2xd*e*g
-b~3*cke*g) 2% (3%a"3*d"2*f "2+¥h-4*a~2¥b*ckxd*f ~2¥h-4*a~2xb*d " 2*exf*xh-a~2*b*d
~2xf"2xg+2xaxb~2xc”2xf "2xh+3*axb~2xckxd*xexf*xh+axb 2*ckd*f "2*g+2*xa*b”"2*%d"2*e
“2xh+axb"2*xd " 2%e*xfxg-b " 3*c”2*xexf*h-b"3*kc"2xf "2*%g-b" 3k c*xd*e”"2xh+b~3*ckd*xex*xf
*g-b~3*%d"2+e”2x*g) / ((x+a/b) * (bxd*f*h*x~3+b*c*f*h*x”~2+b*d*e*h*x~2+b*d*f*gkx~
2+bxckexh*x+b*xc*f*gxx+b*d*kexgxx+b*ckexg)) ™ (1/2)+2%(1/3/b* (6*%a~2*xd~2*f ~2*h-
5*axb*xckxd*f~2xh-5*xa*xb*xd”~2*xe*f*xh-2*a*xb*d~2*f " 2xg+b~2*c”2xf "2¥h+2*¥b"2*c*d*e*
fxh+b~2kckd*f ~2kg+b~2+%d"2%e~2xh+b~2xd"2*e*xf*g) / (a~3*d*f*h-a~2xbxc*f*h-a~2*
b*d*exh-a~2*bkd*f*gt+a*b~2xc*exh+axb~2*c*kf*g+a*xb™2xd*exg-b~3*cxe*g) -2/3/b*(
a”~2xd*f*h-axb*c*f*h-axb*d*exh-a*b*d*f*xg+b~2kckexh+b~2xcxf*g+b~2xd*e*g) * (3*
a”~3*%d~2*f"2¥h-4*a”~2xbxckxd*f " 2xh-4*a”2xbxd"2*exf*xh-a~2xbxd~2*f ~2*g+2*axb~2*
c”2xf"2xh+3%a*xb”~2*xckd*e*xf*h+a*xb~2xckxd*f " 2xg+2*ka*xb~2*xd"2*e 2*h+a*xb~2xd " 2%e*
fxg-b~3*%c " 2%e*xfxh-b"3*c”2xf"2*%g-b"3*cxd*e " 2*¥h+b~3kckd*exf*g-b~3*d"2*%e”2. ..

f det-cf+2dfx dr
(a+bx)3/2+/c+dz+/ e+ fx\/g+ha

3.15.
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3.15.5 Fricas [F]

dz

de + cf + 2dfz d _/ 2dfzr + de + cf
(a +b2)¥/2V/c +dzve + fzv/g + hx (bx+a)%\/dm+c\/fx+e\/hx+g

input | integrate ((2kd*fix+cxf+dxe)/(bxx+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x
+g)~(1/2) ,x, algorithm="fricas")

output | integral ((2*d*f*x + d¥e + cxf)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*s
grt (h*x + g)/(b"3xd*f*h*x"6 + a~3*xcxexg + (b~3xdxf*g + (b"3*dxe + (b~3*c +
3*a*b~2*d) *f)*h)*x"5 + ((b~3*d*e + (b~3*c + 3*a*b~2*xd)*f)*g + ((b"3*c + 3
*xa*b~2+d) *e + 3x(axb"2xc + a"2xb*d)*f)*h)*x"4 + (((b"3*c + 3*axb"2xd)*e +

3k (axb~2%c + a"2%b*d)*f)*g + (3*x(a*b”2*c + a~2*b*d)*e + (3*%a~2*b*c + a~3*d
)*x£)*h)*x~3 + ((3*(a*b”2%c + a~2*b*d)*e + (3*a~2xbkc + a~3xd)*f)*g + (a~3*
c¥f + (3*a"2xbxc + a~3xd)*e)*h)*x"2 + (a~3%c*exh + (a"3xcxf + (3*%a~2%b*c +
a~3%d) *e) *g) *x) , X)

3.15.6 Sympy [F(-1)]

Timed out.

/ detcf +2dfw dzr = Timed out
(a + bx)5/2\/c + dz\/e + fr\/g + hz

input \ integrate ((2xd*f*x+cxf+d*e)/ (bxx+a)**(5/2)/(d*x+c)**(1/2)/ (f*x+e)*x*(1/2)/(
 hxtg) #%(1/2) %)

output LTimed out

3.15.7 Maxima [F]

/ de + cf + 2dfz dz—/ 2dfzr + de + cf s
(a +b2)¥/2V/c +dzv/e + fxv/g + hx (br+a)%\/dm+c\/fx+e\/hx+g

input \ integrate ((2xd*f*x+cxf+d*e)/(bxx+a)~(5/2)/(d*x+c)~(1/2)/ (£*x+e)~(1/2)/(h*x
‘+g)“(1/2),x, algorithm="maxima")

de+cf+2dfz dr

3.15. f (a+bx)5/2\/c+dz/e+ fa\/g+h
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output‘ integrate ((2xdxfxx + dxe + cxf)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x +
‘e)*sqrt(h*x +g)), x)

3.15.8 Giac [F]

/ de +cf + 2dfx d _/ 2dfz +de+cf i
(a +b2)>/2Vc +dzve + fzv/g + h (bx+a)%\/dz+c\/fx+e\/hx+g

input  integrate ((2*d*f*x+c*f+d*e)/(b*x+a)~(5/2)/(d*x+c) ~(1/2)/(£xx+e)~(1/2)/ (h*x
+g)~(1/2) ,x, algorithm="giac")

output  integrate ((2xd*f*x + dxe + cxf)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x +
e)*sqrt(h*x + g)), x)

3.15.9 Mupad [F(-1)]

Timed out.

/ de + cf + 2dfx dz = Hanged
(a + bx)%/2\/c + dz+\/e + fr\/g + hz

input‘ int((c*f + d*xe + 2xd*f*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)
*(c + d*x)7(1/2)),%)

-

output L\text{Hanged}

-/

detcf+2dfx
3.15. f (a+bx)5/2\/c+dz/e+ fa\/g+h de
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3.16

3.16.1
3.16.2

3.16.3 Rubi [A

3.16.4
3.16.5
3.16.6
3.16.7

3.16.8 Giac [F]
3.16.9 Mupad

f (a+bz) (abB—a?C+b*Br+b*Cx?) d
Vetdry/e+ fry/g+he

Optimalresult . . . . . .. . .. . . . . ... .
Mathematica [C] (verified) . . . . . . . . . . ... L

| (verified) . . . . . ...

Maple [A] (verified) . . . . . . . . . ...
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ....

Sympy [F] . . o o
Maxima [F] . . . . . . .

FD] o et e e e e e e e

3.16.1 Optimal result

Integrand size = 58, antiderivative size = 721

(a+ bzx) (abB — a*C + b*Bz + b*Cz?) i
Ve+dzye+ fx/g+ hx

_ 20%(5bBdfh + 2C(adfh — 2b(df g + deh + cfh)))vec + duy/e T fzy/g + ha

1542 f2h2

N 202C(a + bx)vc+ dz\/e + fr\/g + hx

5dfh

2b/—de + cf (15a2Cd2 f2h? — 10abdf h(3Bdfh — C(dfg + deh + cfh)) + b2(10Bdfh(dfg + deh + cfh

1543 f5/:

2/—de + cf(15a*Cd? f2h3 — 15a%bd? f?h*(Cg + Bh) + 5ab’df h(6 Bdf gh — C(ch(fg — eh) + dg(2fg -

3.16.

f (a+bzx

) (abB—a?C+b? Bz+b2Cx?) d

Vctdz/e+fx/g+hx
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output | 2/15%b~2% (5*b*Bxd*f*xh+2%C* (a*d*f*xh-2%b* (cxf*h+d*exh+d*f*g)))*(d*x+c)~(1/2)
* (£xx+e) " (1/2) * (h*x+g) ~(1/2) /d~2/£72/h~2+2/5xb~2*C* (b*x+a) * (d*x+c) ~ (1/2) *(
fxx+e) " (1/2) * (h*x+g) ~(1/2) /d/£/h-2/15%b* (15%a~2*%Cxd~2*f ~2xh~2-10*a*b*d*f*h
* (3*Bxd*f*h—C* (c*xf*xh+d*exh+d*f*g) ) +b~ 2% (10*Bxd*f*h* (c*f*h+d*exh+d*f*g) —C* (
8*kc~2%f " 2¥h~2+7*ckd*fxh* (exh+f*g) +d~2*% (8*e~2*%h~2+T*e*f*g*h+8*f ~2%g~2))) ) *E
11lipticE(£~(1/2) *(d*x+c) ~(1/2)/(cxf-d*e) ~(1/2), ((-cxf+d*e) *h/f/(-c*h+d*g))
~(1/2) ) *(cxf-d*e) ~(1/2) * (d* (fxx+e) / (-cxf+d*e) ) ~(1/2) * (h*x+g) ~(1/2) /d~3/£7(
5/2) /h~3/ (f*x+e)~(1/2) / (d* (h*x+g) / (-cxh+d*g) ) ~(1/2)-2/15% (15%a~3*C*kd~2*f "2
*h~3-15%a"2%bxd~2*f ~2%h~2% (Bxh+C*g) +5*a*b~2*d*f *xh* (6*B*d*f*gxh-C* (cxh* (-e*
h+f*g) +d*g* (exh+2*f*g))) -b~3* (5*xB*d*f*h* (cxh* (~exh+f*g) +d*g* (exh+2*f*g))-C
* (4xc™2xf¥h "2 (—exh+f*g) +cxdxh* (—4*e”2%h~2+e*xf*g*xh+3*f~2%g"2) +d " 2*g* (4*e”2
*h~2+3*kexf*xg*h+8*f~2+g~2)) ) ) *E1llipticF (£~ (1/2) * (d*x+c) ~(1/2) / (cxf-d*e) ~(1/
2), ((-c*f+dx*e) *h/f/ (-c*h+d*g) ) ~(1/2)) * (c*f-dx*e) " (1/2) * (d* (f*xx+e) / (—c*xf+d*e
)) 7 (1/2) *(d* (h*x+g) / (-c*h+d*g) ) ~(1/2) /d~3/£7(5/2) /h~3/ (f*x+e) ~(1/2) / (h*x+g
)~(1/2)

3.16.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 28.44 (sec) , antiderivative size = 825, normalized size of antiderivative = 1.14

dzr =

/ (a+ bz) (abB — a*C + b*Bz + b*Cx?)
Ve+dzye+ fr/g + hx

2 (bd?, /—c+ 9(15aCd? f?h? + 10abdf h(—3Bdf h + C(df g + deh + cfh)) — b*(—10Bdfh(df g + deh

e B

Integrate[((a + b*x)*(a*b*B - a~2*C + b~2*B*x + b~2%C*x"2))/(Sqrt[c + d*x]
‘*Sqrt [e + fxx]*Sqrt[g + h*x]),x] ‘

input

(a+bz) (abB—a2C+b%Bz+b2Cx?)
3.16. f Vctdz/e+fx/g+hx d




output
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(-2%(bxd~2xSqrt[-c + (d*e)/f]*(15%a~2*Cxd~2*f~2¥xh~2 + 10%a*b*d*f*h*(-3*B*d

xfxh + Cx(d*f*g + d*exh + c*f*h)) - b~2%(-10*Bxd*fxh*(d*f*xg + dxexh + cxfx
h) + Cx(8*c™2+f72xh"2 + Txckd*f*hx(fxg + exh) + d"2*(8*xf~2xg~2 + T*exf*gxh
+ 8%e”2*h"2))))*(e + fxx)*(g + h*x) + b~2*d"2xSqrt[-c + (d*e)/f]l*fxhx(c +
d*x)*(e + fxx)*(g + h*x)*(-5*b*Bkd*f*h - Bka*Ckd*fxh + b*Ck(4*xc*fxh + dx*(
4xfxg + 4xexh - 3xfxh*x))) + I*bk(d*e - c*f)*h*(15%a~2*Ckd~2*f~2*h~2 + 10%
axbxd*f*h* (-3*%B*d*fxh + Ckx(d*f*g + d*exh + c*f*h)) - b2k (-10*Bxd*f*h* (d*f
xg + dxexh + cxfxh) + Cx(8xc™2xf"2x¥h"2 + 7xcxd*fxh*(fxg + exh) + d"~2%(8*f~
2%g~2 + Tkxexfxgxh + 8%e~2xh~2))))*(c + d*x)~(3/2)*Sqrt[(d*x(e + f*xx))/(f*(c
+ d*x))]1*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c +
(dxe)/£f]1/Sqrtlc + d*x]], (dxf*g - cxfxh)/(d*exh - c*fxh)] + I*d*hx(15*a~3*
Cxd"2*%f"3xh"2 - 15*%a”~2xb*d~2*f~2%(Cxe + B*f)*h~2 - b¥axb”~2xd*f*h*(-6%B*d*e
xf*h + cxC*xfx(-(f*g) + exh) + Ckdxe*x(fxg + 2xexh)) + b~ 3*(-5*Bxd*fxh* (cxf*
(-(£xg) + exh) + dxex(fxg + 2xe*xh)) + Ck(4*xc~2*f"2+h*(-(f*g) + exh) + c*d*
fx(-4*f"2%g"2 + exfxgxh + 3%e"2xh~2) + d”~2%e*(4*xf72xg~2 + 3xexfxgxh + 8xe~
2%¥h72))))*(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/(f*(c + d*x))]*Sqrt[(d*(g + h
*x))/(h*(c + d*x))]1*EllipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]],
(d*fxg - cxf*h)/(d*exh - cxf*h)]))/(15%d"4*Sqrt[-c + (d*e)/f]*f"3*h~3*Sqr

tlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x])

3.16.3 Rubi [A] (verified)

Time = 1.83 (sec) , antiderivative size = 744, normalized size of antiderivative = 1.03,

number of steps used = 10, number of rules used = 1
used = {2004, 2100, 2118, 27, 176, 124, 123, 131, 131, 130}

integrand size

0, number of rules _ — 0.172, Rules

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/(a—l—bz —C) + abB + b?Bz + b>Cz?)
Ve+dze+ frg+ hx

| 2004
(a + bx)? (M + bC’:c) .
x
Ve+dzi/e+ fx\/g+ hx
l 2100

(a+bz) (abB—a2C+b%Bz+b2Cx?)
3.16. f Vctdz/e+fx/g+hx d
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f 5(bB—aC)df ha?+b?(5bBdf h+2aCdf h—4bC (df g+deh+cfh))z2 —b2C(2bceg+a(deg+cfg+ceh))—b(5Cdf ha®—2b(5 Bdf h—C(df g+deh+cfh))a

Vetdoy/eF fz/g+hx
5dfh
202C(a + bx)vc + dzv/e + fx\/g + hx
5dfh
l 2118
d(—150d2f2 h2a3+15bBd2 f2h2a2 —5b2Cdf h(deg+cfg+ceh)a—b3 (5Bdfh(deg+cfg+ceh)—c (4fh(f9+eh)c2+2d (2f2g2+3efhg+2e2 h2)c+4d2 eg(fg+eh)) )
2J a/ctdzVetfe
3d2fh

202C(a + bx)vc + dzv/e + fz\/g + hz
5dfh

l 27

—15Cd2 f2h2a3 +15bBd2 f2h2a2 —5b2Cdf h(deg+cfg-+ceh)a—b3 (5Bdfh(deg+cfg+ceh)70 (4fh(f9+eh)c2+2d (2f292+36fhg+2e2 h2) c+4d2eg(fg+eh)) ) 71;(
Vetdzyet fzvgt
3dfh

202C(a + bx)vc + dzv/e + fz\/g + hz
5dfh

l 176

b(lsa2 Cd2 f2h2 —10abdf h(3Bdf h—C (cfh-+deh+df g))+b2 (10Bdfh(cfh+deh+dfg)—c (8c2f2h2+7cdfh(eh+fg)+d2 (8e2h2+7efgh+8f2g2) ) )) I = %
R

202C(a + bx)vc + dzv/e + fx\/g + hx
5dfh

l 124

by/gTha dfi%f;f) (15a2Cd2f2 h2 —10abdf h(3Bdf h—C(cfh+deh+df g))+b2 (IOBdfh(cfh+deh+dfg)—C (8c2f2h2+7cdfh(eh+fg)+d2 (862 h2+7efgh+8fzg2)\

h1/7e+fm\/ dgthe)

2b2C(a + bx)vc + dzv/e + fz\/g + hx
5dfh

l 123

(a+bz) (abB—a2C+b%Bz+b2Cx?)
3.16. f Vctdz/e+fx/g+hx d
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(15a30d2f2h3 —15a2bd2 2h2 (Bh+Cg)+5ab2df h(6 Bdf gh—cCh(fg—eh)—Cdg(eh+2fg))— (b3 (5Bdfh(ch(fg7eh)+dg(eh+2fg))7C (4c2fh2(fg7eh)+cdh (74¢
R

202C(a + bx)vc + dz/e + fx\/g + hx
5dfh

l 131

N dfii%ﬁfz) (15a30d2f2h3715a2bd2f2h2(Bh+Cg)+5ab2dfh(6Bdfgh7cC’h(fg7eh)7Cdg(eh+2fg))7 (b3 (5Bdfh(ch(fg7eh)+dg(eh+2fg))70(4c2fh2(fg7eh

hve+fz

202C(a + bx)vc + dzv/e + fx\/g + hx
5dfh

l 131

\/ %’;Jf) \/ % (15a3Ca? 1213 1502642 12h2 (Bh+Cg)+5ab2df h(6 Bdf gh—cCh(fg—eh)—Cdg(eh+2£g))— (b% (5Bdfh(ch(fg—eh)+dg(eh+2£9))—C (4c?

hve+fz/g+hz

202C(a + bz)Vc + dzv/e + fx\/g + hz
5dfh

l'130

d(e+ : Vetd de—cf)h 2 2 022
_2b\/7g+hz\/7cf—de,/%E(arcsm(\/jcfc_d:)|;<ngci))(15a20d2f2h2—10abdfh(3Bdfh—C(cfh+deh+dfg))+b (103dfh(cfh+deh+dfg)—C(Sc f2n
d\/fhx/e+fz\/%

202C(a + bx)vc + dzv/e + fx\/g + hz
5dfh

input‘ Int[((a + b*x)*(a*b*B - a~2*C + b~ 2xBxx + b~2xCxx~2))/(Sqrtlc + d*x]*Sqrt[ \
\e + f£*x]*Sqrt[g + h*x]),x] ‘

(a+bz) (abB—a2C+b%Bz+b2Cx?) d
Vctdz/e+fx/g+hx

316. [



output

rule 27 /

rule 123

rule 124
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(2¥b~2#Cx(a + bxx)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])/(5*d*fxh) +

((2xb~2* (5*b*Bkd*f*h + 2xaxCkd*fxh - 4*b*Cx(d*fxg + dkexh + c*xfxh))*Sqrt[c
+ d*x]*Sqrtle + fxx]*Sqrtlg + h*x])/(3xd*f*h) + ((-2*%b*Sqrt[-(d*e) + cx*f]
* (156%a~2*C*d~2*f~2x¥h~2 - 10*a*bxd*f*h* (3*Bxd*f*h - Cx(d*f*g + d*exh + c*fx*
h)) + b~2%(10*B*d*f*h*(d*f*g + d*exh + cxfxh) - C*(8*c™2*xf72xh~2 + T*xcxd*f
xhx (f*g + exh) + d72x(8*f"2*%g™2 + T*xexf*gkh + 8*e"2*h~2))))*Sqrt[(d*(e + f
*xx))/(d*e - cxf)]*Sqrtl[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/S
qrt[-(d*e) + cx£f]], ((d*e - c*f)xh)/(fx(d*g - c*h))])/(d*Sqrt [f]*h*Sqrt[e
+ f£xx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) - (2*Sqrt[-(d*e) + c*f]*(15%xa~3*Cx
d"2*£72xh"3 - 15*%a”2%bxd"2*f"2+h~2x(Cxg + B*h) + b¥axb™2xd*f*h* (6*Bxd*f*g*
h - cxCxh*x(fxg - exh) - Cxd*g*(2xf*xg + exh)) - b~ 3*(5*Bxd*fxh* (cxh*(f*g -
exh) + dxg*(2+f*g + exh)) - Cx(4xc™2+f*h~2x(f*g - e*h) + ckdxh*(3*xf"2*g~2
+ exfxgkh — 4xe”2xh"2) + d"2xg*(8*f"2%g~2 + 3xexfxgxh + 4*xe~2xh~2))))*Sqrt
[(dx(e + f*x))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcS
in[(Sqrt[f1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*xf]], ((d*e - c*xf)xh)/(f*(d*g -
c*h))])/(d*Sqrt [f]*h*Sqrt[e + f*x]*Sqrt[g + h*x]))/(3*d*f*h))/(5*d*f*h)

3.16.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Sqrtl[(e_.) + (£_.)*(x_)]1/(Sartl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_
1), x_1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - a*xd)/d, 2]]1, £*x((bxc - a*d)/(d*x(bxe - a*f)))], x] /; FreeQ[{a,

b, ¢, d, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ[b/(b*xe - axf), 0] && 'L
tQ[-(b*c - a*d)/d, 0] && !(SimplerQlc + d*x, a + b*x] && GtQ[-d/(b*c - a*d
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 01)

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*((c + d*x)/(b*c - axd))]/(Sqrtlc + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(b*e - a*f)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bkd*(x/(b*c - a*d))]
), x]1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'(GtQ[b/(b*xc - a*xd), 0] && Gt
Q[b/(bxe - a*xf), 0]) && 'LtQ[-(b*c - a*xd)/d, O]

(a+bz) (abB—a2C+b%Bz+b2Cx?)
3.16. f Vctdz/e+fx/g+hx d




rule 130

rule 131

rule 176

rule 2004

rule 2100
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Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e ) + (f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*xd)/bl)], f*((bxc - a*d)/(d*(bxe -
axf)))], x] /; FreeQ[{a, b, c, 4, e, f}, x] && GtQ[b/(bxc - a*d), 0] && GtQ
[b/(bxe - a*f), O] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + £
*x] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - axf)/f])

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)1*Sqrtl(e ) + (f_.)*(x
1), x_1 :> Simp[Sqrt[bx((c + d*x)/(b*c - axd))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + b*d*(x/(bxc - axd))]*Sqrtle + f*x]), x
1, x] /; FreeQ[{a, b, c, d, e, £}, x] && !'GtQ[(bxc - a*d)/b, 0] && Simpler
Qla + bxx, c + d*x] &% SimplerQ[a + b*x, e + f*x]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*
Sartl(e ) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
IxSqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtl(c
+ d*x]*Sqrt[e + f*x]1), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Int[(u_)*((d_) + (e_.)*(x_))"(q_.)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.)
, x_Symbol] :> Int[ux(d + exx)~(p + q)*(a/d + (c/e)*x)"p, x] /; FreeQ[{a, b
, ¢, d, e, g}, x] && EqQ[c*d"2 - bxdxe + axe~2, 0] && IntegerQ[p]

Int[(((a_.) + (b_)*(x_)) " (m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_)1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbol] :> Simp[2
*b*Bx(a + b*x) " (m - 1)*Sqrt[c + d*x]*Sqrt[e + fxx]*(Sqrtl[g + h*x]/(d*f*xh*(2
*m + 1))), x] + Simp[1/(d*fxh*(2*m + 1)) Int[((a + b*x)"(m - 2)/(Sqrtlc +
d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]))#*Simp[(-b)*B*(a*(d*e*xg + c*f*g + c*e*h)
+ 2%bkckexgx(m - 1)) + a”2%Axdxfxh*(2+m + 1) + (2*kaxAxb*d*f*hx(2*m + 1) - B
* (2*a*xbx (d*f*g + dxexh + cxf*h) + b~2x(dxe*g + cxf*g + c*exh)*(2%m - 1) - a
“2xd*fxh* (2*m + 1)))*x + bx(Axbxd*f*h*(2*m + 1) - B*(2%b*(d*f*g + dxexh + c
*f*h)*m - axd*f*hx(4xm - 1)))*x~2, x], x], x] /; FreeQ[{a, b, c, 4, e, £, g
, h, A, B}, x] && IntegerQ[2*m] && GtQ[m, 1]

(a+bz) (abB—a2C+b%Bz+b2Cx?) d
Vctdz/e+fx/g+hx

316. [




rule 2118

)
input \ int ((b*x+a)* (C¥b~2*x~2+B*b~2*x+B*a*b-Cxa~2) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2)/ (h \
‘*x+g)‘(1/2),x,method=_RETURNVERBUSE) ‘
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Int [(Px_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£
_I)x(x ))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simpl[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*((e + f*x)"(p +
1)/(d*f*b"(q - 1)*(m + n + p + q + 1))), x] + Simp[1/(d*f*b"q*(m + n + p +
q+ 1)) Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~g*(m +
n+p+q+ 1)*xPx — dxf*kx(m + n + p + q + 1)*(a + b*x)"q + kx(a + b*x)"(q
- 2)*x(a"2xd*f*(m + n + p + q + 1) - b*(b*cxex(m + q - 1) + ax(d*ex(n + 1) +
cxfx(p + 1))) + b*(axd*f*(2*(m + q) + n + p) - b*(d*ex(m + q + n) + c*f*(m
+q+ p)))*x), x], x1, x] /; NeQIm + n + p + q + 1, 0]] /; FreeQl[{a, b, c,
d, e, f, m, n, p}, x] && PolyQ[Px, x]

3.16.4 Maple [A] (verified)

Time = 2.50 (sec) , antiderivative size = 880, normalized size of antiderivative = 1.22

method | result

3 2 20 b3(2cfh+2deh+2dfg)
2<Bb +Cb2a— Sdfh \/df}

20 b3z dfh z3 +cfh z2+deh 22 +dfg 12+cehx+cfg:c+degz+ceg
V/(dz+c)(fz+e)(hz+g) V 5k +

elliptic
default | Expression too large to display

(a+bz) (abB—a2C+b%Bz+b2Cx?)
3.16. f Vctdz/e+fx/g+hx d



output

input
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((d*x+c) * (f*x+e) * (h*xx+g) ) ~(1/2) /(d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) = (1/2) *
(2/5%C*b~3/d/f /hxx* (d*f*¥h*x~3+c*f*h*x”~2+d*e*h*kx~2+d*f*gxx~2+ckexhxx+ckf*rgk
x+dxexgkx+ckexg) ~(1/2)+2/3% (B*xb~3+Cxb~2*xa-2/5%Cxb~3/d/f /h* (2*c*f*h+2*xd*e*xh
+2xd*fx*g) ) /d/f/h* (d*f*¥h*x~3+c*f*h*x"2+d*exh*x~2+d*f*g*xx~2+ckexh*x+ckf*g*x+
d*exgxx+ckexg) = (1/2)+2% (a~2xb*B-C*a~3-2/5%C*b~3/d/f/h*c*e*g-2/3* (Bxb~3+C*b
~2%a-2/5%Cxb~3/d/f/h* (2xc*f*h+2xd*exh+2xd*xf*g)) /d/f/h* (1/2*cxexh+1/2*cxf*g
+1/2xd*e*g) ) *(g/h-e/f)*((x+g/h) / (g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d))~(1/2
)*x((x+e/f)/(-g/h+e/£)) " (1/2) / (d*f*h*x~3+c*f*h*x~2+d*exh*x~2+d*f*g*kx~2+ckex*
hxx+cxfrgrx+drexgrx+crexg) ~(1/2)*EllipticF (((x+g/h)/(g/h-e/£))~(1/2), ((-g/
h+e/f)/(-g/h+c/d)) ~(1/2))+2* (2*a*b~2xB-C*a~2%b-2/5*C*b~3/d/f/h* (3/2*c*exh+
3/2%cxfxg+3/2*dxexg)-2/3* (Bxb~3+C*b~2*a-2/5%Cxb~3/d/f /h* (2*c*f*xh+2*d*e*h+2
*xd*f*g)) /d/f/h* (c*f*xh+d*xexh+d*f*xg) ) * (g/h-e/f)* ((x+g/h) /(g/h-e/£))~(1/2)* ((
x+c/d)/(-g/h+c/d))~(1/2)*((x+e/f) /(-g/h+e/£)) ~(1/2) / (d*f*h*x~3+c*f*h*x"2+d
xexh*xx~2+d*f*xg*x” 2+ckexh*kx+ckfxgrx+d*exgxx+cxe*xg) " (1/2) *((-g/h+c/d)*Ellipt
icE(((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*EllipticF
(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))))

3.16.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.16 (sec) , antiderivative size = 1267, normalized size of antiderivative = 1.76

(a + bz) (abB — a®C + b*Bz + b*’Cx?)
Ve+dzye+ fx/g+ hx

dx = Too large to display

e

integrate ((b*x+a)* (Cxb~2*x~2+B*b~2*x+B*a*xb-C*a~2) / (d*x+c) ~(1/2) / (f*x+e)~ (1
/2)/ (b*x+g)~(1/2) ,x, algorithm="fricas")

(a+bz) (abB—a2C+b%Bz+b2Cx?)
3.16. f Vctdz/e+fx/g+hx d




output

input

output
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2/45% (3% (3xCxb~3*d"~3*f "3*h~3*x — 4*Ckb~3*%d"3*f 3*g*h~2 - (4*Cxb~3*d 3xexf"”
2 + (4xCxb~3*cxd"2 - 5x(C*kaxb~2 + B*b~3)*d~3)*f~3)*h~3)*sqrt(d*x + c)*sqrt
(fxx + e)*sqrt(h*x + g) - (8*%Cxb~3*d"3*f~3*%g~3 + (3*%C*b~3*d~3*exf~2 + (3*C
*b~3%c*kd"2 - 10%(C*a*xb”2 + B*b~3)*d~3)*f"3)*g~2xh + (3*%C*b~3*d"3*e”2*f + (
3*Cxb~3*c*d~2 - 5k (C*a*b~2 + B*b~3)*d"3)*exf~2 + (3*Cxb~3*c~2*d - 5%(Cxa*b
~2 + B*b"3)*cxd"2 - 15%(C*a~2%b — 2*Bkaxb~2)*d"3)*f"3)*g*h~2 + (8*Cxb~3*d~
3*xe”3 + (3*%C*b~3xc*d"2 - 10*(Ckaxb~2 + Bxb~3)*d"3)*e 2*f + (3*Cxb~3*c~2xd
- 5x(C*axb™2 + Bxb~3)*c*d"2 - 15%(C*a~2%b - 2*Bxa*b~2)*d"3)*e*xf~2 + (8xC*b
~3*c”3 - 10%(C*a*b~2 + B*b~3)*c~2+d - 15x(C*a~2*b - 2%Bxaxb~2)*c*d~2 + 45%
(C*a~3 - B*a~2%b)*d~3)*f~3)*h~3)*sqrt (d*f*h)*weierstrassPInverse(4/3%(d"2*
£72xg™2 - (d"2%exf + c*d*f"2)*gxh + (d"2%e”2 - ckd*exf + c~2*xf~2)*h~2)/(d"
2x£72+%h"2), -4/27*(2%d"3*f"3%g"3 - 3% (d"3*e*xf~2 + cxd"2*f"3)*g"2*h - 3*(4"
3xe”"2xf - 4xckxd"2*%exf"2 + c"2#d*f"3)*gxh~2 + (2%d"3*e”3 - 3xc*kd"2*e"2*f -
3xc"2xd*exf"2 + 2kxc”3*f£73)*h~3)/(d"3*£73%h"3), 1/3*%(3xd*f*xh*x + dxfxg + (d
xe + c*xf)*h)/(d*f*h)) - 3*(8*%C*b~3*xd"3*f 3*g~2+h + (7*Cxb~3*%d"3*exf~2 + (7
*C*¥b~3*%cxd"2 - 10%(C*a*b~2 + B*b~3)*d"3)*£"3)*gxh~2 + (8*%C*b~3*%d"3*e"2xf +
(7*%C*b~3*c*d"2 - 10*(C*a*b~2 + B*b~3)*d"3)*exf~2 + (8*Cxb~3*c™2xd - 10%*(C
*¥a*xb~2 + B¥b73)*c*d"2 - 15%x(C*a~2%b - 2xBxa*b~2)*d~3)*f~3)*h"~3)*sqrt (d*f*h
)xweierstrassZeta(4/3*(d~2*f72%g~2 - (d"2%exf + c*kd*f~2)*gxh + (d"2*%e"2 -
ckdxexf + c”2xf£72)xh"2)/(d"2+£72*h"2), -4/27*(2xd"3*%f"3xg"3 - 3*(d"3*ex*...

3.16.6 Sympy [F]

/ (a+ bzx) (abB — a’C + b*Bz + b*Cz?) i — / (a + bz)* (Bb— Ca + Chz) o

Ve+dzye+ fx/g+ hx Ve+dzye+ fx/g+ hx

integrate ((b*x+a) * (Cxbk*2xx**x2+Bkb**2kx+B*axb-Cka*x*2) / (d*x+c) ** (1/2) / (£f*x+
e)*x*(1/2) / (hxx+g) **(1/2) ,x)

Integral((a + bxx)**2%(B*b - C*a + Cxbxx)/(sqrt(c + d*x)*sqrt(e + f*x)*sqr
t(g + h*x)), x)

(a+bz) (abB—a2C+b%Bz+b2Cx?)
3.16. f Vctdz/e+fx/g+hx d
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3.16.7 Maxima [F]

dz

/ (a + bzx) (abB — a*C + v*Bz + b*Cz?) de — / (Cb*z? + Bb*z — Ca® + Bab)(bz + a)
Ve+dzye+ fx/g+ hx Vdr +cv/fr+e/hz +g

input | integrate ((b*x+a)* (C¥b~2%x~2+B*b~2*x+B*a*b-C*a~2) / (d*x+c) ~(1/2) / (fxx+e)~ (1
/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

output | integrate ((Cxb~2*x"2 + B*b~2*x - C*a”~2 + B*axb)*(b*x + a)/(sqrt(d*x + c)*s
qrt(f*x + e)*sqrt(h*x + g)), x)

3.16.8 Giac [F|

dz

(a+ bz) (abB — a*C + b*Bz + b*Cz?) de — / (Cb*z? + Bb*x — Ca® + Bab)(bz + a)
Ve+dzye+ fx/g+ hx Vdr +cV/fr+ev/hz +g

input | integrate ((b*x+a)* (C¥b~2%x~2+B*b~2*x+B*a*b-C*a~2) / (d*x+c) ~(1/2) / (f*x+e)~ (1
/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

output | integrate((C*b~2*x~2 + B*b~2*%x — C*a”2 + B*a*b)*(b*x + a)/(sqrt(d*x + c)x*s
qrt(f*x + e)*sqrt(h*x + g)), x)

3.16.9 Mupad [F(-1)]

Timed out.

dx = Hanged

/ (a + bz) (abB — a*C + v?Bz + b*Cz?)
Ve+dzye+ fx/g+ hx

input‘ int (((a + b*x)*(C*b~2%x~2 - C*a~2 + B¥axb + Bxb~2*x))/((e + f*x)~(1/2)*(g
‘+ h*x)~(1/2)*(c + d*x)~(1/2)),x)

output‘\text{Hanged}

(a+bz) (abB—a2C+b%Bz+b2Cx?) d

3.16. f Vctdz/e+fx/g+hx
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3.17 f abB—a?C+b*>Bx+b*Ca? dr
Vetdzy/e+ fry/g+hx

3.17.1 Optimalresult . . . . .. .. .. ... . 179
3.17.2 Mathematica [C] (verified) . . . . . . . . .. ... Lo 180
3.17.3 Rubi [A] (verified) . . . . . .. . . ... 1801
3.17.4 Maple [A] (verified) . . . . ... . ... . .. 184
3.17.5 Fricas [C] (verification not implemented) . . . . . . . .. ... ... ..... 15
3.17.6 Sympy [F] . . . . o e 186
3.17.7 Maxima [F] . . . . . 187
3.17.8 Giac [F] . . . . . . 187
3.17.9 Mupad [F(-1)] . . . . oo 187

3.17.1 Optimal result

Integrand size = 53, antiderivative size = 410

abB — a?C + b’Bz + b*Cx? dp — 2b2°C/c + dzv/e + fz/g+ hx
Ve +dzi/e+ fzy/g+ hx 3dfh

20%\/=de F o] (3Bdfh — 2C(dfg + deh + cfh)) | “E12) /g ha B (arcsin (s ) | ol )
d(g+hx
3d2 f3/2h2 /e + fx\/ Aty

2v/—de + cf (3abBdfh? — 3aCdfh? — b*(3Bdf gh — C(ch(fg — eh) + dg(2fg + eh)))) |/ AL | /4o
3d2f3/2h2\/e + fz+/g + hx

+

+

output | 2/3xb~2+Cx (d*x+c) ~(1/2) * (fxx+e) ~(1/2) * (h*x+g) ~(1/2) /d/£/h+2/3*b~2% (3*B*d*£f
*h-2xC* (c*xfxh+d*xexh+d*f*xg) ) *E11ipticE(£f~ (1/2)*(d*x+c) ~(1/2) /(c*xf-d*e) ~(1/2
), ((-cxf+d*e)*h/f/(-c*h+d*g) ) ~(1/2)) * (c*f-d*e) ~(1/2) * (d* (f*xx+e) / (-cxf+d*e)
)~ (1/2) % (h*x+g) ~(1/2) /d~2/£7(3/2) /h~2/ (f*x+e) = (1/2) / (d* (h*x+g) / (-c*h+d*g) )
~(1/2)+2/3* (3*xa*xb*B*d*f*xh~2-3*%a~2*Ckd*f*h~2-b~2% (3*B*d*f *g*h—C* (cxh* (-e*h+
fxg) +dxg* (exh+2*f*g)) ) ) *E1lipticF (£~ (1/2) * (d*x+c) ~(1/2)/ (cxf-d*e)~(1/2), ((
—cxf+d*e)*h/f/(-cxh+d*g)) ~(1/2))*(cxf-d*e) ~(1/2) * (d* (f*x+e) / (—cxf+dx*e)) ~(1
/2) *(d* (h*x+g) / (-c*h+d*g) ) ~(1/2) /d"2/£~(3/2) /h~2/ (f*x+e) " (1/2) / (h*x+g) ~(1/
2)

abB—a?2C+b2Bx+b2Cx?
3.17. f Vetdzy/e+ fx/g+hx dx
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3.17.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 25.00 (sec) , antiderivative size = 442, normalized size of antiderivative = 1.08

abB — a?C + b*Bzx + b*Cx?
Ve+dzye+ fx\/g+ hx

Vet dz | 2PCE fhie + fo)(g + ha) + LLEEI2CWotdehte/M)(etfe)othe) | 9p2, /¢ + & fh(3Bdf

input Integrate[(a*b*B - a”~2+%C + b~2*B*x + b~2*C*x~2)/(Sqrt[c + d*x]*Sqrtle + f*
x]*Sqrt [g + h*x]),x]

output | (Sqrtlc + d*x]*(2*%b~2*C*d~2*f*h*(e + f*x)*(g + h*x) + (2%b~2%d~2*(3*Bxd*f*
h - 2xCx(d*fxg + d*exh + cxfxh))*(e + f*x)*(g + h*x))/(c + d*x) + (2*%I)*b~
2xSqrt[-c + (d*e)/f]l*f*h*(3*Bxd*xfxh - 2xCx(d*f*g + d*exh + c*fxh))*Sqrtlc

+ d*x]*Sqrt[(dx(e + £*x))/(f*(c + d*x))]I*Sqrt[(d*(g + hx*x))/(h*(c + d*x))]
*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*fxg - cxf*h)/(d
xexh - cxfxh)] + ((2%I)*d*h*(3*axb*Bxd*f~2%h - 3%a~2*C*d*f~2+h + b~2%(-3*B
xdkexfxh + cxCxf*(-(f*g) + exh) + Cxdxex(fxg + 2%exh)))*Sqrt[c + d*x]*Sqrt
[(ax(e + £*x))/(£x(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[
IxArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*f*g - cxf*h)/(d*e*h - c*f=*
h)1)/Sqrt[-c + (d*e)/£f]1))/(3*xd"3*f"2xh~2*Sqrt[e + f*x]*Sqrt[g + h*x])

3.17.3 Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 420, normalized size of antiderivative = 1.02,
number of steps used = 8, number of rules used = 8, Bumber of rules _ 157 Ryles used

integrand size
= {2118, 27, 176, 124, 123, 131, 131, 130}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a?(—C) + abB + b?Bz + b*Cxz?
Ve+dzye+ fryg+ hx
l 2118

abB—a?2C+b2Bx+b2Cx?
3.17. f Vetdzy/e+ fx/g+hx dx
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9 f d(—3Cdfha?+3bBdfha—b2C (deg+cfg+ceh)+b?(3Bdf h—2C (df g+deh+cfh))z)
2v/c+dz+/e+ fr\/g+hz
3d2fh
202CVc + dxv/e + fz\/g + hz
3dfh

l27

f —3Cdfha?+3bBdf ha—b2C(deg+cf g+ceh)+b%(3Bdfh—2C (df g+deh+cfh))x da
Vetdzy/e+fx/g+hx

dx

+

3dfh +
202CVc + dxv/e + fz\/g + hx
3dfh
l 176
(—3a2Cdfh?+3abBdfh?— (b2(3Bdf gh—cCh( fg;eh)—Cdg(eh-l-Q o)) [ mm N b2(3Bdfh—20(cfh+deh;—dfg)) | 7 Vdg;:hr
3dfh
202CVc + dxv/e ¥ fz\/g + hx
3dfh
l 124

b2\/g+ha ) Lets jf) (3Bdfh—2C(cfh+deh

(—3a2Cdfh%+3abBdfh?— (b2 (3Bdf gh—cCh(fg—eh)—Cdg(eh+2fg))))

f 1 dx
Vetdzy/e+fz/g+he +

h hv/e+ a4
3dfh
202CVc + dxv/e + fz\/g + hx
3dfh
l 123

(—3a2Cdfh?+3abBdfh? — (b2 (3Bdf gh—cCh(fg—eh)~Cdg(eh+2£9)))) | Tormmomrermrm ™ N 2b%/gFhay/cf—de\ LeE2) (3Bdfh—2C(

R dvFh/e
3dfh
202CVc + dxv/e + fz\/g + hx
3dfh
l 131
dle+12) (_342Cdfh2+3abBdfh2— (b2 (3Bdf gh—cCh(fg—eh)—Cdg(eh+2 L d
derep” (—3a®Cdfh®+3abBdfh®— (b*(3Bdf gh—cCh(fg—eh)—Cdg( +fg>)))f\/m\/dedfcf+dffif\/m = NN N
hv/e+fz +
3dfh
202CVc + dxv/e ¥ fz\/g + hz
3dfh
abB—a’C+b%Bz+b2Cz?
3.17. f Vetdz/e+ fry/g+hz dx
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l 131

\J detfa) | Jdlathe) (_3,20arh2 4 3abBdfh?— (b2(3Bdf gh—cCh(fg—eh)—Cdg(eh+2 L d
et V= (AU ARBAT (FABGgh-oOM Foen - Caa(enafol)) ] 'C’Ldm\/ded—ecf’Ldgfif\/dgd—gcﬁdgﬁih x+27b2
hv/e+ fr\/g+hx
3dfh
202Cvc+ dzv/e + fz\/g + hx
3dfh
| 130

d(e+ d(g+h s . Vctdx de— h
2v/cf—de,/ ((;fﬁjf), / % EllipticF (a,rcsm( \/fcf—tie ) , }(zgf?h) ) (—3a2Cdfh%+3abBdfh?— (b2 (3Bdf gh—cCh(fg—eh)—Cdg(eh+2fg))))
dv/fhve+fr\/g+hz

3dfh

202CVc + dxv/e ¥ fz\/g + hx
3dfh

input Int[(a*b*B - a~2*C + b~2*B*x + b~2*C*x~2)/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqr
t[g + h*xx]),x]

output | (2xb~2*%C*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*d*f*h) + ((2%xb~2%Sq
rt[-(d*e) + c*f]*(3*xBkd*f*h - 2*Ck(d*f*g + dxexh + c*fxh))*Sqrt[(dx(e + fx*
x))/(d*e - cxf)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sq
rt[-(d*e) + cxf]], ((d*e - cxf)*h)/(fx(d*g - c*h))])/(d*Sqrt [f]*h*Sqrt[e +
fxx]*Sqrt [(d*(g + h*x))/(d*g - c*h)]) + (2*Sqrt[-(d*e) + c*f]*(3*axb*Bxd*
f¥h™2 - 3*a”"2+Cxd*f*h~2 - b~2x(3*xBxd*f*gxh - c*Cxh*(f*g - exh) - Ckxd*g* (2%
fxg + e*h)))*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h
)JI1*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]], ((d*e - c
*f)xh)/(£*(d*g - cxh))])/(d*Sqrt [f]1*h*Sqrt[e + f*x]*Sqrtlg + hxx]))/(3xd*f
*h)

abB—a?2C+b2Bx+b2Cx?
3.17. f Vetdzy/e+ fx/g+hx dx



rule 27

rule 123

rule 124

rule 130

rule 131

rule 176
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3.17.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sartl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/p)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - axd)/d, 2]], £*x((bxc - a*d)/(d*x(bxe - a*f)))], x] /; FreeQl[{a,

b, ¢, d, e, £}, x] && GtQ[b/(b*xc - a*xd), 0] && GtQ[b/(b*xe - axf), 0] && !IL
tQ[-(b*c - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*d
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 01)

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(b*c - axd))]/(Sqrtlc + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))])) Int[Sqrt[bx(e/(b*e - a*xf)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bkdx(x/(b*c - a*xd))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !(GtQ[b/(b*c - a*d), 0] && Gt
Q[b/(b*e - axf), 0]) && !'LtQ[-(b*c - ax*d)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e ) + (f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(b*e - ax*f)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], f*((bxc - a*xd)/(d*(bxe -
axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*c - a*xd), 0] && GtQ
[b/(b*e - a*xf), 0] && SimplerQ[a + b*x, c + d*x] &% SimplerQ[a + b*x, e + f

*xx] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - axf)/f])

Int[1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
DD, x_1 > Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + bkxd*(x/(bxc - a*d))]*Sqrtle + f*x]), x
1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Simpler
Qla + b*x, c + d*x] && SimplerQ[a + b*xx, e + f*x]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f 1Int[Sqrtl[e + f*x]/(Sqrt[a + bx*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtlc
+ d*x]*Sqrt[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*xx]

abB—a?2C+b2Bx+b2Cx?
3.17. f Vetdzy/e+ fx/g+hx dx




rule 2118

)
input ‘ int ((C*b~2%x~2+B*b~2*x+B*axb-C*a~2) / (d*x+c) ~(1/2) / (£*x+e) ~(1/2) / (h*xx+g) ~ (1 ‘
/2) ,x,method=_RETURNVERBOSE)
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Int [(Px_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£
_I)x(x ))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simpl[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*((e + f*x)"(p +
1)/(d*f*b"(q - 1)*(m + n + p + q + 1))), x] + Simp[1/(d*f*b"q*(m + n + p +
Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~g*(m +
n+p+q+ 1)*xPx — dxf*kx(m + n + p + q + 1)*(a + b*x)"q + kx(a + b*x)"(q
- 2)*x(a"2xd*f*(m + n + p + q + 1) - b*(b*cxex(m + q - 1) + ax(d*ex(n + 1) +
cxfx(p + 1))) + b*(axd*f*(2*(m + q) + n + p) - b*(d*ex(m + q + n) + c*f*(m
+q+ p)))*x), x], x1, x] /; NeQIm + n + p + q + 1, 0]] /; FreeQl[{a, b, c,

q+ 1))

d, e, £, m, n, p}, x] & PolyQ[Px, x]

3.17.4

Maple [A] (verified)

Time = 2.34 (sec) , antiderivative size = 637, normalized size of antiderivative = 1.55

method | result
2 (abB—Caz_ 20 (%ceh*‘f%cfg'*'%deg) ) (£-
2 3 ) ) ) 3dfh h
\/(dw+c) (fx+e) (hw+g) 2Cb \/dfh z2+cfh xz“+deh msc-l;(}ilfg z4+cehx+cfgr+degx+ceg +
Vdfh o3+cfho?+deha
elliptic
default | Expression too large to display

3.17.

_ .2 2 21,2
abB—a*C+b“Bz+b“Czx dz

Vetdzy/e+fx/g+hx



output

input
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((d*x+c)* (fxx+e) * (h*x+g) ) ~(1/2) / (d*x+c)~(1/2) / (£*x+e) ~(1/2) / (hxx+g) ~(1/2) *
(2/3*%C*b~2/d/f /hx (d*fxh*x~3+cxf*xh*x~2+d*e*h*x ™ 2+d*f*gkx~2+ckexhxx+ckf*grx+
dxexg*x+cxexg) ~(1/2)+2* (axb*B-C*a~2-2/3*%C*b~2/d/f/h* (1/2*cxe*xh+1/2xc*xf*g+1
/2xd*ex*g) ) *(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) /(-g/h+c/d) )~ (1/2)*
((x+e/f)/(-g/h+e/£)) ~(1/2) / (d*f*h*x~3+c*kf*h*x~2+d*exh*x~2+d*f*gxx~2+ckexh*
x+ckf*xgrx+d*exgrx+cxe*xg) ~(1/2)*EllipticF (((x+g/h)/(g/h-e/£))~(1/2),((-g/h+
e/£)/(-g/h+c/d))~(1/2))+2* (B¥b~2-2/3*Cxb~2/d/f/h* (ckf*h+d*exh+d*f*g) ) *(g/h
-e/f)*((x+g/h)/(g/h-e/£))~(1/2) *((x+c/d) /(-g/h+c/d)) = (1/2) *((x+e/f) / (-g/h+
e/£)) "~ (1/2) / (a*f*h*x~3+cxf*h*x~2+d*exh*x~2+d*f*gxx~2+ckxexhxx+ckf*gkx+d*exg
*x+cxexg) ~(1/2) *((-g/h+c/d) *E1lipticE(((x+g/h) /(g/h-e/£))~(1/2), ((-g/h+e/f
)/ (-g/h+c/d))~(1/2))-c/d*EllipticF (((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/£)/(
-g/h+c/d))~(1/2))))

3.17.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.12 (sec) , antiderivative size = 859, normalized size of antiderivative = 2.10

abB — a?®C + b*Bz + b*Cx?
Ve+dzye+ fx/g+ hx
2 (3 Vdz + c/fx + ev/hx + gCh?d? f2h? + (2 CV2d? f2g* + (Chd?ef + (Cb*cd — 3 Bb*d?) f*)gh + (2 Ct

e B

integrate ((Ckb~2%x~2+B*b~2*x+B*a*b-C*a~2) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x
‘+g)‘(1/2),x, algorithm="fricas") ‘

abB—a?2C+b2Bx+b2Cx?
3.17. f Vetdzy/e+ fx/g+hx dx




output

input

output
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2/9%(3*sqrt (d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)*Cxb~2xd"2*f"2xh~2 + (2*Cx
b 2*d"2*f"2%g"2 + (Cxb~2*%d"2xexf + (C*b~2xc*xd - 3*Bxb~2*d~2)*f~2)*gxh + (2
*C*xb~2%d"2%e"2 + (C*b~2*c*d - 3*B*b~2*d"2)*exf + (2%C*b~2%c~2 - 3*B*xb~2%c*
d - 9%(C*a~2 - B¥axb)*d~2)*f~2)*h~2)*sqrt (d*f*h)*weierstrassPInverse (4/3*(
d~2%f"2%g~2 - (d"2%exf + ckd*f~2)*gxh + (d"2%e”2 - ckd*exf + c"2*xf72)*h~2)
/(d"2%£72%h"~2), -4/27*(2%xd"3*%f"3%g~3 - 3*(d"3*exf"2 + cxd"2+%f"3)*g"2xh - 3
*(d"3xe"2*%f - 4xckd"2xexf"2 + cT2*d*f73)*gxh~2 + (2%d"3*e”3 - 3kckxd"2%e 2%
f - 3%c"2xd*e*f~2 + 2%c”"3*f73)*h"3)/(d"3*%£73*h"3), 1/3*%(3*kd*fxh*x + d*fxg
+ (dxe + c*f)*h)/(d*f*xh)) + 3*x(2+Cxb~2*d"2+f " 2xg*h + (2*Cxb~2xd"2*e*f + (2
*C*b~2%cxd — 3*%Bxb~2xd"2) *£72) *xh~2) *sqrt (d*f*h) *weierstrassZeta(4/3*(d"2*f
“2xg™2 - (d"2xexf + c*xd*f"2)xgxh + (d72*%e”2 - cxdxexf + c”2*xf72)*h"2)/(d"2
*£72+%h"2), -4/27x(2*d"3*£"3*%g"3 - 3*%(d"3*exf~2 + cxd"2+f"3)*g"2xh - 3*%(d"3
xe"2xf - 4*cxd"2kexf"2 + c”2*%d*f"3)*gxh"2 + (2%d"3%e”3 - 3*ckd"2*e"2*xf - 3
*c"2xdxexf~2 + 2xc"3*%f"3)*h"3)/(d"3*f~3*xh"3), weierstrassPInverse(4/3*(d"2
*f"2%g”"2 - (d72%e*f + cxd*f~2)*gkh + (d"2%e”2 - cxd*exf + c”2*%f72)*h~2)/(d
“2%f72%h"2), -4/27*(2%d"3*%f"3*%g~3 - 3*(d"3*exf"2 + cxd"2*f"3)*g"2xh - 3*(d
“3%e”2%f - 4*ckd"2xe*f"2 + c”2*%d*f73)*gxh”2 + (2%d"3*e”3 - 3xcxd"2*e"2xf -
3xc"2*d*kexf"2 + 2xc”3*%f7"3)*h"3)/(d"3*f£"3x¥h"3), 1/3*(3xd*f*h*x + d*f*xg + (
d*e + c*f)*h)/(d*fxh))))/(d"3*£~3xh~3)

N\

3.17.6 Sympy [F]

abB — a*C + b*Bzx + b*Cz? d — / (a + bx) (Bb — Ca + Cbx) o
Ve +dz/e+ fz/g+ hx Ve +dzye+ fry/g+ hx

integrate ((Cxb**2%x**2+Bxb**2*xx+B*axb-Cxa**2) / (d*x+c) ** (1/2) / (fxx+e) ** (1/2
)/ (h*x+g) **(1/2) ,x)

Integral((a + b*x)*(Bxb - Cxa + Cxb*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g
+ h*x)), x)

abB—a?2C+b2Bx+b2Cx?
3.17. ‘[ Vetdzy/e+ fx/g+hx dx




CHAPTER 3. LISTING OF INTEGRALS

3.17.7 Maxima [F]

abB — a®C + b’Bz + b2Cx? p Cb%z2 + Bb?’x — Ca® + Bab .

Ve+dzye+ fx/g+ hx e Vdr +cv/fr+evhr +g

input | integrate ((Cxb~2*x~2+Bxb~2*x+B*axb-C*a~2) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x
+g)~(1/2) ,x, algorithm="maxima")

output | integrate ((Cxb~2%x~2 + B*b~2*x - C*a”~2 + B*a*b)/(sqrt(d*x + c)*sqrt(fxx +
e)*sqrt(h*x + g)), x)

3.17.8 Giac [F|

abB — a?’C + b*Bzx + b*Cx? p Cb%z? + Bb’x — Ca® + Bab .

Ve+dzye+ fx/g+ hx e Vdr +cv/fr+evhz +g

input | integrate ((Cxb~2*x~2+Bxb~2*x+B*axb-C*a~2) / (d*x+c) ~(1/2) / (f*x+e) " (1/2) / (h*x
+g)~(1/2) ,x, algorithm="giac")

output | integrate((C*b~2*x~2 + B*b~2*%x — C*a”2 + B*a*b)/(sqrt(d*x + c)*sqrt(f*x +
e)*sqrt(h*x + g)), x)

3.17.9 Mupad [F(-1)]

Timed out.
abB — a®C + b®’Bz + b>Cx?

dxr = Hanged
Ve+dzye+ fx/g+ hx

input‘ int ((C*xb~2*x~2 - C*a~2 + Bxaxb + B*xb~2x*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)
*(c + a*x)~(1/2)),%)

output‘\text{Hanged}

abB—a?2C+b2Bx+b2Cx?
3.17. f Vetdzy/e+ fx/g+hx dx
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3.18 f abB—a?C+b?Bx+b*Ca? dr
) (a+bx)Vct+dz/e+ fr\/g+hx

3.18.1 Optimal result . . . . . . . . . .. . .. 188]
3.18.2 Mathematica [C] (verified) . . . . . . . . ... ... 189
3.18.3 Rubi [A] (verified) . . . . . ... .. 189
3.18.4 Maple [A] (verified) . . . ... ... ... 1921
3.18.5 Fricas [C] (verification not implemented) . . . . . . . ... ... ... .... 193
3.18.6 Sympy [F] . . . . . 193
3.18.7 Maxima [F] . . . . . . . 194
3.18.8 Giac [F] . . . . . o o 194
3.18.9 Mupad [F(-1)] . . . . o o o 194

3.18.1 Optimal result

Integrand size = 60, antiderivative size = 291

abB — a*C + b*Bz + b*Cz?
(a + bzx)vc+dzv/e + fr\/g+ hx v
2Cy/=de F of | S /g T ha (arcsin ((YI4EL ) |Geoellh )
. dVTh/e T Tz [t
2y/—de + cf(bCg — bBh + aCh) \/ d((;:ﬁ ;”) \/ d((j;f’i,f) EllipticF (arcsin (ﬁ@) (de—cf )h>

v—detcf ) 7 f(dg—ch)
dv/fhv/e + fx\/g + hx

output | 2%b*C+E11lipticE(£~(1/2)*(d*x+c)~(1/2)/(c*xf-d*e)~(1/2), ((-c*f+d*e)*h/f/(-c*
h+d*g)) ~(1/2) ) *(c*f-d*e) ~ (1/2) * (d* (f*xx+e) / (—-c*f+d*e) )~ (1/2) * (h*x+g) ~(1/2)/
d/h/£7(1/2)/ (f*x+e) = (1/2) / (d* (h*x+g) / (-c*h+d*g) ) = (1/2) -2* (-B*b*h+C*a*h+C*b
*xg) *E1lipticF (£~ (1/2)* (d*x+c)~(1/2)/(cxf-d*e)~(1/2), ((-c*f+d*e)*h/f/(-c*xh+
d*xg) )~ (1/2) ) *(c*f-dxe) ~(1/2) * (d* (fxx+e) / (—cxf+d*e)) ~(1/2) *(d* (h*x+g) / (-c*h
+d*g) )~ (1/2)/d/h/£7(1/2) / (£xx+e) "~ (1/2) / (h*x+g) ~(1/2)

abB—a?C+b?Bx+b>Cx?
3.18 f (a+bz)vctdz/e+fz/g+hx dx
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3.18.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 21.10 (sec) , antiderivative size = 326, normalized size of antiderivative = 1.12

abB — a®>C + b®*Bz + b*Cx? .
(a + bx)vVc+ dz/e + fr\/g+ hx

[ de
2 (bod% [—c+ %(e+ fz)(g + hx) + ibC(de — cf)h(c+ dx)3/2\/ R SN E (iarcsinh( c;; )

d2,/—c+ & fhvc

input Integrate[(a*b*B - a~2*C + b~"2xB*x + b"2xC*x~2)/((a + b*x)*Sqrt[c + d*x]*S
grtle + fxx]*Sqrtlg + hx*x]),x]

output | (2% (b*C*d~2*Sqrt[-c + (d*e)/fl*(e + f*x)*(g + h*x) + I*bxCk(d*e - c*f)*hx(
c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/(f*(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c
+ dx*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - c
*f*h)/(d*exh - c*fxh)] - I*d*(b*xCxe - b*Bxf + axC*f)*hx(c + d*x)~(3/2)*Sqr
t[(d*(e + £*x))/(fx(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*x(c + d*x))]*EllipticF
[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (dxfxg - ckxfxh)/(d*exh - c*f
x*h)]))/(d"2xSqrt[-c + (d*e)/fl*f*h*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + hx
x])

3.18.3 Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 291, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 7, Lumber of rules _ ( 117 Ryles used

integrand size
= {2004, 176, 124, 123, 131, 131, 130}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a?(—C) + abB + b*Bz + b*Cxz? .
(a + bx)vc+ dzv/e + fx\/g+ hx

l 2004
abB;azC + bCx p
i
Ve+dzye+ fry/g+ hx
J'176

abB—a?C+b?Bx+b>Cx?
3.18 f (a+bz)vctdz/e+fz/g+hx dx
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bC f Vg+thz dzx (aCh — bBh + ng) f \/c+dz\/6']|-fz\/g+hz dz

Vetdevetfz ™
h h
| 124
dg + dhx
bC + h d(€+f$) dg—ch ' dg—ch d.’l:
vy X \/ “de—cf f m\/ded—ecf-i-dediizf (aC’h — bBh + bC’g) f \/c—i—da:\/e—}-fx\/g-i—hwdx
h/e ¥ fz,/ %t h

l 123
d(e+fx) : VIVetdz | | (de—cf)h
2C g+ hay/ef — dey) S F (arcsin (VYL ) | et )
VL ENE T
1
(aCh —bBh +bCy) [ e de /et o vatha 0%

h
l 131
d(e+fx . vet+dz de—cf)h
2bC+/g + hx+/cf — de %E(arcsm (\/jcfj:ie ) |§"(dg—131)>

dy/Thy/eF Fa,/ 2t

d
det2) (aCh — bBh +bCy) [ NN f1+ &z f\/mdw
de—c de—c
hve+ fx

l 131
2bC'v/g + hx+/cf — de,/ %@E(arcsin (V\ng‘:‘?) |%Z;E{;X;>

dy/Thy/e+ fz\/ 4o

\/ de—cf dg—ch (a +bCq) | m\/deﬁf"‘dfﬁf Tl gihe ’
hv/e + fx\/g+ hz
l 130
2bC'+\/g + hx/cf — de %E (arcsin (‘/fcvfc_gi“) |5,‘f3;f’; 3_3)

dvFh/et oy G
2/ef = de/ %) | [ 4 (aCh — bBh + bCy) BllipticF (arcsin (VI ), emell)
dv/fhv/e+ fz\/g+ hx

p
input\ Int[(a*b*B - a"2*C + b"2*Bxx + b~2xCxx"2)/((a + b*x)*Sqrt[c + d*x]*Sqrtl[e
‘+ f*x]*Sqrt[g + h*x]),x]

abB—a?C+b2Bx+b2Cx?
3.18 f (a+bz)vctdz/e+fz/g+hx dx




output

rule 123

rule 124

rule 130

rule 131
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(2*%bxC*xSqrt [-(d*e) + c*f]*Sqrt[(dx(e + fxx))/(d*e - cxf)]*Sqrtlg + h*x]*El
lipticE[ArcSin[(Sqrt [f1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*£f]], ((dxe - c*f)*h
)/ (£x(d*g - c*h))])/(d*Sqrt [£]*h*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - c
xh)]) - (2+#Sqrt[-(d*e) + cxf]*(b*Cxg — bxB*h + axC+h)*Sqrt[(d*(e + f*x))/(
dxe - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt
[c + d*x])/Sqrt[-(dxe) + cx*f]], ((d*e - c*xf)*h)/(f*(d*g - c*h))])/(d*Sqrt[
fl*h*Sqrt[e + f*x]*Sqrt[g + h*x])

3.18.3.1 Defintions of rubi rules used

Int[Sqrtl[(e_.) + (£_.)*(x_)]1/(Sartl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_
1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - a*xd)/d, 2]], £*x((bxc - a*d)/(d*x(bxe - a*f)))], x] /; FreeQ[{a,

b, ¢, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - axf), 0] && !L
tQ[-(b*c - a*d)/d, 0] && !(SimplerQlc + d*x, a + b*x] && GtQ[-d/(b*c - a*d
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[bx((c + d*x)/(bxc - axd))]/(Sqrtl[c + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(b*e - a*f)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + bxx]*Sqrt[bx(c/(bxc - a*d)) + bxd*(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0] && Gt
Q[b/(bxe - a*xf), 0]) && !LtQ[-(bxc - a*d)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrt[(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_]1 :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(b*e - a*f)/b]))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrtl[(bxc - a*d)/bl)], f*((bxc - a*xd)/(d*(bxe -
axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - a*xd), 0] && GtQ
[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + £
*x] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - axf)/f])

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)Ix*Sqrtl(e_) + (f_.)*(x
1), x_1 :> Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*x(c/(b*c - a*d)) + b*d*(x/(bxc - axd))]*Sqrtle + f*x]), x
1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Simpler
Qla + b*x, c + d*x] && SimplerQ[a + bxx, e + f*x]

abB—a?C+b2Bx+b2Cx?
3.18 f (a+bz)vctdz/e+fz/g+hx dzx




rule 176

rule 2004

input

output
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Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtl[a + b*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtl(c
+ d*x]*Sqrt[e + f*x]1), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Int[(u_)*((d_) + (e_.)*(x_))"(q_.)*x((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.)
, x_Symbol] :> Int[ux(d + exx)~(p + q)*(a/d + (c/e)*x)"p, x] /; FreeQ[{a, b

, €, d, e, q}, x] && EqQ[c*d~2 - bxdxe + a*e~2, 0] && IntegerQ[p]

3.18.4 Maple [A] (verified)

Time = 2.34 (sec) , antiderivative size = 506, normalized size of antiderivative = 1.74

method | result

N
o[+

205( 4

€ _9 h

2(Bb—Ca)(#£-%) san N us BN s Y (s ht
PIINE-FN RN R F N AT

V/(da—+c)(fo+e) (ha+g) +

V/dfh o3 -+cfh o2 +deh a2 +df g 22 +ceha-tcf go+degatceg

elliptic

Vdz+c+/frt+e/hz+g
hz+g) f h—fg)d (hz+g)f [(eh—fg)d (hz+g)f [(eh—fg)d
tetany | 2 (VR TR Joser - (/=R 2y Jsan—or (=S el )terror
erau -

int ((Cxb~2*x~2+B*xb~2*x+B*axb-C*xa~2) / (bxx+a) / (d*x+c) ~(1/2) / (fxx+e)~(1/2)/(h
*x+g) " (1/2) ,x,method=_RETURNVERBOSE)

((d*x+c)* (fxx+e) * (hxx+g) ) ~(1/2) / (d*x+c) " (1/2) / (fxx+e) " (1/2) / (h*x+g) = (1/2) *
(2% (Bxb-C*a) *(g/h-e/f) * ((x+g/h) / (g/h-e/£))~(1/2) * ((x+c/d) / (-g/h+c/d) )~ (1/2
)*((x+e/f)/(-g/h+e/£)) " (1/2) / (d*f*h*x~3+c*f*h*x~2+d*e*h*x™2+d*f*g*kx~2+c*ex*
h*x+crErgrx+drexgrx+crerg) ~ (1/2)*E11ipticF (((x+g/h)/(g/h-e/£))~(1/2), ((-g/
h+e/f)/(-g/h+c/d))~(1/2))+2*Cxb* (g/h-e/£) * ((x+g/h) / (g/h-e/£)) " (1/2) * ((x+c/
d)/(-g/h+c/d))~(1/2)*((x+e/f) / (~g/h+e/f)) ~(1/2) / (d*f*h*x~3+c*f*h*x~2+d*e*xh
*x " 2+d*fxgxx " 2+ckexhkx+ckfxgrx+drexgrx+crexg) ~ (1/2) *((-g/h+c/d)*E1lipticE(
((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*E1llipticF (((x
+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(1/2))))

abB—a?C+b?Bx+b>Cx?
3.18 f (a+bz)vctdz/e+fz/g+hx dx
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3.18.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.13 (sec) , antiderivative size = 682, normalized size of antiderivative = 2.34

abB — a®>C + b®*Bz + b*Cx?
(a + bx)vVc+ dz/e + fr\/g+ hx

2 £2.2_ (42 2 2,2 _ 2 £2\p2 3 £33 _ 3o 2 2 £3) 021 ¢
9 <3 \/df_thdfhweierstrassZeta<4(d f (d ef+cd];32g}z;;l(2d e?—cdef+c*f?)h ),_4(2d 3933 (dBef2+cd®f3)g*h—

input | integrate ((Cxb~2%x~2+B*b~2*x+B*axb-C*a~2) / (b*x+a) / (d*x+c) ~(1/2) / (fxx+e)~ (1
/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

output | -2/3%(3*sqrt (d*fxh) *C*b*d*f*h*weierstrassZeta(4/3*(d"2*f"2xg™2 - (d~2xex*f
+ cxd*f~2)*gxh + (d"2*%e"2 - cxdkexf + c”2*f~2)xh~2)/(d"2*f"2%h"2), -4/27*(
2xd"3*f"3*%g"3 - 3k (d"3kexf"2 + cxd"2+f73)*g"2xh - 3% (d"3*%e"2xf - 4kcxd"2+e
*£72 + cT2%d*f"3)*g*h~2 + (2+%d"3%e”3 - 3kckd"2%e”"2xf - 3kcT2xdxe*f”"2 + 2%c
~3x£73)*h~3)/(d"3*f"3*%h"3), weierstrassPInverse(4/3*(d"2*f"2%g"2 - (d"2%ex
f + cxd*f72)*gxh + (d"2*%e”2 - c*d*exf + c”2*xf72)*h~2)/(d"2*xf"2*h~2), -4/27
*(2xd"3*%f"3*%g~3 - 3*%(d"3*exf"2 + cxd"2*f"3)*g"2xh - 3*(d"3*e"2xf - 4xcxd"2
xexf~2 + cT2xd*f"3)*g*h~2 + (2%d"3%e”3 - 3*c*d"2%e”2*f - 3kc"2*d*e*f"2 + 2
*c"3*%f73)*h"3)/(d"3*£"3x¥h~3), 1/3*(3xd*f*h*x + d*f*g + (d*e + c*f)*h)/(dxf
*h))) + (Cxb*xdxf*g + (Cxb*dxe + (Cxbk*c + 3*(C*a - B+¥b)*d)*f)xh)*sqrt (d*f*h
)xweierstrassPInverse(4/3*(d"2*f"2%xg~2 - (d"2*e*f + cxd*f~2)*g*h + (d"2xe”
2 - cxdxexf + c”2x£72)*h"~2)/(d"2*£72%h"2), -4/27*(2*d"3*f"3*g~3 - 3x(d"3*e
*£72 + cxd"2+f73)*g"2xh - 3% (d"3*%e"2+f - 4xcxd"2*%exf"2 + c"2xd*f"3)*g*h~2
+ (2%d"3%e”3 - 3*c*kd"2xe"2%f - 3xc"2*d*exf"2 + 2xc~3%f~3)*h~3)/(d"3*f"3*h"
3), 1/3*%(3*d*xf*h*x + d*f*xg + (d*xe + c*f)#*h)/(d*fx*h)))/(d"2*£~2%h"2)

3.18.6 Sympy [F]

/ abB — a’C + b*Bz + b*Cz? i — Bb— Ca+ Cbx
(a + bx)vc+ dz/e + fr\/g+ hx Ve +dzye+ fx/g+ hx

input‘integrate((C*b**2*x**2+B*b**2*X+B*a*b-C*a**2)/(b*x+a)/(d*x+c)**(1/2)/(f*x+
@) xk(1/2)/ (hkx+g) **(1/2) ,%) |

abB—a?C+b2Bx+b2Cx?
3.18 f (a+bz)vctdz/e+fz/g+hx dzx
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output‘Integral((B*b - Cxa + Cxbxx)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)),
"

3.18.7 Maxima [F]

/ abB — a?’C + b*Bz + b*Cx? i — Cb?z? 4+ Bb?’z — Ca?® + Bab .
(a + bx)vc+ dz/e + fr\/g+ hx (bx + a)Vdz + c/fr+evhz + g

input | integrate ((Cxb~2%x~2+B*b~2*x+B*axb-C*a~2) / (b*x+a) /(d*x+c) ~(1/2) / (fxx+e)~ (1
/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

output integrate((Cxb~2*x~2 + B*b~2#x - C*a~2 + B*a*b)/((b*x + a)*sqrt(d*x + c)*s
qrt(f*x + e)*sqrt(h*x + g)), x)

3.18.8 Giac [F]

/ abB — a?’C + b*Bzx + b*Cx? gy — / Cbh?z? 4+ Bb?’z — Ca® + Bab .
(a + bx)vc+ dz/e + fr\/g+ hx (bx + a)Vdz + c/fr+ev/hz + g

input | integrate ((Cxb~2%x~2+Bxb~2*x+B*axb-C*a~2) / (b*x+a) /(d*x+c) ~(1/2) / (fxx+e)~ (1
/2) / (h*x+g)~(1/2) ,x, algorithm="giac")

output | integrate((Cxb~2+x~2 + B*b~2#x - C*a~2 + Bxa*b)/((b*x + a)*sqrt(d*x + c)*s
qrt(f*x + e)*sqrt(h*x + g)), x)

3.18.9 Mupad [F(-1)]

Timed out.
abB — a®C + b®’Bz + b>Cx?

(a + bx)vc+ dz\/e + fr\/g+ hx

dx = Hanged

input} int ((C*b~2*x~2 - C*a~2 + Bkaxb + Bxb~2+x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)
L*(a + bxx)*(c + d*x)~(1/2)),%)

output L\text{Hanged}

abB—a?C+b?Bx+b>Cx?
3.18 f (a+bz)vctdz/e+fz/g+hx dx
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abB—a?C+b? Bz+b*Ca?

3.19 f (a+bx)2v/c+dx\/e+ fz\/g+hz dz

3.19.1 Optimal result . . . . . . . . . ... .. 195
3.19.2 Mathematica [C] (verified) . . . . . . . . ... . L Lo 196!
3.19.3 Rubi [A] (verified) . . . . . ... .. 196
3.19.4 Maple [A] (verified) . . . ... ... ... 2001
3.19.5 Fricas [F(-1)] . . . . . . . oo 200
3.19.6 Sympy [F(-1)] « v v v oo e e 20T
3.19.7 Maxima [F] . . . . . . 20T]
3.19.8 Giac [F] . . . . . o 201]
3.19.9 Mupad [F(-1)] . . . . o o 2021

3.19.1 Optimal result

Integrand size = 60, antiderivative size = 309

abB — a?C + b?Bzx + b*Cz? .
(a + bx)2v/c+ dz/e + fr\/g + hx

20\/—de +cf \/ d{g?’cc J’f) d(g+hz) EllipticF (arcsm (‘\/Z”dzii]f) , ;‘Z;f{: 33)

d\/_\/e + fx\/g + hx

2(bB — 2aC)y/=de F of /42 | /4 BllipticPi (— bde—c/) arcsin (ﬁﬁ) ’ %Zﬂo

(bc — ad)v/fv/e + fx\/g + hx

output | 2%C*E11ipticF (£~ (1/2)*(d*x+c) ~(1/2)/(cxf-d*e) ~(1/2) , ((-cxf+d*e) *h/f/(-cxh+
d*g))~(1/2) ) *(cxf-dxe) ~(1/2) * (d* (f*x+e) / (—cxf+d*e)) ~(1/2) * (d* (h*x+g) / (-c*h
+d*xg))~(1/2)/d/£7(1/2) / (£*x+e) ~(1/2) / (h*x+g) ~(1/2) -2* (B*b-2*C*a) *E11ipticP
i(£7(1/2)*(d*x+c) ~(1/2) / (cxf-d*e) ~(1/2) ,~b* (—c*f+d*e) / (—a*d+b*c) /£, ((—c*xf+
dxe) *h/f/ (-c*h+d*g) ) ~(1/2) ) * (cxf-d*e) ~(1/2) * (d* (f*x+e) / (—cxf+d*e) )~ (1/2) *(
d* (h*x+g) / (—cxh+d*g)) ~(1/2) / (—axd+bxc) /£~ (1/2) / (f*x+e) " (1/2) / (h*x+g) ~(1/2)

abB—a?C+b? Bz +b2Cz?
3.19 f (a+bx)2v/c+dz/e+ fo/g+h de



input

output
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3.19.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 22.06 (sec) , antiderivative size = 249, normalized size of antiderivative = 0.81

abB — a?C + b*Bzx + b*Cz? .
(a + bx)2v/c+ dz/e + fr\/g + hz

/ot de
2ive+ fx,/ i((iigg (— ((bcC — bBd + aCd) EllipticF (iarcsinh( \/c—:(_ixf ) : Z’;Z:i’}’;)) + (=bB + 2aC)
- e d(e+fz)
(~be+ad)\/—c+ %\ /e g+ ho

Integrate[(a*xb*xB - a”2xC + b~2%Bxx + b~2%C*xx~2)/((a + b*x) 2*Sqrt[c + d*x]
*Sqrt[e + f*x]*Sqrtl[g + h*x]),x]

((2xI)*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*(-((b*xc*C - b*Bxd +
a*C*d)*E1llipticF [I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxf*g - c*
f*h)/(d*exh - cxfxh)]) + (-(b*B) + 2xa*C)*d*EllipticPi[-((bxc*f - a*xdxf)/(
bxd*e - bxcxf)), I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxf*g - cxf
*h) /(d*e*h - c*fxh)]))/((-(b*c) + axd)*Sqrt[-c + (d*e)/fl*fxSqrt[(d*(e + f
*x))/ (fx(c + d*x))]*Sqrt[g + h*x])

3.19.3 Rubi [A] (verified)

Time = 0.85 (sec) , antiderivative size = 341, normalized size of antiderivative = 1.10,

number of rules _ 0.167, Rules
integrand size

number of steps used = 11, number of rules used = 10,
used = {2004, 2110, 27, 131, 131, 130, 187, 413, 413, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a?(—C) + abB + b?Bz + b*Cxz? i
(a +bx)%2v/c+ dz/e + fx\/g + hx

l 2004

/ abB;azc’ +bC.’I7 d
x
(a + bx)Ve + dx/e + fx\/g + hx
l 2110

abB—a?C+b? Bz +b2Cz?
3.19 f (a+bx)2v/c+dz/e+ fo/g+h de
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1 dzr + ¢ dz
(a + bx)Vc + dz/e + fx/g + hx Ve +dzy/e+ fxy/g+ hx

l27

(bB — 2aC) /

1 1
bB — 2aC / dx+C dx
( ) (a + bx)Ve + dx/e + fx\/g + hx Ve+dzye+ fx\/g+ hx
l 131
1 et | e [ v
(bB — 2aC) / dz + _derel
(a + bx)v/c+ dzv/e + fx\/g+ hx Ve+ fx
l 131
(bB — 24C) / L do +
(a + bx)vVc+ dx/e + fx/g + hx
C d(e+fz) /[d(g+hz) 1 d
\/ de—cf dg—ch f Vc+dw\/de cf+dij::f dg— ch+d;hih v
ve+ fx\/g+ hx
l 130

1
bB — 2aC / dz +
( ) (a + bx)vc+ dz/e + fx\/g + hx
2C/ef — de\/ d'jrﬁ ;f) d((izt}cl,f) EllipticF (arcsin <‘/7V c+dx> (de—cf )h>

Vef—de ) f(dg—ch)
dvfve+ fxv/g+hx

| 187

d(e+f d(g+h . . Vetd de—cf)h

2C\/ef —de \/ ((ii c;: ((iz_cz) EllipticF (arcsm <\/fc fc_ze”” ) ) ;(Zgic%)) — 9B —
dv/fve + fz\/iq + hz
2aC) / dvec+dx

(b — ad — b(c+ da))Je — & + Le4d2) Jg _ ch . hlctdn

l 413
d(e+ d(g+h o . . Vetdx de—cf)h
2C/cf — de\/ ((12 i;’;' \/ gg_ci) EllipticF (arcsm (‘/jcf_de ) ) ;(ngc)h)) B
dvfve+ fx/g+ hac

f(ctdx)
2(bB — 2a0)\/ Y=oy +1 f(bc ver) \/f(chdz)—i-l\/g TET) dve+dx
f(ct+dz) c
\/ et —of v

l 413

abB—a?C+b? Bz +b2Cz?
3.19 f (a+bx)2v/c+dz/e+ fo/g+h de
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2C/cf —de \/ d((;"'ﬁ}c d((lztﬁ,f) EllipticF (arcsin ( \/jcvfc_gix) , %Z;i ;g)
d\/_\/e + fz\/g+ hz

2(bB — 2aC) f(ctdz) 1\/h(c+dm) 1 dr/ d
( a de—cf + dg—ch (bc—ad—b(c-ﬁ-d(t))\/f(g:ti‘g;)+1\/h(c+dz)+l c+aw

dg—ch
+d. f h(c+d:
\/ f(c+dx) c e \/ (c+dz) ch g

l 412
2Cm d(e+fz) /d(g+hz) EllioticF . VFVetdz\ (de—cf)h
c e de—cf dg—ch 1ptic arcsin Vcf—de ) f(dg—ch)
dvfve+ fx/g + hx
2(bB — 2aC)v/ef = dey/ L) + 1, /MEEE) 4 1 BllipticP (- eoel) arcsin (VY ) | (eselih)

Vf(bc — ad) \/w—%+e\/%—%+g

input Int[(a*b*B - a~2*C + b~2#B*x + b~2%Cxx~2)/((a + b*x)~2*Sqrt[c + d*x]*Sqrt[
e + fxx]*Sqrt[g + h*x]),x]

output | (2xCxSqrt [-(d*e) + cxf]*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[(d*(g + h*x))
/(dxg - cxh)]*EllipticF[ArcSin[(Sqrt[£f]*Sqrt[c + d*x])/Sqrt[-(dxe) + c*f]]
, ((d*e - cxf)*h)/(£x(d*xg - c*h))])/(d*Sqrt[f]1*Sqrt[e + f*x]*Sqrt[g + h*x]
) — (2% (b*B - 2%a*C)*Sqrt[-(d*e) + cxfl*Sqrt[1 + (f*(c + d*x))/(d*e - c*f)
1*#Sqrt[1 + (h*(c + d*x))/(d*g - c*h)]*EllipticPil[-((b*(d*e - c*f))/((b*c -
a*d)*f)), ArcSin[(Sqrt[f]l*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - cxf
)*h)/(£*(d*g - c*h))])/((b*xc - a*d)*Sqrt[f]l*Sqrtle - (cxf)/d + (fx(c + d*x
))/dl*Sqrt[g - (c*h)/d + (h*(c + d*x))/d])

3.19.3.1 Defintions of rubi rules used

rule 27/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 130 Int[1/(Sqrt[(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_ ) + (f_.)*(x
2D1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(bxe - a*f)/b]))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/bl)], £*((b*c - a*d)/(d*(bxe -
axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ
[b/(b*e - axf), 0] && SimplerQ[a + b*x, c + d*x] &% SimplerQ[a + b*x, e + £
*x] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - axf)/f])

abB—a?C+b? Bz +b2Cz?
3.19 f (a+bx)2v/c+dz/e+ fo/g+h de




rule 131

rule 187

rule 412

rule 413

rule 2004

rule 2110
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Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e ) + (f_.)*(x
1), x_]1 :> Simp[Sqrt[bx((c + d*x)/(b*c - a*xd))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*c - axd)) + bxd*(x/(bxc - a*d))]*Sqrtle + f*x]), x
1, x1 /; FreeQ[{a, b, c, d, e, £}, x] && !'GtQ[(bxc - a*d)/b, 0] && Simpler
Qla + b*x, c + d*x] && SimplerQ[a + b*x, e + f*xx]

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)IxSartl(g_.) + (h_.)*(x_)1), x_1 :> Simp[-2 Subst[Int[1/(Simp[b*c - a*d
- b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*(x~2/d), x]]1*Sqrt[Simp[(d*g - c*h)/
d + h*(x~2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQl{a, b, c, d, e, f,
g, h}, x] && !'SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d*x]

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]1), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrtle]*Rt[-d/c, 2]))*EllipticPi[bx*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,

£}, x] & 'GtQ[d/c, 0] && GtQlc, 0] && GtQle, 01 && !( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[Sqrt[1 + (d/c)*x~2]/Sqrtlc + d*x~2] Int[1/((a +
bxx~2)*Sqrt[1 + (d/c)*x~2]1*Sqrtle + f*x~2]1), x], x] /; FreeQ[{a, b, c, 4,
e, £}, x] & !'GtQlc, 0]

Int[(u_)*((d) + (e_)*(x_))"(q_.)*((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_.)
, x_Symbol] :> Int[ux(d + exx)~(p + q)*(a/d + (c/e)*x)"p, x] /; FreeQl[{a, b
, ¢, d, e, qF, x] & EqQ[c*d"2 - b*d*e + a*e”2, 0] && IntegerQ[p]

N\

Int [(Px_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£
_x(x_ )" (p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Simp[PolynomialRem
ainder[Px, a + b*x, x] Int[(a + b*x) m*x(c + d*x) "n*(e + f*x) p*(g + h*x)~
q, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d
*x) "nx(e + f*x) p*(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n, p
, qF, x] & PolyQ[Px, x] && EqQ[m, -1]

abB—a?C+b? Bz +b2Cz?
3.19 f (a+bx)2v/c+dz/e+ fo/g+h de




CHAPTER 3. LISTING OF INTEGRALS 200

3.19.4 Maple [A] (verified)

Time = 3.03 (sec) , antiderivative size = 475, normalized size of antiderivative = 1.54

method | result

~“htd

z+ 9 z+ < z+ € z+4 7%4»5 z+ 9 z+ < T

2C(%_%)JQ“Q'J 7o J7%1%1? %7%, 7%+§ 2(Bb—2Ca) (£-%) %i%— f%fg =
+

\/dfh z3+4cfh x2+deh z2+df g x2+cehz+cfgrt+degz+ceg b\/dfh z34cfh x2+deh z2+dfgz2+c

V(dz+c)(fz+e) (ha+g)

elhptlc Vdz+c+/fx+e/hz+g
(hatg)f [(dzto)h [(fzte)h [_(hatg)f (eh—fg)b  [(ch—fg)d (hatg)f
2\/ha:+g\/fac+e\/dz+c\/— chta \ chdg \ “eh-fe (BH( —eh—ts ,f(ahfgb),,/f(chfgg))be}ﬂ—Bn( —

default | —

input | int ((C¥b~2xx~2+B*b~2xx+B*axb-Cxa~2)/(b*x+a) "2/ (d*x+c)~(1/2) / (f*x+e)~(1/2)/
(h*x+g)~(1/2) ,x,method=_RETURNVERBOSE)

output  ((d*x+c)*(fxx+e)* (h*x+g))~(1/2)/(d*x+c)~(1/2)/ (£*x+e)~(1/2) / (h*xx+g)~(1/2)*
(2xCx(g/h-e/f)*((x+g/h) /(g/h-e/£)) ~(1/2) *((x+c/d) / (-g/h+c/d)) " (1/2) *((x+e/
£)/(-g/h+e/£))~(1/2) / (d*f*h*x"3+c*xf*h*x~2+d*exh*x~2+d*f*g*x~2+c*exh*x+c*f*
gxx+d*xexgxx+ckexg) " (1/2)*EllipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/£)/(
-g/h+c/d)) " (1/2))+2x (B*b-2%C*a) /b* (g/h-e/f) * ((x+g/h) / (g/h-e/£) )~ (1/2) * ((x+
c/d)/(~g/h+c/d))~(1/2)*((x+e/f) / (—g/h+e/f) ) ~(1/2) / (A*x£xh*x"3+cxfxh*x~2+d*e
*h*x " 2+d*f*g*x " 2+ckexh*x+ckfxgrx+drexgkx+crexg) ~(1/2) /(-g/h+a/b)*E1lipticP
i(((x+g/h)/(g/h-e/£))~(1/2),(-g/h+e/£f)/(-g/h+a/b) , ((-g/h+e/f)/(-g/h+c/d))~
(1/2)))

3.19.5 Fricas [F(-1)]

Timed out.

dz = Timed out

/ abB — a*C + b*Bzx + b*Cx?
(a + bx)?v/c+ dz/e + fr\/g + hx

input ‘ integrate ((C*b~2xx~2+B*b~2*x+B*a*xb-C*a~2) / (bxx+a) "2/ (d*x+c) " (1/2) / (f*x+e)~ ‘
‘ (1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

output ‘ Timed out ‘

abB—a?C+b? Bz +b2Cz?
3.19 f (a+bx)2v/c+dz/e+ fo/g+h de
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3.19.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ abB — a*C + b*Bzx + b*Cx?
(a + bx)?v/c+ dz/e + fr\/g + hx

iHPUt‘integrate((C*b**2*x**2+B*b**2*x+B*a*b—C*a**2)/(b*x+a)**2/(d*x+c)**(1/2)/(f
‘ xx+e) ¥x(1/2) / (h*x+g) **(1/2) ,x)

output LTimed out

3.19.7 Maxima [F]

/ abB — a®>C + b’Bz + b2Cx? p Cb%z2 + Bb’x — Ca® + Bab
(

T = > T
a+bz)2\/c+ dzv/e + fr\/g+ hx (bx + a)*Vdz + cv/fx +ev/hz + g

input  integrate ((C*b~2*x~2+B*b~2*x+B*a*b-Cxa~2)/(b*x+a) "2/ (d*x+c)~(1/2)/(£*x+e)”
(1/2)/ (h*x+g) ~(1/2) ,x, algorithm="maxima")

output integrate((Cxb~2*x~2 + B*b~2#x - C*a~2 + Bxa*b)/((bxx + a) 2xsqrt(d*x + c)
x*sqrt (f*x + e)*sqrt(h*x + g)), x)

3.19.8 Giac [F]

/ abB — a®>C + b®’Bz + b2Cx? Cbh%z2 + Bb’x — Ca? + Bab
(

T = > T
a+bz)2\/c+ dzv/e+ fr\/g+ hx (bx + a)*Vdz + cv/fx +ev/hz + g

input  integrate ((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2) / (b*x+a) ~2/ (d*x+c) ~(1/2) / (f*x+e) "~
(1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

output integrate((Cxb~2*x~2 + B*b~2#x - C*a~2 + Bxa*b)/((b*x + a) 2xsqrt(d*x + c)
*sqrt (f*x + e)*sqrt(h*x + g)), x)

abB—a?C+b? Bz +b2Cz?
3.19 f (a+bx)2v/c+dz/e+ fo/g+h de
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3.19.9 Mupad [F(-1)]

Timed out.

dx = Hanged

/ abB — a*C + b*Bx + b*Cx?
(a + bx)?v/c+ dz/e + fr\/g+ hx

input‘int((C*b‘Q*x‘2 - Cxa”2 + Bxaxb + Bxb~2*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)
‘*(a + bx) 2% (c + d*x)~(1/2)),x)

output L\text{Hanged}

abB—a?C+b? Bz +b2Cz?
3.19 f (a+bx)2v/c+dz/e+ fo/g+h de
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abB—a?C+b? Bz+b*Ca?

3.20 f (a+bx)3vc+dx\/e+ fz\/g+hz dz

3.20.1 Optimal result . . . . . . . . . .. . . 203]
3.20.2 Mathematica [C] (verified) . . . . . . . . ... . L 204
3.20.3 Rubi [A] (verified) . . . . . ... .. 205
3.20.4 Maple [A] (verified) . . . . ... .. ... 2111
3.20.5 Fricas [F(-1)] . . . . . . . o
3.20.6 Sympy [F(-1)] - o v v oo 217
3.20.7 Maxima [F] . . . . . . . . 2121
3.20.8 Giac [F] . . . . . o e 213
3.20.9 Mupad [F(-1)] . . . . o 2131

3.20.1 Optimal result

Integrand size = 60, antiderivative size = 680

abB — a’C + b*Bzx + b*Cz? . _P*(bB —2aC)Vc+dzve+ fr/g+ha
(a+bz)3ve+dzve+ fe/g+he ~ (bc—ad)(be — af)(bg — ah)(a + bx)

b(bB — 2aC)\/fv/—de + cf ﬁ%ﬁ:}c)mE <arcsin (ﬁ@) |§c‘f§;{: ;3)
(bc — ad)(be — af)(bg — ah)v/e + fz,/ %
(bB — 2aC)\/fv/—de + cf \/ dfiii jf) dgt:z) EllipticF (arcsin <ﬁ@> , ;fé;;fj; 33)
(bc — ad)(be — af)ve+ fr/g+ hx
V/—de + cf(4a3Cdf h + 2ab*B(df g + deh + cfh) — b*(Bdeg — c(2Ceg — Bfg — Beh)) — a?b(3Bdf h -
(bc — ad)?\/f(be — af)(bg —

+

abB—a?C+b? Bz +b2Cz?
3.20 f (a+bz)3v/ct+dz/e+ fz\/g+hz dzx
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-b~ 2% (B¥b-2xCxa) * (d*x+c) ~(1/2) * (f*x+e) " (1/2) * (h*x+g) ~(1/2) / (—a*d+bxc) / (-a*
f+bxe) / (—a*h+bxg) / (b*x+a) +b* (B¥b-2*C*a) *E11ipticE (£~ (1/2) * (d*x+c)~(1/2)/(c
*f-dxe) ~(1/2), ((-ckf+d*e) *h/f/ (-cxh+d*g)) ~(1/2) ) *£~(1/2) *(cxf-d*e) " (1/2) *(
dx* (f*x+e) / (-cxf+dxe) )~ (1/2) * (h*x+g) ~(1/2) / (—a*d+b*c) / (—a*f+b*e) / (—a*h+b*g)
/ (£xx+e) ~(1/2) / (d* (h*x+g) / (—cxh+d*g) ) ~(1/2) - (4*a~3*xC*d*f*h+2*a*b~2xB* (cxf*
h+d*exh+d*f*g)-b~3* (Bkd*exg—c* (—Bxe*h-B*f*g+2*Ckexg) ) —a~2xb* (3*xBxd*f*h+2xC
* (cxfxh+d*exh+d*f*g)))*E1lipticPi (£~ (1/2)*(d*x+c)~(1/2)/(cxf-d*e)~(1/2),-b
* (—cxf+dxe) / (-a*d+b*c) /f, ((-cxf+d*e) *h/f/(-c*h+d*g) ) ~(1/2)) *(c*f-d*e) ~(1/2
)*(d* (fxx+e) / (-cxf+d*e) ) ~(1/2) * (d* (h*x+g) / (-cxh+d*g) ) ~(1/2) / (—a*d+b*c) ~2/(
-axf+bxe) / (—axh+b*g) /£7(1/2) / (£*x+e) ~(1/2) / (h*x+g) ~(1/2) - (B¥b-2*C*a) *E11lip
ticF (£~ (1/2) *(d*x+c) ~(1/2)/(cxf-d*e) ~(1/2), ((-cxf+d*e)*h/f/ (-cxh+d*g)) ~(1/
2))*£7(1/2) * (cxf-d*e) ~(1/2) x (d* (£*x+e) / (-cxf+d*e) ) ~(1/2) * (d* (h*x+g) / (-cxh+
d*g))~(1/2)/(-a*d+bxc) /(-axf+bxe) / (f*x+e) " (1/2) / (h*x+g) ~(1/2)

3.20.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 34.66 (sec) , antiderivative size = 3419, normalized size of antiderivative = 5.03

abB — a?C + b* Bz + b*Cz?
(a + bx)3v/c+ dz/e + fr\/g+ hz

dz = Result too large to show

input‘ Integrate[(axbxB - a”2%C + b~2%Bxx + b~2%Cxx~2)/((a + b*x) 3*Sqrt[c + d*x]

L*Sqrt[e + f*xx]*Sqrt[g + h*x]),x]

abB—a?C+b? Bz +b2Cz?
3.20 f (a+bz)3v/ct+dz/e+ fz\/g+hz dzx
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output | -((b~2*(b*B - 2xa*C)*Sqrt[c + d*x]*Sqrtl[e + fxx]*Sqrt[g + h*x])/((bxc - a*
d)*(b*e - axf)*(bxg - a*h)*(a + b*x))) - ((c + d*x)~(3/2)*(b~3*BxcxSqrt[-c
+ (dxe)/f]l*fxh - 2%a*b~2%c*C*xSqrt[-c + (d*e)/f]l*f*h - axb~2*Bxd*Sqrt[-c +
(d*e) /f]*f*h + 2*xa~2%b*Cxd*Sqrt[-c + (dxe)/f]*fxh + (b~ 3*Bkcxd~2*e*xSqrt[-
c + (dxe)/fl*g)/(c + d*x)~2 - (2*kaxb~2*c*Cxd~2*e*xSqrt[-c + (d*xe)/fl*g)/(c
+ d*x) "2 - (a*b"2xBxd~3*exSqrt[-c + (dxe)/fl*g)/(c + d*x)~2 + (2%a~2%b*C*d
“3xexSqrt[-c + (d*e)/fl*g)/(c + d*x)~2 - (b~3*Bkc~2*d*Sqrt[-c + (d*e)/f]xf
xg)/(c + d*x)~2 + (2%axb~2xc”2xCxd*Sqrt[-c + (d*e)/fl*f*xg)/(c + d*x)~2 + (
a*xb~2*Bxckd~2xSqrt [-c + (dxe) /fl*f*g)/(c + d*x)~2 - (2%a~2%b*c*xC*d~2*Sqrt [
-c + (dxe)/flxf*xg)/(c + d*x)~2 - (b~3*Bxc~2xd*exSqrt[-c + (dxe)/flx*h)/(c +
d*x) "2 + (2*a*b~2xc”2*C*d*exSqrt[-c + (d*e)/fl*h)/(c + d*x)~2 + (axb~2*B*
ckd"2*e*Sqrt[-c + (dxe)/f]lxh)/(c + d*x)~2 - (2¥a~2xbxc*Cxd~2*e*Sqrt[-c + (
dxe)/f1*h)/(c + d*x)~2 + (b~ 3*B*c~3*Sqrt[-c + (dxe)/f]l*fxh)/(c + d*x)~2 -
(2%a*b~2xc~3*%C*xSqrt [-c + (d*e)/fl*f*h)/(c + d*x)~2 - (a*xb~2*Bkc~2*d*Sqrt[-
c + (d*e)/f]l*xfxh)/(c + d*x)~2 + (2*a~2*bxc~2xC*d*Sqrt[-c + (d*e)/f]l*fxh)/(
c + d*x)~2 + (b~ 3*BkcxdxSqrt[-c + (dxe)/fl*fxg)/(c + d*x) - (2%a*b~2*xcxCxd
*xSqrt [-c + (d*e)/fl*f*g)/(c + d*x) - (a*xb™2*Bxd~2*Sqrt[-c + (d*e)/f]l*fx*g)/
(c + d*x) + (2%a"2xb*C*d~2xSqrt[-c + (dxe)/f]l*f*xg)/(c + d*x) + (b~ 3*Bkckd*
exSqrt[-c + (d*e)/flxh)/(c + d*x) - (2xaxb~2xc*Cxd*exSqrt[-c + (d*e)/f]*h)
/(c + d*x) - (a*b~2*B*d~2*exSqrt[-c + (dxe)/f]l*h)/(c + d*x) + (2%a~2*bx...

3.20.3 Rubi [A] (verified)

Time = 1.76 (sec) , antiderivative size = 686, normalized size of antiderivative = 1.01,

number of steps used = 14, number of rules used = 13, Lumber of rules _ 0.217, Rules
integrand size

used = {2004, 2102, 2110, 176, 124, 123, 131, 131, 130, 187, 413, 413, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ a?(—C) + abB + b*Bz + b*Cz? .
(a + bx)3vc+ dz\/e + fx\/g + hx

l 2004

/ abB;aZC’ +box d
x
(a + bx)%2V/c+ dz/e + fx\/g + hx
| 2102

abB—a?C+b? Bz +b2Cz?
3.20 f (a+bz)3v/ct+dz/e+ fz\/g+hz dzx
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f 2Cdfha®—2b(Bdf h+C/(df g+deh+cfh))a?+2b* B(df g+deh+cfh)a+2b(bB—2aC)df hza+b? (bB—2aC)df ha®—b? (Bdeg—c(2Ceg— B fg—Beh)) |
(a+bx)v/ct+dz/e+fz\/g+hx
2(bc — ad)(be — af)(bg — ah)
b*\V/c+ dz+/e + fr\/g + hz(bB — 2a0C)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 2110

i —2Cdfha®+bBdfha+ (b2 Bdf h—2abCdfh)x

Vorda/etfodathe dz + (4a3Cdfh — a®b(3Bdfh + 2C(cfh + deh + df g)) + 2ab®>B(cfh + deh +

2(bc — ad)(be — af)(bg — ah)

b*\Vc+ dzv/e + fx\/g + hz(bB — 2aC)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 176

(4a®Cdfh — a®b(3Bdfh + 2C(cfh + deh + df g)) + 2ab*B(cfh + deh + df g) — b*(Bdeg — ¢(—Beh — Bfg + 2Ce
2(bc — ad)(

b*\Vc+ dz+/e + fxy/g + hz(bB — 2aC)
(a + bzx)(bc — ad)(be — af)(bg — ah)

l 124

(4a®Cdfh — a®b(3Bdfh + 2C(cfh + deh + df g)) + 2ab*B(cfh + deh + df g) — b*(Bdeg — c¢(—Beh — Bfg + 2Ce

2(bc

b*\Vc+ dzv/e + fxy/g + hz(bB — 2aC)
(a + bzx)(bc — ad)(be — af)(bg — ah)

l 123

(4a®Cdfh — a®b(3Bdfh + 2C(cfh + deh + df g)) + 2ab?B(cfh + deh + df g) — b*(Bdeg — ¢(—Beh — Bfg + 2Ce

b*\Vc+ dzv/e + fx\/g + hz(bB — 2aC)
(a + bx)(bc — ad)(be — af)(bg — ah)

l 131

abB—a?C+b? Bz +b2Cz?
3.20 f (a+bz)3v/ct+dz/e+ fz\/g+hz dzx
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(4a3Cdfh — a®b(3Bdfh + 2C(cfh + deh + df g)) + 2ab?B(cfh + deh + df g) — b3(Bdeg — c¢(—Beh — Bfg + 2Ce

b*\c+ dzv/e + fx\/g + hz(bB — 2aC)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 131

(4a®Cdfh — a®b(3Bdf h + 2C(cfh + deh + df g)) + 2ab’ B(cfh + deh + df g) — b3(Bdeg — c(—Beh — Bfg + 2Ce

b*\Vc + dzv/e + fx\/g + hz(bB — 2aC)
(a + bx)(bc — ad)(be — af)(bg — ah)

l 130

(4a®Cdfh — a®b(3Bdf h + 2C(cfh + deh + df g)) + 2ab? B(cfh + deh + df g) — b3(Bdeg — c(—Beh — Bfg + 2Ce

b2\Vc + dzv/e + fx+/g + hx(bB — 2aC)
(a + bx)(bc — ad)(be — af)(bg — ah)

l 187

—2(4a®*Cdfh — a®b(3Bdfh + 2C(cfh + deh + df g)) + 2ab? B(cfh + deh + df g) — b3(Bdeg — c(—Beh — Bfg + 2

b2\Vc + dzv/e + fx\/g + hz(bB — 2aC)
(a + bx)(bc — ad)(be — af)(bg — ah)

l 413

2,/ Let92) 11 (403 Cdf h—a2b(3Bdf h+2C (cfh+deh+df g))+2ab® B(cfh+deh+df g)—b%(Bdeg—c(— Beh—Bfg+2Ceg))) [ ————————
(bc—ad—b(c-}—da:))\/zlg

F(etdn) _of
S e

b*Vc + dzv/e + fx\/g + hx(bB — 2aC)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 413

abB—a?C+b? Bz +b2Cz?
3.20 f (a+bz)3v/ct+dz/e+ fz\/g+hz dzx
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2/ Letde) 41, /M) 11 (403 Cdfh—ab(3Bdfh+2C (cf htdeh-+df g))+2ab> B(cfh-+deh-+dfg) b (Bdeg—c(~ Beh—Bfg+2Ceg))) [

de—cf dg—ch
\/f(c-(&l-dw) _%_'_e\/h(c-;dw) _%4_9

(bc—ad

b*\c+ dzv/e + fx\/g + hz(bB — 2aC)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 412

_ 2vef—de fletdn) 4y, /Petd®) |1 (463 Cdfh—a2b(3Bdfh+2C (cfh+deh+df g))+2ab* B(cfh+deh+df g)—b® (Bdeg—c(— Beh—Bfg+2Ceg)))
dg—ch

de—cf
VF(be-ad)y/ L) _ef o\ [Rletdn) _chyg

b*\/c+ dz+/e + fx\/g + hz(bB — 2aC)
(a + bz)(bc — ad)(be — af)(bg — ah)

s N

input | Int[(a*b*B - a"2*C + b~2*Bxx + b~2*C*x"2)/((a + b*x) "3*Sqrt[c + d*x]*Sqrt[
e + fxx]*Sqrt[g + h*x]),x]

output | -((b"2*(b*B - 2xa*C)*Sqrt[c + d*x]*Sqrtl[e + fxx]*Sqrt[g + h*x])/((bxc - a*
d)*(bxe - a*xf)*(b*g - axh)*(a + b*x))) + ((2%b*(b*B - 2*a*C)*Sqrt[f]*Sqrt[
-(d*e) + cxf]*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[g + h*x]*EllipticE[ArcS
in[(Sqrt[f1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - cxf)*h)/(f*(d*g -
c*h))])/(Sqrtle + f*x]*Sqrt[(d*(g + h*x))/(d*xg - c*h)]) - (2*(b*B - 2*a*C)
*Sqrt [f]*Sqrt [-(d*e) + c*f]*(b*g - axh)*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sq
rt[(d*x(g + h*x))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqr
t[-(d*e) + cxf]], ((d*e - c*f)*h)/(£x(d*xg - c*h))])/(Sqrtle + f*x]*Sqrtlg
+ h*x]) - (2+Sqrt[-(d*e) + c*f]*x(4xa~3*Ckd*fxh + 2*a*xb~2xBk(d*f*g + dxexh
+ c*f*h) - b~3x(Bxdxe*g - cx(2xCxe*g — Bxf*g - Bxexh)) - a~2%b*(3*Bxd*fxh
+ 2%Ck(d*f*g + dxexh + c*fxh)))*Sqrt[1 + (f*(c + d*x))/(d*e - c*f)]*Sqrt[1
+ (h*x(c + d*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e - c*f))/((bxc - a*d)*f)
), ArcSin[(Sqrt[f]1*Sqrtlc + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - c*f)*h)/(f*
(d*g - cxh))])/((bxc - axd)*Sqrt[f]*Sqrtle - (cxf)/d + (£x(c + d*x))/d]*Sq
rt[g - (cxh)/d + (h*x(c + d*x))/d]))/(2x(b*c - a*d)*(bxe - a*xf)*(b*g - axh)
)

abB—a?C+b? Bz +b2Cz?
3.20 f (a+bz)3v/ct+dz/e+ fz\/g+hz dzx




rule 123

rule 124

rule 130

rule 131

rule 176
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3.20.3.1 Defintions of rubi rules used

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt[-(b*xc - axd)/d, 211, f*((b*c - a*d)/(d*(bxe - a*xf)))], x] /; FreeQl[{a,

b, ¢, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - axf), 0] && !L
tQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*xd
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(bxc - axd))]/(Sqrtl[c + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(b*e - a*xf)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + bxx]*Sqrt[bx(c/(bxc - a*d)) + bxd*(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0] && Gt
Qlb/(b*xe - a*xf), 0]) && 'LtQ[-(b*c - axd)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_)]*Sartl[(e_) + (f_.)*(x
1), x1 :> Simp[2*x(Rt[-b/d, 2]1/(b*Sqrt[(b*e - a*f)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrtl(b*xc - a*d)/bl)], f*((bxc - a*xd)/(d*(bxe -
axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - a*xd), 0] && GtQ
[b/(bxe - a*f), O] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + £
*x] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - a*f)/f])

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e_) + (f_.)*(x
D1, x_1 :> Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*x(c/(b*c - a*d)) + b*d*(x/(bxc - axd))]*Sqrtle + f*x]), x
1, x1 /; FreeQl[{a, b, c, d, e, £}, x] && !'GtQ[(b*c - a*d)/b, 0] && Simpler
Qla + b*x, c + d*x] && SimplerQ[a + b*xx, e + f*x]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtl[a + bxx
I*Sartlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtlc
+ d*x]*Sqrt[e + f*x]1), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

abB—a?C+b? Bz +b2Cz?
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rule 187

rule 412

rule 413

rule 2004

rule 2102
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Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(x_
)1*Sqrt[(g_.) + (h_.)*(x_)1), x_]1 :> Simp[-2 Subst[Int[1/(Simp[b*c - axd
- b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*(x"2/d), x]]1*Sqrt[Simp[(d*g - cxh)/
d + hx(x"2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f,
g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d*x]

Int[1/(((a.) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrt[(e_) + (£f_.)*(x
_)"2]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtl[e]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*x(f/(d*e))], x] /; FreeQl[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[Sqrt[1 + (d/c)*x~2]1/Sqrtlc + d*x~2] Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + £*x~2]), x], x] /; FreeQ[{a, b, c, d,
e, f}, x] & 'GtQ[c, O]

Int[(u_)*((d_) + (e_.)*(x_))"(q_.)*((a_) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_.)
, x_Symbol] :> Int[ux(d + e*x)~(p + q)*(a/d + (c/e)*x)"p, x] /; FreeQ[{a, b
, €, d, e, g}, x] && EqQ[c*d~2 - bxd*e + a*e”2, 0] && IntegerQ[p]

Int[(((a_.) + (b_)*(x_)) " (m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_)IxSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
Axb~2 - axbxB)*(a + b*x) " (m + 1)*Sqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrtl[g + hx*x]
/(@ + D)*(bxc - a*xd)*(bxe - axf)*(b*g - axh))), x] - Simp[1/(2*(m + 1)*(b*
c - axd)*(bxe - axf)*(bxg - a*h)) Int[((a + bxx)"(m + 1)/(Sqrtlc + d*x]*S
grtle + f£xx]*Sqrtlg + h*x]))*Simp [A*(2*a~2*d*f*h*x(m + 1) - 2%a*bk(m + 1)*(d
xf*xg + dxexh + cxfxh) + b™2%(2*m + 3)*(d*kexg + c*f*g + ckexh)) - b*Bx(ak(d*
exg + c*xf*xg + ckexh) + 2xbxckexgx(m + 1)) - 2x((A*b - axB)*(axdxfxh*(m + 1)
- bx(m + 2)*(d*fxg + d*exh + c*kfxh)))*x + d*fxh*(2*m + 5)*(A*b~2 - axb*B)=*
x~2, x], x], x] /; FreeQ[{a, b, c, d, e, £, g, h, A, B}, x] && IntegerQ[2+*m

] && LtQ[m, -1]

abB—a?C+b? Bz +b2Cz?
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rule 2110

input

output
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/Int[(Px_)*((a_.) + (b_ ) *(x )" (m_)*((c_.) + (d_)*(x))"(n_.)*x((e_.) + (£

_)x(x )" (e )*((g_.) + (W_.)*(x_))"(q_.), x_Symbol] :> Simp[PolynomialRem
ainder[Px, a + b*x, x] Int[(a + b*x) m*x(c + d*x) "n*(e + f*x) p*(g + h*x)~
q, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*x(c + d
*x) "n*(e + f£*x) p*(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n, p
, q¥, x] && PolyQ[Px, x] && EqQ[m, -1]

3.20.4 Maple [A] (verified)

Time = 3.93 (sec) , antiderivative size = 1211, normalized size of antiderivative = 1.78

method | result size

elliptic | Expression too large to display | 1211

default | Expression too large to display | 13369

int ((C*b~2%x~2+B*xb~2*x+B*a*xb-Cxa~2) / (b*x+a) ~3/ (d*x+c) ~(1/2) / (f*x+e)~(1/2)/

(h*x+g) ~(1/2) ,x,method=_RETURNVERBOSE)

/((d*X+C)*(f*x+e)*(h*x+g))“(1/2)/(d*x+C)‘(1/2)/(f*x+e)‘(1/2)/(h*x+g)‘(1/2)*

(b~2/ (a~3*d*f*xh-a~2*bxc*f*h-a~2xb*d*exh-a~2¥bkd*f*g+a*xb~2*c*exh+axb ~2*ckf*
g+a*xb " 2kd*exg-b~3xcxe*g) * (Bxb—-2*Cx*a) * (d*f*h*x~3+c*kf*h*x~2+d*kexh*x~2+d*f*g*
X" 2+ckexhxx+ckfxgrx+d*rexgrx+crxe*xg) ~(1/2) / (bxx+a) —axd*f*h* (Bxb-2xC+*a) / (a~3*
dxfxh-a~2%b*c*f*h-a~2*bxd*exh-a”~2*xb*xd*f*g+a*b~2*c*exh+a*xb™2kcxf*xg+axb™2*d*
e*g-b~3*xc*xex*xg) *(g/h-e/f)*((x+g/h) /(g/h-e/£))~(1/2) *((x+c/d) /(-g/h+c/d))~ (1
/2)x((x+e/f)/(~g/h+e/£)) " (1/2) / (A*E*h*x"3+cxf*h*x"2+d*exh*x " 2+d*f*g*x " 2+c*
exhxx+cxfrgrx+drexgrx+crexg) ~(1/2)*E1llipticF (((x+g/h)/(g/h-e/£))~(1/2), ((-
g/h+e/f) /(-g/h+c/d)) ~(1/2)) -d*fxh*b* (Bxb-2*C*a) / (a~3*d*f*h-a~2*bxc*f*xh-a~2
*b*d*exh-a~2*b*d*f*g+axb~2xckexh+axb~2*ckf*g+a*b~2xd*e*g-b~3*cxe*g) *(g/h-e
/£)*x((x+g/h)/(g/h-e/£)) " (1/2)*((x+c/d) / (-g/h+c/d)) ~(1/2) *((x+e/£f) / (-g/h+e/
£))7(1/2) / (d*fxh*x~3+c*xf*xh*x~2+d*e*h*x~2+d*f*gxx~2+ckexh*x+ckf*grx+d*e*xgkx
+ckxexg) " (1/2)*((-g/h+c/d) *E1lipticE(((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/
(-g/h+c/d))~(1/2))-c/d*EllipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g
/h+c/d))~(1/2)))+(3*B*a~2*%b*d*f *h-2*%B*xaxb~2xc*fxh-2+Bxa*b~2*d*exh-2*B*a*b™
2%d*f*g+B*b~3*kckexh+B*b~3*c*xf*g+Bxb~3*d*exg-4*Cxa~3xd*fxh+2xCxa~2xbxcxf*h+
2*C*a~2xb*d*e*xh+2xCka”~2+¥b*xd*f*g-2*%Cxb~3xc*xe*g) / (a~3*d*f*h-a~2xb*c*f*h-a~2x*
b*d*exh-a~2*bkd*f*g+axb~2xckexh+axb 2*xckfxg+a*b~2xd*xe*g-b~3xc*e*g) /b* (g/h-
e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d)) ~(1/2) *((x+e/f) / (-g/h+e
/£))7(1/2) / (d*f*¥h*x~3+c*f*h*x~2+d*exh*x~2+d*f*gxx~2+ckexh*x+cxf*xgxx+d*e. . .

abB—a?C+b? Bz +b2Cz?
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3.20.5 Fricas [F(-1)]

Timed out.

dz = Timed out

/ abB — a*C + b*Bzx + b*Cx?
(a + bz)3v/c+ dz/e + fr\/g+ hx

input ‘ integrate ((Cxb~2%x~2+B*b~2*x+B*axb-C*a~2) / (b*x+a) 3/ (d*x+c) ~(1/2) / (f*x+e)”
‘(1/2)/(h*x+g)‘(1/2),x, algorithm="fricas")

output LTimed out

3.20.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ abB — a*C + b*Bzx + b*Cx?
(a + bx)3v/c+ dz/e + fr\/g+ hx

iHPUt‘integrate((C*b**2*x**2+B*b**2*x+B*a*b—C*a**2)/(b*x+a)**3/(d*x+c)**(1/2)/(f
‘ xx+e) *x(1/2) / (h*x+g) **(1/2) ,x)

output ‘ Timed out

3.20.7 Maxima [F]

/ abB — a®>C + b®’Bz + b2Cx? p Cbh%z2 + Bb’x — Ca? + Bab
(

T = 5 T
a+bz)3v/c+ dzv/e+ fr\/g+ hx (bx + a)’Vdz + cv/fx +ev/hz + g

input  integrate ((C*b~2*x~2+B*b~2*x+B*a*b-Cxa~2)/(b*x+a) 3/ (d*x+c)~(1/2)/(£*x+e)”
(1/2) / (h*x+g) ~(1/2) ,x, algorithm="maxima")

output integrate((Cxb~2*x~2 + B*b~2#x - C*a~2 + Bxa*b)/((bxx + a) 3*sqrt(d*x + c)
*sqrt (f*x + e)*sqrt(h*x + g)), x)

abB—a?C+b? Bz +b2Cz?
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3.20.8 Giac [F]

/ abB — a*C + b*Bz + b*Cz? i — Cb%z? + Bb*z — Ca® + Bab .
(a+bzx)3vc+dzve+ fx/g+ hx (bz + a)’Vdz + c/fx +ev/ho + g

input  integrate ((C*b~2*x~2+B*b~2*x+B*a*b-Cxa~2)/(b*x+a) "3/ (d*x+c)~(1/2)/(f*x+e)”
(1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

output integrate((Cxb~2*x~2 + B*b~2#x - C*a~2 + Bxa*b)/((b*x + a) 3*sqrt(d*x + c)
x*sqrt (f*x + e)*sqrt(h*x + g)), x)

3.20.9 Mupad [F(-1)]

Timed out.

dx = Hanged

/ abB — a*C + b*Bzx + b*Cx?
(a + bzx)3v/c+ dz/e + fr\/g+ hx

input‘int((C*b‘2*x‘2 - C*a”"2 + Bxaxb + B*b~2*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)
‘*(a + b¥x)~3%(c + d*x)~(1/2)),%)

output ‘ \text{Hanged}

abB—a?C+b? Bz +b2Cz?
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Va+bz (abB—a?C+b*Br+b*Cx?)
3.21 | d
\/c+d:1:\/e—|— fz\/g+hz

3.21.1 Optimal result . . . . . . . . . ... . 214
3.21.2 Mathematica [B| (warning: unable to verify) . . . . . .. ... ... ... ..
3.21.3 Rubi [A] (warning: unable to verify) . . ... ... ... ... ... ... 210
3.21.4 Maple [B] (verified) . . . . ... .. . ... 22T
3.21.5 Fricas [F(-1)] . . . . . o o 2221
3.21.6 Sympy [F] . . . . .
3.21.7 Maxima [F] . . . . . . . 223
3.21.8 Giac [F] . . . . . o 223
3.21.9 Mupad [F(-1)] . . . . o o 2241

3.21.1 Optimal result

Integrand size = 62, antiderivative size = 980

dz

/ va+ bz(abB — a®C + b*Bzx + b*Cz?)

Ve+dove+ fry/g+ hx
b(4bBdf h + C(adfh — 3b(df g + deh + cfh)))Va + bxzv/e + fr\/g + hz
4df2h2\/c + dx
bZC'\/a + bzv/c+ dz/e + fz\/g+ hx
2dfh

b\/dg — chy/fg — eh(4bBdfh + C(adfh — 3b(df g + deh + cfh)))vVa + bx/ —%E(amsin (%
) s pn[edets /i i
(be — af)v/bg — ah(aCdfh — b(4Bdfh — C(3df g + 3deh + cfh))) ) G=tN8. /g + ha EllipticF <ar'
4df?h2\/fg — eh"/c + dx _—El}eg_—?;))((iﬂg

V—dg T ch((adfh + b(dfg + deh + cfh))(4bBdfh + C(adfh — 3b(dfg + deh + cfh))) + 4dfh(2a*Cdf

+

\/a—i-bx abB a?2C+b2Br+b2Czx2 ) d
Vetdz/e+ fx/g+hx

321. [




output

input

output
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-1/4* ((a*d*f*h+b* (cxf*h+d*exh+d*f*g) ) * (4*¥b*Bxd*fxh+Ck (a*d*f*h-3xb* (cxf*h+d
xexh+d*fxg)) ) +4*d*f*h* (2xa~2xCxd*f*xh+b~2*C* (ckxexh+cxf*xg+drexg) —a*xb* (4*xBxd*
fxh-C* (c*xf*¥h+d*exh+d*f*g))))* (b*x+a)*E1lipticPi ((-a*d+b*c)~(1/2)* (h*x+g) ~(
1/2) / (cxh-d*xg) ~(1/2) / (b*x+a) ~(1/2) ,-b* (-c*h+d*g) / (—a*d+b*c) /h, ((—a*f+b*e) *
(-c*h+d*g) / (-axd+b*c) / (-exh+f*g) )~ (1/2) ) * (cxh-d*g) = (1/2) * ((-a*h+b*g) * (d*x+
c)/ (-c*h+d*g) / (bkxx+a)) ~(1/2) * ((—a*h+bxg) *x (f*x+e) / (~e*h+f*g) / (b*x+a)) ~(1/2)
/d~2/£72/h"3/ (-a*d+bxc) " (1/2) / (d*x+c) " (1/2) / (£*x+e) = (1/2) +1/4%b* (4*b*B*d*f
*h+C* (a*d*f*h-3*b* (cxf*h+d*exh+d*f*g)))* (bxx+a) = (1/2) * (f*x+e) ~(1/2) * (h*x+g
)~ (1/2)/d/£72/h~2/ (d*x+c) " (1/2) +1/2%b~2+Cx (bxx+a) ~(1/2) * (d*x+c) ~(1/2) * (f*x
+e) " (1/2) * (h*x+g) ~(1/2) /d/f/h+1/4x (—axf+bxe) * (a*xCxd*f*xh-b* (4*B*d*f*h—-C* (c*
f*h+3xd*exh+3*d*f*g))) *E1llipticF ((-a*h+bxg) ~(1/2) * (fxx+e) " (1/2) / (—exh+f*g)
~(1/2) / (b*x+a) ~(1/2) , (- (—axd+bx*c) * (—exh+f*g) / (-c*f+d*e) / (—axh+bxg)) ~(1/2))
* (—axh+bxg) ~(1/2) * ((-axf+bxe) * (d*x+c) / (~cxf+d*e) / (bxx+a) ) ~ (1/2) * (h*x+g) ~ (1
/2)/d/£72/h~2/ (~exh+f*g) ~(1/2) / (d*x+c) ~(1/2) / (- (~axf+b*e) * (h*x+g) / (~exh+f*
g) / (b*x+a) )~ (1/2) -1/4%b* (4xb*B*d*fxh+C* (a*d*f*h-3*b* (c*xf*h+d*exh+d*f*g))) *
EllipticE((-c*h+dx*g) ~(1/2)* (f*x+e)~(1/2)/(-exh+f*xg)~(1/2)/(d*x+c)~(1/2), ((
—axd+b*c)* (-exh+f*xg) /(~a*f+b*e) /(-c*h+d*g)) ~(1/2) ) * (~cxh+d*g) ~ (1/2) * (-e*h+
£xg) = (1/2) *(bxx+a) = (1/2) * (- (-c*f+d*e) * (h*x+g) / (—e*h+f*g) / (d*x+c)) ~(1/2)/d”
2/£72/h"2/ ((-cxf+dx*e) * (bxx+a) / (—a*f+bxe) / (d*x+c)) ~(1/2) / (hxx+g) ~(1/2)

3.21.2 Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 21961 vs. 2(980) = 1960.

Time = 36.91 (sec) , antiderivative size = 21961, normalized size of antiderivative = 22.41

/ va+ bz(abB — a*C + b*Bz + b*Cz?)

dr = Result too large to show
Ve+doye+ fr/g+ hr

‘Integrate[(Sqrt[a + b*x]*(axb*xB - a”2xC + b"2xBxx + b~2xC*x"2))/(Sqrtlc +
’d*x]*Sqrt[e + fxx]*Sqrtlg + h*x]),x]

-

LResult too large to show

Vva+bx (tsz—¢126'+172Bx+l72 sz)
3.21. 'f Vetdzy/e+fry/g+he dx
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3.21.3 Rubi [A] (warning: unable to verify)

Time = 3.13 (sec) , antiderivative size = 978, normalized size of antiderivative = 1.00,

number of steps used = 13, number of rules used — 12, tumber of rules _ ( 194 Ryles
integrand size

used = {2004, 2100, 2105, 25, 27, 194, 327, 2101, 183, 188, 321, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dr

/wm+wx (a?(=C) + abB + b’ Bz + b*Cxz?)
Ve +dzy/e+ fx\/g+ hx

l 2004
(a + bz)?/? (@ + bC’w)

Ve+dzye+ fry/g+ hx
l 2100

4(bB—aC)dfha?+b%(4bBdf h+aCdf h—3bC(df g+deh-+cfh))z2—b2C (beeg-+a(deg-+cf g-+ceh))—2b(2Cdf ha? —b(4ABdf h—C (df g+deh+cfh))a+
f Va+bz/ct+dz+/e+ fr\/g+hz
4dfh
b2Cva + bx/c + dxv/e + fx\/g + hx
2dfh

l 2105

b(b(bdeg+acfh)(4defh+aCdfh—3bC(dfg+deh+cfh))—2dfh (4a2 (bB—aC)dfh—b2C(bceg+a(deg+cfg+ceh))) +b((adfh+b(dfg+deh+cfh))(4defh+aCdfh-

f B Va+bzx/ct+dzv/e+fx/g+hz
2bdfh

b2Cva + bx/c + dxv/e + fz\/g + hx
2dfh

| 25

b (b(bdeg+acfh)(4defh+aCdfh—3bC(dfg+deh+cfh))—2dfh (4a2 (bB—aC)dfh—b2C(bceg+a(d6g+Cfg+Ceh))) +b((adfh+b(dfg+deh+cfh))(4defh+aCdfh

_f Va+bzv/ct+dzv/e+ fx\/g+hz
2bdfh

b2Cva +bxvc+ dzv/e + fz/g+ ho
2dfh

| 27

\/a—i-bx abB a?2C+b2Br+b2Czx2 ) d

3.21. f Vetdz/e+ fx/g+hx
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b(bdeg+acfh)(4bBdf h+aCdf h—3bC(df g+deh+cfh))—2dfh (4&2 (bB—aC)dfh—62C(bceg+a(deg+cfg+ceh))) +b((adfh+b(dfg+deh+cfh))(4defh+aCdfh—:
f Va+bzy/ct+dzv/e+ fx\/g+hz
2dfh

b2Cva + bx/c + dxv/e + fz\/g + hx
2dfh

l 194

b(bdeg-+acfh)(4bBdf h+aCdf h—3bC(df g+deh+cfh))—2dfh (4a2 (bB7aC)dfhszC(bcngra(dngrCngrceh))) +b((adfh+b(dfg+deh+cfh))(4defh+aCdfh7:
f Va+bzv/ct+dz/e+ fx/g+hx
2dfh

b2Cva + bx/c + dxv/e + fx\/g + hx

2dfh
| 327
b(bdeg-+acfh)(4bBdfh+aCdf h—3bC(df g+deh-+cfh))—2dfh (4a2 (bB—aC)dfh—b2C(bceg+a(dey+cfg+ceh))) +b((adfh+b(dfg+deh+cfh))(4defh+aCdfh—:
_ f Va+bzxy/ct+dz+/e+fx\/g+hz
2dfh

b2Cva +bxvc+ dzv/e + fz/g+ hx
2dfh

l 2101

(4dfh(2a2Cdf h—ab(4Bdf h—C(cfh+deh+df g))+b2C(ceh+cfg+deg))+(adf h+b(cfh+deh+df g))(aCdf h+4bBdf h—3bC(cfh+deh+dfg))) [
2dfh

A

b2Cva +bxv/c+ dzv/e + fz/g+ ho
2dfh

l 183

Cva + bxv/c + dxv/e + fx+\/g + hab? +
2dfh

(de—cf)(g+hz) . ( Vdg—chv/eFfz | (be—ad)(fg—eh)
_ bv/dg—chy/Fg—ehvatbey/— (== NIER B (arcsin (YE=S/EHE ) | G2l ) (4bBdfh+aCdfh—3bC (df g +deh-+ofh)) L bVatey
(de—cf)(a+bz) /3=
dfh (be—af)(c+dx) g-+ha

l 188

Vva+bx (abB—a20+bQBx+bZCx2)
3.21. f Vetdzy/e+fry/g+he dx
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CvVa + bxv/c + dz\/e + fz\/g + hab?
2dfh

_|_

de=ch)(gth in (VA=Y || (be=ad) (fg—ch)
_ bVdg=chv/Fg—ehvatbe\/~ (F=ei)(E A B (arcsin ( YE=I /et ) | Gemaddlf o= ) (4bBdfh+aCdfh—36C (df g-+deh-+cfh)) | Wathy
(de=c])(a+b2)
dfh Ge=e etan) VoTha

J,321

Cva + bx/c + dz/e + fz\/g + hab?
2dfh

_|_

de=cf)(gTh in ( YAE=VELT || (be—ad)(fg—ch)
_ bVdg=chv/Fg—ehvatbe\/~(F=ei){E A3 B (arcsin ( YE=S et )| Gemaddlf o= ) (4bBdfh+aCdfh—36C (df g-+deh-+cfh)) . Wathy

de—cf)(atbz)
dfhy/ ez oDt id Votha

J'412

CvVa + bxv/c + dz/e + fz\/g + hab?
2dfh

_|_

(de—cf)(g+hz) in ( VAg=chexfz )| (be—ad)(fg—ch)
_ bdg—chv/fg—ehvatbz mlf@mm( e J%)ubg_g A dg_ih))(4defh+aCdfh—3bC(dfg+deh+cfh)) | batbay

(d f)(a+b
dfhy/ (e=eBert s Jgthe

input‘ Int[(Sqrt[a + bxx]*(a*b*B - a~2+C + b~2*B*x + b 2*C*x~2))/(Sqrt[c + d*x]*S \
\qrt [e + f*x]*Sqrt[g + h*x]),x] \

\/a—i-bx abB a?2C+b2Br+b2Czx2 )
3.21. f Vetdz/e+ fx/g+hx d



output
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(b~2*C*Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrt[g + h*x])/(2*d*fxh)

+ ((b* (4%b*Bxd*f*h + axCxd*fxh - 3*b*Cx(d*fxg + dkexh + c*fxh))*Sqrt[a + b
*x]*Sqrt[e + f*x]*Sqrtl[g + h*x])/(f*h*Sqrtlc + d*x]) - (b*Sqrt[d*g - cxh]lx*
Sqrt [fxg - exh]*(4*b*Bxd*fxh + axCxd*fxh - 3*b*Ckx(d*f*g + d*kexh + c*f*xh))=*
Sqrt[a + b*x]*Sqrt[-(((d*e - c*f)*(g + h*x))/((f*g - exh)*(c + d*x)))]*Ell
ipticE[ArcSin[(Sqrt[d*g - c*h]l*Sqrtle + f*x])/(Sqrt[f*g - e*h]*Sqrtlc + d*
x]1)]1, ((bxc - axd)*(f*g - e*h))/((bxe — a*f)*(d*g - c*h))])/(d*f*h*Sqrt [((
dxe - cxf)*(a + b*x))/((bxe - axf)*(c + d*x))]*Sqrt[g + h*x]) - ((2*d*(b*e
- axf)*Sqrt [b*g - axh]*(4xbxBkd*f*h - a*Ckd*fxh - b*Ck(c*f*h + 3xd*(f*xg +
exh)))*Sqrt [((b*e - a*f)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt[g + h*x
1*EllipticF[ArcSin[(Sqrt [b*xg - axh]*Sqrtl[e + f*x])/(Sqrt[f*g - e*h]*Sqrt[a
+ b*x])], -(((b*c - a*d)*(fxg - exh))/((d*e - c*f)*(bxg - a*h)))])/(Sqrt[
fxg - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - axf)*(g + h*x))/((f*xg - exh)*(a +
b*x)))]) + (2+Sqrt[-(d*g) + cxh]*((axd*fxh + b*(d*f*g + d*exh + cxf*h))*(4
*xbxBxd*xfxh + axCkxdxfxh - 3xb*xCx(d*f*g + d*exh + cxfxh)) + 4xdxfxh*(2*%a~2*C
xd*xf*h + b~2#Ck(d*e*xg + c*f*g + ckexh) - axbx(4xBxd*fxh - Cx(dxf*g + dxexh
+ cxf*h))))*(a + b*x)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x)
)1*Sqrt[((bxg - a*h)*(e + f*x))/((f*g - exh)*(a + b*x))]*EllipticPi [-((b*(
d*g - c*h))/((b*c - a*d)*h)), ArcSin[(Sqrt[b*c - a*d]*Sqrt[g + h*x])/(Sqrt
[-(d*g) + c*hl*Sqrt[a + b*x])], ((bxe - a*xf)*(d*g - c*h))/((b*c - a*xd)*...

3.21.3.1 Defintions of rubi rules used

e

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27

rule 183

’Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma

tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Sqrt[(a_.) + (b_.)%(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)x(
x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[2*(a + b*x)*Sqrt[(b*g - axh)x*((
c + d*x)/((d*g - cxh)*(a + b*x)))]1*(Sqrt[(bxg - a*h)*((e + f*x)/((f*xg - exh
)x(a + b*x)))]/(Sqrtlc + d*x]*Sqrt[e + f*x])) Subst[Int[1/((h - b*x~2)*Sq
rt[1 + (bxc - a*d)*(x"2/(d*g - c*h))]*Sqrt[1 + (b*xe - a*f)*(x"2/(fxg - exh)
)1), x], x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Vva+bx (tsz—¢126'+172Bx+l72 sz) d
Vetdz/e+ fx/g+hx

321. [

~—




rule 188

rule 194

rule 321

rule 327

rule 412

rule 2004
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Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_]1 :> Simp[2xSqrt[g + h*x]*(Sqrt[(bxe -

axf)*((c + d*x)/((dxe - c*xf)*(a + b*x)))]1/((fxg - exh)*Sqrtl[c + d*x]*Sqrt[(
-(b*xe - a*xf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (bxc - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1l - (b*g - axh)*(x~2/(f*g - e*h))]),

x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h},

x]

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)1), x_1 :> Simp[-2#Sqrt[c + d*x]*(Sqrt[(-(bxe
- axf))*x((g + h*x)/((f*g - exh)*(a + b*x)))]/((b*e - a*f)*Sqrtl[g + h*x]*Sq
rt[(bxe - a*f)*((c + d*x)/((d*xe - cxf)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(b*c - a*d)*(x"2/(d*e - c*£))]/Sqrt[l - (bxg - a*h)*(x"2/(f*g - e*h))], x],
x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]l*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

/Int[Sqrt[(a_) + (b_.)*(x_)"2]/8qrt[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simpl[
(Sgrt[al/(Sqrt[cl*Rt[-d/c, 21))*EllipticE[ArcSin[Rt[-d/c, 2]1*x], b*(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrt[e]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*x(f/(d*e))], x] /; FreeQl{a, b, c, d, e,
£}, x] && 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, O] && '( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Int[(u_)*((d_) + (e_.)*(x_))"(q_.)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.)
, x_Symbol] :> Int[ux(d + e*x)~(p + q@)*(a/d + (c/e)*x)"p, x] /; FreeQ[{a, b

, €, d, e, g}, x] && EqQ[c*d~2 - bxd*e + a*e”2, 0] && IntegerQ[p]

Vva+bx (tsz—¢126'+172Bx+b2 sz) d
Vetdz/e+ fx/g+hx

321. [
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rule 2100 | Int [(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_)IxSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[2
*b*B*(a + b*x) " (m - 1)*Sqrt[c + d*x]*Sqrtle + f£xx]*(Sqrtlg + h*x]/(dxfxh*(2
*m + 1))), x] + Simp[1/(d*f*h*(2*m + 1)) Int[((a + b*x)~(m - 2)/(Sqrtlc +
d*x]*Sqrt[e + f*xx]*Sqrt[g + h*x]))*Simp[(-b)*B*(ax(d*e*xg + c*f*g + c*e*h)
+ 2%bkckexgx(m — 1)) + a~2%Axd*fxh*(2*m + 1) + (2*axAxb*xd*f*h*x(2*m + 1) - B
* (2xaxb* (d*xf*g + dxexh + cxfxh) + b~2%(d*exg + c*f*g + c*exh)*(2%m - 1) - a
“2xd*fxh* (2xm + 1)))*x + bx (Axbxd*fxh*(2*m + 1) - B*(2xb*(dxf*g + d*exh + c
*xfxh)*m - axdxfxh*(4*m - 1)))*x"2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g
, h, A, B}, x] && IntegerQ[2*m] && GtQ[m, 1]

rule 2101 Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl[(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (£f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(Ax*b
- axB)/b  Int[1/(Sqrtl[a + b*x]*Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrtl[g + hx*x])
,» x], x] + Simp[B/b  Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtlg
+ h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

rule 2105 Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrt[(c_.
) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + fxx]*(Sqrtl[g + h*x]/(bxfxh*Sqrt[c + d*x
1)), x] + (Simp[1/(2*bxd*f*h) Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtl[e

+ f*x]*Sqrt[g + h*x]))*Simp[2*A*b*d*fxh - C*x(bkd*exg + axcxfxh) + (2%b*B*d*
fxh - Ckx(axd*fxh + bx(dxf*g + d*exh + c*f*h)))*x, x], x], x] + Simp[C*(d*e

- cxf)*((d*g - cxh)/(2%b*d*f*h))  Int[Sqrtla + bxx]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}

» x]

3.21.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1833 vs. 2(897) = 1794.

Time = 5.28 (sec) , antiderivative size = 1834, normalized size of antiderivative = 1.87

method | result size

elliptic | Expression too large to display | 1834
default | Expression too large to display | 56432

§
input \ int ((b*x+a) =~ (1/2) * (Ckb~2%x~2+Bxb~2*x+B*axb-C*a~2) / (d*x+c) ~(1/2) / (f*x+e) " (1
| /2)/ (h*x+g)~(1/2) ,x,method=_RETURNVERBOSE)

Vva+bx (abB—a20+bQBx+bZCx2)
3.21. f Vetdzy/e+fry/g+he dx




output
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((b*x+a) * (d*x+c) * (fxx+e) * (h*x+g) )~ (1/2) / (b*xx+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)7 (1/2) / (hxx+g) ~(1/2) * (1/2*Cxb~2/d/f /h* (bxd*f*h*x~4+a*d*f*xh*x~3+bkcxfxh*x™
3+bxd*exh*x~3+bxd*f*g*x~3+a*c*f*h*x~2+a*d*exh*x~2+a*d*f*xgxx~2+b*ckexh*x™2+
b*cxf*gxx~2+b*xd*exgkx~2+axckrexh*x+axckfxgrx+a*rdre*grx+bkcrexgrxt+axcrexg) ~(
1/2)+2*% (a~2%b*B-C*a~3-1/2%C*b~2/d/f/h* (1/2*a*ckexh+1/2*axcxf*g+l/2*axd*e*xg
+1/2xbxcxexg) ) * (g/h-a/b) * ((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d)) ~(1/2) * (x+
c/d)"2x((-c/d+a/b)*(x+e/f) /(-e/f+a/b) / (x+c/d)) ~(1/2) *((-c/d+a/b) * (x+g/h) / (
-g/h+a/b) /(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*f*h* (x+a/b) * (x+c/d) *(x
+e/f)*(x+g/h)) " (1/2)*E1lipticF(((-g/h+c/d) *(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/
2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h)) "~ (1/2) ) +2* (2*a*xb~2*B-C*a~2xb
-1/2%C*b~2/d/f/h* (a*c*fxh+a*xd*exh+a*d*f*g+bxcrexh+b*cxf*g+brd*rexg))*(g/h-a
/D) *((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) ~2* ((-c/d+a/b) * (x
+e/f)/(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d)) ~ (1
/2)/(-g/h+c/d)/(-c/d+a/b) / (bxd*f*h* (x+a/b)* (x+c/d) *(x+e/f) * (x+g/h) )~ (1/2) *
(-c/d*EllipticF (((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(
g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b)*E1llipticPi (((-g/h+c/d) *(x
+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), (-g/h+a/b) /(-g/h+c/d) , ((e/f-c/d)*(g/h-a/b)
/(-a/b+e/f)/(-c/d+g/h))~(1/2)))+(B*b~3+C*b~2*a-1/2*C*b~2/d/f /h* (3/2*a*xd*f *
h+3/2xb*c*f*h+3/2*%b*d*e*h+3/2xbxd*f*g) ) * ((x+a/b) * (x+e/f) * (x+g/h) +(g/h-a/b)

*((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c/d) "2* ((-c/d+a/b) *(x. . .

3.21.5 Fricas [F(-1)]
Timed out.

dz = Timed out

/\/a+bx (abB — a*C + b*Bz + b*Cz?)
Ve +dzye+ fx/g+ hx

input‘integrate((b*x+a)“(1/2)*(C*b‘2*x“2+B*b“2*x+B*a*b—C*a“2)/(d*x+c)‘(1/2)/(f*x

‘+e)“(1/2)/(h*x+g)“(1/2),x, algorithm="fricas")

p
outputLTimed out

\ >

\/a—i-bx abB a?2C+b2Br+b2Czx2 ) d
Vetdzy/et fx/gthe

321. [
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3.21.6 Sympy [F]

/\/a+bx (abB — a’C + VBw +VCa?) | _ /(a+bx)3(3b—0a+0bx)
Ve+dzye+ fr/g + hx Ve+dzye+ fry/g+ hx

input integrate ((b*x+a)** (1/2)* (Cxb**2%x**2+B*b**2*x+B*a*b-Cxa**2) / (d*x+c)**(1/2
)/ (£xx+e) **x(1/2) / (hxx+g) **(1/2) ,x)

output Integral((a + b#*x)**(3/2)*(Bxb - Cxa + Cxb*x)/(sqrt(c + d*x)*sqrt(e + f*x)
*sqrt (g + h*x)), x)

3.21.7 Maxima [F]

/\/a+bx (abB — a*C + b*Bz + b*Cz? )dm_/(C’bsz—l—BbQ — Ca? -I—Bab)\/bx-i-a
Ve+dzye+ fx/g+ hx Vdr +cv/fr+evhz +g

input | integrate ((b*x+a)~(1/2) * (C¥xb~2*x~2+B*b~2*xx+B*a*b-Cxa~2) / (d*x+c) ~(1/2) / (£*x
+e)~(1/2) / (h*x+g)~(1/2) ,x, algorithm="maxima")

output  integrate((C*¥b~2*x~2 + B*b~2*x - Cxa”2 + Bxaxb)*sqrt(b*x + a)/(sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

3.21.8 Giac [F]

/\/a+bz (abB — a®C + b*Bzx + b*Cx? )dz— / (CH?z? + Bb?z — Ca? +Bab)\/bx+a
Ve+dzy/e+ fx/g+ hx Vdz +cv/fr+evhz +g

input | integrate ((b*x+a)~ (1/2)*(C¥b~2%x~2+B*b~2*x+B*axb-C*a~2) / (d*x+c) ~(1/2) / (£*x
+e)~(1/2) / (h*x+g)~(1/2) ,x, algorithm="giac")

output integrate((Cxb~2*x~2 + B*b~2%x - C*a~2 + Bxa*b)*sqrt(b*x + a)/(sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

\/a—i-bx abB a?2C+b2Br+b2Czx2 )
3.21. f Vetdzy/e+fry/g+he dx
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3.21.9 Mupad [F(-1)]

Timed out.

dz

/ va+ bz(abB — a®C + b*Bzx + b*Cz?)
Ve+doye+ fr/g+ hx
/\/a—i-bx —Ca®>+Bab+CW 2>+ Bb x)

dz
Vet frg+hzve+dzx

input int(((a + bxx)~(1/2)*(Cxb~2%xx~2 - C*a~2 + B*axb + B*b~2x*x))/((e + f*x)~(1/
2)x(g + h*x)~(1/2)*(c + d*x)~(1/2)),x)

output | int (((a + b*x)~(1/2)*(C*b~2%x~2 - C*xa~2 + Bkaxb + B*b~2%x))/((e + f*x)~(1/
2)x(g + h*x)~(1/2)*(c + d*x)~(1/2)), x)

\/a—i-bx abB a?2C+b2Br+b2Czx2 ) d
Vetdz/e+ fx/g+hx

321. [
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3.22 abB—a?C+b?Bz+b*Ca? d

. i

Va+bz/ct+dz/e+fr\/g+hx
3.22.1 Optimalresult . . . . . . . . . . . .. e
3.22.2 Mathematica [B| (warning: unable to verify) . . . . . .. ... .. ... ... 220
3.22.3 Rubi [A] (verified) . . . . ... .. ... 2261
3.22.4 Maple [B] (verified) . .. ... .. ... ... 231
3.22.5 Fricas [F(-1)] . . . . . o o
3.22.6 Sympy [F] . . . . . 233
3.22.7 Maxima [F] . . . . . . . 233
3.22.8 Giac [F] . . . . . .
3.22.9 Mupad [F(-1)] . . . . . oo 234
3.22.1 Optimal result
Integrand size = 62, antiderivative size = 734
abB — a?C + b?Bz + b*Cx? - bCva + bz+/e + fz\/g+ hx
Vva + bzv/c+dxv/e + fx\/g+ hx fhve+dz

| bOVg = ch/Tg = ehv/a ey~ (=i Do) B (avcsin ( Yi=ehvetls

)|

(be—ad)(fg—eh) >
(be—af)(dg—ch)

(de—cf)(atbx) /7~
dfh (be—af)(c+dz) g+ hx

(bc—ad)(fg—eh)

Clbe — af)vbg — ahy | C=etss) /g TR BllipticF (arcsin (YEEZeEe )

v fg—ehva+bx

(de—cf)(bg—ah)

)

| __ (be—af)(g+hz)
fh\/fg — eh\/c +dx —m

(bg—ah)(e+fx)

V/—dg + ch(aCdfh — b(2Bdfh — C(dfg + deh + cfh)))(a + bz) / Lo=enlctdr)

(dg—ch)(a+bzx)

W

(fg—eh)(a+bx)

EllipticP

dv/bc — adfh?v/c + dz+\/e + fx

abB—a?C+b? Bz +b2Ca?
3.22. f Va+bzv/c+dz/e+ fz\/g+ha dz
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output | - (a*xCkd*fxh-b* (2xB*d*f*h-Cx (cxf*h+d*exh+d*f*g)))* (b*x+a)*E1lipticPi ((-a*d+
bxc) " (1/2)* (h*x+g) ~(1/2) / (c*h-d*g) ~ (1/2) / (b*x+a) ~ (1/2) ,-b* (-c*h+d*g) / (—axd
+b*xc) /h, ((-axf+bxe) * (—c*h+d*g) / (—a*xd+b*c) / (—exh+f*g) ) ~(1/2) ) * (c*h—-d*g) ~(1/
2) % ((-axh+b*g) * (d*x+c) / (-cxh+d*g) / (bxx+a) )~ (1/2) * ((-axh+b*g) * (fxx+e) / (-e*h
+f*g) /(bxx+a))~(1/2)/d/£/h~2/ (-axd+b*c) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2)+
b*Cx (bkxx+a) = (1/2) * (£*x+e) = (1/2) * (h*x+g) ~(1/2) /£/h/ (d*x+c) ~(1/2) -Cx (—a*xf+b*
e)*EllipticF ((-a*h+bxg) ~(1/2) * (fxx+e) ~(1/2)/ (—exh+f*g) ~(1/2) / (b*x+a) ~(1/2)
, (-(-a*xd+b*c)* (-exh+fxg) / (-c*f+d*e) / (—a*h+b*xg) )~ (1/2) ) * (~a*h+b*g) = (1/2) * ((
-axf+bxe) * (d*x+c)/ (-c*xf+dxe) / (b*x+a)) ~(1/2) * (h*x+g) ~(1/2) /£/h/ (-e*h+f*g) ~ (
1/2)/(d*x+c) ~(1/2) / (- (~a*xf+b*e) * (h*x+g) / (—~exh+f*g) / (bxx+a) ) ~(1/2) -b*C*E11i
pticE((-c*h+dxg) ~(1/2) * (f*x+e) ~(1/2) / (—exh+f*g) ~(1/2) / (d*x+c)~(1/2), ((-a*xd
+b*c) * (—exh+f*g) / (-axf+b*e) / (—~cxh+d*g) )~ (1/2) ) * (—~c*h+d*g) ~ (1/2) * (~exh+f*g)
~(1/2) * (bxx+a) = (1/2) * (- (-cxf+d*e) * (h*x+g) / (-exh+f*g) / (d*x+c))~(1/2)/d/f/h/
((-cxf+d*e) * (bxx+a) / (-axf+bxe) /(d*x+c)) ~(1/2)/(h*x+g) ~(1/2)

3.22.2 Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 8107 vs. 2(734) = 1468.

Time = 42.83 (sec) , antiderivative size = 8107, normalized size of antiderivative = 11.04

abB — a?C + b*Bz + b*Cz?
va+bzv/c+dzv/e + fx\/g+ hx

dz = Result too large to show

input‘Integrate[(a*b*B - a”2+%C + b"2*B*x + b~2%C*x"2)/(Sqrt[a + bxx]*Sqrtl[c + dx*
‘x]*Sqrt[e + fxx]*Sqrt[g + h*x]),x]

-

outputLResult too large to show J

3.22.3 Rubi [A] (verified)

Time = 1.26 (sec) , antiderivative size = 732, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used = 8, Bumber of rules _ 5 199 Ryles used

' integrand size
= {2004, 2099, 183, 188, 194, 321, 327, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

abB—a?C+b? Bz +b2Ca?
3.22. f Va+bzv/c+dz/e+ fz\/g+ha dz
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a*(—C) + abB + b*Bz + b*Cxz? .
va + bx/c+ dz/e + fr\/g+ hx

l 2004

va—+ bm(@ + me)
Ve+dzye+ fx/g+ ha
l 2099

va+b.
(—aCdfh + 2bBdfh — bC(cfh + deh + dfg)) [ Vet ——du
2dfh

bC(de - Cf) (dg - Ch‘) f (c—i—dw)wﬁﬁ\/g-l-hwd
2dfh

1
C(be — af)(bg — ah) [ e e yaia 4o L Va+bzve+ fzy/g+ho
2fh fhve+dx

l 183

+

(a+ be) [ (etdabaay [l felbaah)(_oCifh + 2bBdfh — bC(cfh + deh + dfg)) | L

(a+ba)(dg=ch) V (a+bz)(fg=ch) (n-etpa) ) [Eecadi(gshel ),
dfhv/c+ dz/e + fx
bC(de — cf)(dg = ch) [ o /y;j’jﬂ;w e
2dfh
C(be —af)(bg — ah) [ \/g,+bzx/c+dm1\/e+fz\/g+hz dz  bCva+bave+ fo/g+ ha
2fh + fhve+ dz

l 188

(a+bz)y [ {Ergoa=e) | [ DI (—aCdfh + 2bBdfh — bC(cfh + deh + dfg)) [

b(g+hz) (bc—ad)( +hz)
(h_ (f«l»bz )\/(dg ch)(i+bz)+l\

dfhv/c+ dzv/e + fx
bC(de — cf)(dg — ch) [ (gys -+ ;j% Wd
2dfh
(ctdz)(be—af) vetfz
CVg+ ha(be — af)(bg — ah)\/ (Citiiae—cr) | T " \/1_ Tomaner70) ¢ Vats
(de—cf)(a+bx) (fg—eh)(a+bz) +
fheT du(fg — eh), /- {Eralte=el}
bCva + bx\/e + fr\/g+ hz
fhve+dx
l 194

abB—a?C+b? Bz +b2Ca?
3.22. f Va+bzv/c+dz/e+ fz\/g+ha dz
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+dz)(bg—ah ¥ fz)(bg—ah
(a+ba) [ (ot D0 (—aCdfh + 2bBdfh — bC(cfh + deh + df9)) [ +— i s
(h' a+bzx ) (dg—ch)(a+bzx) +1\
dfhvc + dx\/e + fx
CVg T ha(be — af)(bg — ah)/ (ctdlbezap) ¢ dyetic

a+bx)(de—c (bc—ad)(e+fz) (® h)(e+fz) b
(a+ba){de—cf) Y By ‘Zf)(;bﬁ)*l\/ 1t Vathe

+ha)(be—af
fhv/e+da(fg — eh), | —rpGe=al)
1— (bc—ad)(e+fz)

Y S i /| (g+hz)(de—cf) (be—af)(c+dz) j\/et+fz
bC a’+b‘,1"(dg Ch (c—l—da:)(fg eh) f \/1 (dg— ch)(e+f:v)d\/c+d;1: bC\/a-i-bx\/e-i-fiE\/g-l-h:E
+

(Fg—eh)(cFd)

a+bz)(de—c
dfh/g + ha [ (bl e=el) fhe+da
| 321
(a+ba),/{tglbaany | [t/ Bo—aM (_aCdfh + 2bBdfh — bC(cfh + deh + dfg)) | 1

b(g+h bc—ad)(g+h
(DW= D

(dg—ch)(a+bzx)

dfhv/c+ dz+/e + fx

1— (bc—ad)(e+fzx)

(g+hz)(de—cf) (be—af)(ctdz) jv/etf
bOVa+baldy = eh)\ = (chan(ra=en) | |- gdimeriy @ Veras
(Fo—eh) (ot da)

T bz)(de—cf
dfhv/g + hzx EZJngEbee_; f§
+dz)(be—af s . [ /bg—ah\/eFfzx be—ad)(fg—eh
Cvg + hz(be — af)y/bg — ah EZ _H;gg — fg EllipticF (arcsm ( > fgg —Zh \/Z:ﬁ) y — gdi—if))((bg—Zhg) N

+hz)(be—af
fh/e+ dzy/Fg— ehy /- Erme=al

bCva + bx\/e + fr\/g + hz
fhve+dzx
| 327
(a+bz), [ {crggbaman) | [t DEI= (_aCdfh + 2bBdfh — bC(cfh + deh + dfg)) | L

(h— b(g+hw)> (bc—ad)(g+hx) +1,

a+bzx (dg—ch)(a+bx)

dfhv/c+ dz/e + fx
/ (c+dzx)(be—a f sogs s vbg—ah+/e+fx bc—ad)(fg—eh
C\/g + hw(be — af)\/ bg —ah W ElhpthF (arcsm (\/f?q—eh\/a—:{m:> T gde—cf))((bg—ahg> .

+hx)(be—af
fhv/e+ day/Fg—ehy /- Eate—al)

(g+hz)(de—cf) - ( V/dg—chve+fz \ | (bc—ad)(fg—eh)
bC+va + bx\/dg — ch\/fg — eh\/— () (fo— 6h)E(a,rcsm (\/ff;—eh\/c-l-dx) |(be_af)(dg_ch)> N

(a+bz)(de—cf)
df b9+ ha\ | Crazi(he—ar)

bCva + bx\/e + fr\/g + hz
fhe+da
l 412
abB—a?C+b? Bz +b2Ca?
3.22. f Vatbz/ctdz/e¥ fo/g+he de
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(a+ba)yeh — dg, [ ciibozen), [letinlbomeld(_qCafh + 2bBdfh — bC(cfh + deh + dfg)) EllipticPi (— blds—o
dfh2v/c + dz+/e + fx\/bc — ad
+dx)(be—af e s v/bg—ahv/e+fx bc—ad)(fg—eh
Cvg + hz(be — af)\/bg — ah % EllipticF (arcsm (\/f“;_eh\/aiiw> y — gdi—if))((bg—th B
fh/e ¥ day/Tg—ehy/— Lrbe=al)
(g+hz)(de—cf) . Vdg—ch\/e+fz \ | (be—ad)(fg—eh)
bCVa + bxy/dg — ch/fg — eh\ | — (G am(ro—et) B (arcsm <\/f§]]—eh\/c+da:) | (be—af)(dg—ch)>
a+bz)(de—cf
/g + s/ {iean
bCva + bx\/e + fr\/g + hz
fhve+dx

input Int[(a*b*B - a~2*C + b~2#Bxx + b~2*Cxx~2)/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqr
tle + f*x]*Sqrtl[g + h*x]),x]

output | (bxC*Sqrt[a + b*x]*Sqrt[e + fxx]*Sqrtlg + h*x])/(f*h*Sqrtlc + d*x]) - (bxC
*Sqrt [d*g - c*h]*Sqrt[f*g - exh]*Sqrt[a + b*x]*Sqrt[-(((d*e - cxf)*(g + hx
x))/((f*xg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle + £
*x])/(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((b*c - a*d)*(fxg - exh))/((b*e - a
*f)*(d*g - c*h))])/(d*fxh*Sqrt[((d*e - c*f)*(a + b*x))/((b*e - a*f)x(c + d
*x))]*Sqrt[g + h*x]) - (C*(bxe - axf)*Sqrt[bxg - axh]*Sqrt[((bxe - axf)*(c
+ dxx))/((d*e - c*f)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g
- axh]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrtl[a + b*x])], -(((bxc - axd)*(f
*g — e*h))/((dxe - cxf)*(bxg - a*h)))])/(f*h*Sqrt[f*g - exh]*Sqrtlc + d*x]
*Sqrt [-(((b*e - a*f)*(g + h*x))/((fxg - exh)*(a + b*x)))]) + (Sqrt[-(d*g)

+ c*h]*(2xb*B*d*fxh - a*Cxdxf*h - bxCx(dxf*g + dxexh + cxfxh))*(a + b*xx)*S
qrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((bxg - a*h)*(e

+ £*x))/((f*g - exh)*(a + b*x))]*EllipticPi[-((b*x(d*g - c*h))/((b*c - axd)
*h)), ArcSin[(Sqrt[b*c - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + c*h]x*Sqrtla +

bxx])], ((bxe - a*f)*(d*g - cxh))/((b*c - axd)*(fxg - e*h))])/(d*Sqrt [bxc

- axd]*fxh~2*Sqrt[c + d*x]*Sqrtl[e + f*x])

L J

abB—a?C+b? Bz +b2Ca?
3.22. f Va+bz/c+de/e+ fr\/g+hx dz




rule 183

rule 188

rule 194

rule 321
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3.22.3.1 Defintions of rubi rules used

Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£_.)*(
x_)IxSqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[2*(a + b*x)*Sqrt[(b*g - axh)x*((
c + d*x)/((d*g - cxh)*(a + b*x)))]*(Sqrt[(b*g - a*h)*((e + f*x)/((f*g - exh
)x(a + bxx)))]/(Sqrtlc + d*x]*Sqrtle + f*x])) Subst[Int[1/((h - b*x~2)*Sq
rt[1 + (bxc - axd)*(x"2/(d*g - c*h))]*Sqrt[1 + (b*xe - a*f)*(x"2/(f*g - exh)
)1), x], x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQl{a, b, c, d, e, f, g,
h}, x]

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)1*Sqrtl(g_.) + (b_.)*(x_)1), x_1 :> Simp[2*Sqrtl[g + h*x]*(Sqrt[(bxe -
a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - e*h)*Sqrtlc + d*x]*Sqrt[(
-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1
+ (bxc - a*xd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(fxg - ex*h))]),
x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h},
x]

\

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (£_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(b*e
- axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]1/((b*xe - a*xf)*Sqrt[g + h*x]*Sq
rt[(b*xe - a*f)*((c + d*x)/((d*xe - c*f)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(b*c - a*xd)*(x"2/(d*e - c*f))]/Sqrt[1l - (bxg - a*h)*(x"2/(f*xg - e*h))], x],
x, Sqrt[e + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(a*xd))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

rule 327‘Int[Sqrt[(a_) + (b_.)*(x_)"2]/8qrt[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[

|
L

(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] &% GtQ[a, O]

abB—a?C+b? Bz +b2Ca?
3.22. f Va+bzv/c+dz/e+ fz\/g+ha dz
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rule 412 Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)"2]1), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQlc, 0] &% GtQle, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

rule 2004 Int[(u_)*((d_) + (e_.)*(x_))"(q_.)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.)
, x_Symbol] :> Int[ux(d + exx)~(p + q)*(a/d + (c/e)*x)"p, x] /; FreeQ[{a, b
, ¢, d, e, qF, x] & EqQ[c*d"2 - b*d*e + a*e”2, 0] && IntegerQ[p]

rule 2099 Int[(Sqrtl(a_.) + (b_.)*(x_)1*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)IxSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[B*
Sqrt[a + b*x]*Sqrtle + f*x]*(Sqrt[g + h*x]/(fxh*Sqrt[c + d*x])), x] + (-Sim
p[Bx(bxe - a*f)*((bxg - a*h)/(2xbxf*h)) Int[1/(Sqrt[a + b*x]*Sqrt[c + d*x
I]xSqrtfe + fxx]*Sqrtlg + h*x]), x], x] + Simp[B*(d*e - cxf)*((d*g - cxh)/(2
*d*f*h))  Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrtl[e + f*x]*Sqrt[g + h*x]),
x], x] + Simp[(2xA*b*d*f*h + B*(a*xd*f*h - b*(d*f*g + d*exh + cxfxh)))/(2b
xd*f*h)  Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]), x]
» x1) /; FreeQ[{a, b, c, d, e, £, g, h, A, B}, x] && NeQ[2*A*d*f - B*(d*e +
cxf), 0]

3.22.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1551 vs. 2(669) = 1338.

Time = 4.90 (sec) , antiderivative size = 1552, normalized size of antiderivative = 2.11

method | result size
elliptic | Expression too large to display | 1552

default | Expression too large to display | 20101

e

int ((C*b~2%x~2+B*b~2%x+Bxa*b-C*a~2) / (bxx+a) ~ (1/2) / (d*x+c) ~(1/2) / (f*xx+e)~ (1
‘/2)/(h*x+g)‘(1/2),x,method=_RETURNVERBOSE)

input

abB—a?C+b? Bz +b2Ca?
3.22. f Va+bzv/c+dz/e+ fz\/g+ha dz



output

input

output
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((bxx+a) * (d*x+c) * (fxx+e) * (h*xx+g) )~ (1/2) / (b*x+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)~ (1/2) / (h*x+g) = (1/2) * (2% (B*xa*b-C*a~2) * (g/h-a/b) * ((-g/h+c/d) *(x+a/b) /(-g/h
+a/b)/ (x+c/d))~(1/2) *(x+c/d) "2*((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d))~(1/
2)*((-c/d+a/b) *(x+g/h) /(-g/h+a/b) / (x+c/d))~(1/2) / (-g/h+c/d) / (-c/d+a/b) / (b*
d*f*h* (x+a/b) * (x+c/d) * (x+e/f) *(x+g/h) ) ~(1/2) *E1llipticF(((-g/h+c/d) * (x+a/b)
/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h)) ~(1/
2))+2xB*b~2*(g/h-a/b) * ((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c/d
)~2x((-c/d+a/b)*(x+e/f) /(-e/f+a/b) / (x+c/d))~(1/2) *((-c/d+a/b) * (x+g/h) / (-g/
h+a/b)/(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/
£)*(x+g/h))~(1/2)*(-c/d*E1llipticF (((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d)) "~
(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f) /(-c/d+g/h)) ~(1/2))+(c/d-a/b) *E1lipti
cPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), (-g/h+a/b) /(-g/h+c/d) , ((
e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))+C*b~2* ((x+a/b) * (x+e/f) *(
x+g/h)+(g/h-a/b) *((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) * (x+c/d) ~2x(
(-c/d+a/b)*(x+e/f)/(-e/f+a/b) /(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b
)/ (x+c/d)) " (1/2)*((a*c/b/d-g/h*a/b+g/h*c/d+c~2/d"2) / (-g/h+c/d) / (-c/d+a/b) *
EllipticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/
b)/(-a/bt+e/f)/(-c/d+g/h))~(1/2))+(-a/b+e/f)*E1lipticE(((-g/h+c/d)*(x+a/b)/
(-g/h+a/b)/ (x+c/d))~(1/2), ((e/f-c/d) *(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2

))/(-c/d+a/b)+(a*d*f*h+bxc*fxh+b*xd*exh+brd*f*g) /b/d/f/h/(-g/h+c/d)*E1li. ..

3.22.5 Fricas [F(-1)]

Timed out.
abB — a?C + b’ Bzx + b*Cx?

dx = Timed out
Vva +brvec+ dxv/e + fx\/g+ hx

e

integrate ((Ckb~2%x~2+B*b~2*x+B*a*b-C*a~2) / (b*x+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x
+e)”(1/2)/(h*x+g)~(1/2) ,x, algorithm="fricas")

-

LTimed out

N J

abB—a?C+b? Bz +b2Ca?
3.22. f Va+bzv/c+dz/e+ fz\/g+ha dz



input

output

input

output

input

output
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3.22.6 Sympy [F]

abB — a*C + b*Bz + b*Cz? / va+bz(Bb— Ca+ Cbzx) i
\/a+bm\/c+dx\/e+fm\/g+hx Ve+dzye+ fx/g+ hx

integrate ((Ckb**2kx**2+Bkb**2%x+B*axb-Cka*x*2) / (b*x+a) **(1/2) / (d*x+c) **(1/2
)/ (£xx+e) **x(1/2) / (hxx+g) **(1/2) ,x)

Integral(sqrt(a + b*x)*(B*b - Cxa + Cxb*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sq
rt(g + h*x)), X)

3.22.7 Maxima [F]

abB — a?>C + b®>Bz + b*Cx? - Cb%2? + Bb’x — Ca® + Bab .
Va+brvec+ dxv/e + fx/g+ hx Vbx + avdzx + c/fr +ev/hzr + g

integrate ((Ckb~2%x~2+B*b~2*x+B*a*b-C*a~2) / (b*x+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x
+e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

integrate((C*b~2*x~2 + B*b~2%x - C*a~2 + B*axb)/(sqrt(b*x + a)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

3.22.8 Giac [F]

abB — a?’C + b?Bzx + b*Cz? - Cv%z? 4+ Bb’x — Ca® + Bab .
Vva + bzvc+ dry/e + fx/g + hx Vbz + av/dx + c/fr +ev/hx + g

integrate ((Cxb~2*x~2+B*b~2*x+B*axb-C*a~2) /(b*x+a)~(1/2)/(d*x+c)~(1/2)/ (f*x
+e) " (1/2) / (h*x+g)~(1/2) ,x, algorithm="giac")

integrate ((Cxb~2%x~2 + B*b~2%x - C*a~2 + B*a*b)/(sqrt(bxx + a)*sqrt(d*x +
c)*sqrt (£*x + e)*sqrt(h*x + g)), x)

abB—a?C+b? Bz +b2Ca?
3.22. f Va+bzv/c+dz/e+ fz\/g+ha dz
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3.22.9 Mupad [F(-1)]

Timed out.

abB — a?>C + b®>Bz + b*Cx? - —Ca’>+Bab+Cb?22+Bb’z .
Vva+brvec+ dxv/e + fx\/g+ hx Ve+ fz/g+hzva+bxec+dx

/

input | int ((C*b~2%x~2 - C*xa~2 + Bxaxb + B*b~2%x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)
*(a + bxx)~(1/2)*(c + d*x)~(1/2)),x)

output int((Cxb~2%x~2 - C*a~2 + B¥a*b + B¥b~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)
*(a + bxx)~(1/2)*(c + d*x)~(1/2)), x)

abB—a?C+b? Bz +b2Ca?
3.22. f Va+bzv/c+dz/e+ fz\/g+ha dz
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3.23 f abB—a’C+b*Bz+b*Ca? dx
) (a+b2)3/2\/c+dzr/e+ [z /g+hz

3.23.1 Optimal result . . . . . . . . . . ... . 2351
3.23.2 Mathematica [A] (verified) . . . . . . . ... .. .. Lo 230
3.23.3 Rubi [A] (verified) . . . . ... .. . ... 2361
3.23.4 Maple [B] (verified) . ... ... ... ... 239
3.23.5 Fricas [F(-1)] . . . . . o o 2400
3.23.6 Sympy [F] . . . . . 240
3.23.7 Maxima [F] . . . . . . . 24T]
3.23.8 Giac [F] . . . . . . 24T]
3.23.9 Mupad [F(-1)] . . . . . oo 247]

3.23.1 Optimal result

Integrand size = 62, antiderivative size = 436

be—af)(ct+dz vbg—a
abB — a2C + b2Bz + b2Cz? i 2(bB — 2aC) Wvg + hz EllipticF (arcsm <\/fgie

(a+bx)¥?Vc+dzve+ fa/g+ha Vbg — ahy/fg —ehv/c+ dz | — G2l

(bg—ah)(c+dx) [(bg—ah)(e+fT) T11:s: > b(dg—ch) Vbc—ad+/g+hz (be—af)(c
20\/ _dg +c (a + biL‘)\/ df] ch)(a+bz) \/ ( !Z] eh)(a+bzx) ElhpthPI <_ (bciad)h’ arcsin <\/—dg+chja+b:c) > (be—ad)(

Vbc — adhv/c + dz\/e + fx

+

output | 2%C* (b*x+a) *E11lipticPi ((-a*d+b*c) ~(1/2) * (h*x+g) ~(1/2) / (cxh-d*g) ~(1/2) / (b*x
+a) " (1/2) ,-b*(-c*h+d*g) / (—a*xd+b*c) /h, ((-a*f+bxe) * (~c¥h+d*g) / (—a*xd+b*c)/(-e
*h+f*g)) ~(1/2) ) * (c*h-d*g) = (1/2) * ((-axh+bxg) * (d*x+c) / (-cxh+d*g) / (b*x+a) ) ~ (1
/2) % ((-a*h+b*g) * (f*x+e) / (-exh+f*g) / (b*x+a)) ~(1/2) /h/ (-a*d+bxc) ~(1/2) / (d*x+
c)~(1/2)/ (fxx+e) " (1/2) +2* (Bxb-2+C*a) *E11ipticF ((-axh+b*g) ~(1/2) * (f*xx+e) ~ (1
/2) / (—exh+fxg) = (1/2) / (b*x+a) ~(1/2) , (- (~axd+b*c) * (~exh+f*g) / (—~c*f+d*e) / (—a*
h+b*g) )~ (1/2) ) * ((-a*xf+b*e) * (d*x+c) / (-cxf+d*e) / (bxx+a)) = (1/2) * (h*x+g) = (1/2)
/ (-axh+b*g) ~(1/2) / (~e*h+f*g) = (1/2) / (d*x+c) " (1/2) / (- (-axf+bxe) * (h*x+g) / (-ex
h+f*g) / (b*x+a))~(1/2)

abB—a2C+b? Bz4b2Cz?
3.23 f (a+bx)3/2y/cHda~/et fz/g+ha de



input

output

d*x]*Sqrt[e + f*x]*Sqrtlg + h*x]),x]
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3.23.2 Mathematica [A] (verified)

Time = 25.18 (sec) , antiderivative size = 583, normalized size of antiderivative = 1.34

2(a + br)3/?

(bg—ah)(e+fx) ..
(bg—ah)(c+dz) | _ bB (f!;—ehm (g+hz) EllipticF (a,rcs
(dg—ch)(a+bz) (bg—ah)(a+bx)

abB — a®’C + b’>Bz + b*Cx?
(a + bx)3/2/c+ dz\/e + fx/g + hz

Integrate[(axb*xB - a~2xC + b~ 2xBxx + b~2xC*xx~2)/((a + b*x)~(3/2)*Sqrtlc +

(2x(a + b*x)~(3/2)*Sqrt [((bxg - a*h)*(c + d*x))/((d*g - cxh)*(a + b*x))]*(
-((b*B*Sqrt [((b*g - a*h)*(e + £*x))/((f*g - exh)*(a + b*x))]1*(g + h*x)*E1l
ipticF[ArcSin[Sqrt[((-(b*e) + axf)*(g + h*x))/((fxg - exh)*(a + bxx))]1], (
(-(bxc) + axd)*(-(fxg) + exh))/((bxe - axf)*(d*g - cxh))])/((bxg - a*h)*(a
+ b*x)*Sqrt [((-(bxe) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))])) - (2*ax
CxSqrt [((b*g - a*h)*(e + f*x))/((f*g - exh)*(a + b*x))]*(g + h*x)*Elliptic
F[ArcSin[Sqrt[((-(b*e) + a*f)*(g + h*x))/((f*g - e*h)*(a + b*x))]], ((-(b*
c) + axd)*(-(f*g) + exh))/((b*e - axf)*(d*g - cxh))])/((-(b*g) + a*h)*(a +
bxx)*Sqrt [((-(bxe) + axf)*(g + h*x))/((f*g - exh)*(a + b*x))]) + (Cx(-(f*
g) + exh)*Sqrt[-(((b*xe - a*xf)*(bxg - axh)*(e + f*x)*(g + h*x))/((f*g - exh
)"2%(a + b*x)~2))]1*EllipticPi[(b*(-(f*g) + exh))/((b*e - a*f)*h), ArcSin[S
qrt[((-(bxe) + axf)*(g + hx*x))/((f*g - exh)*(a + b*x))]], ((-(b*c) + a*xd)*
(-(fxg) + exh))/((bxe - a*xf)*(d*g - c*h))])/((bxe - axf)*h)))/(Sqrtlc + dx*
x]*Sqrt[e + f*xx]*Sqrtlg + h*x])

3.23.3 Rubi [A] (verified)

Time = 0.83 (sec) , antiderivative size = 436, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 6, Lumber of rules _ ( 197 Ryles used

' integrand size
= {2004, 2101, 183, 188, 321, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

a?(—C) + abB + b*Bz + b*Cxz? .
(a + bx)3/2\/c + dzxv/e + fz\/g + hx

l 2004

abB—a2C+b? Bz4b2Cz?
3.23 f (a+bx)3/2y/cHda~/et fz/g+ha de
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/ abB a C—I—bC.’L‘
\/a+b:c\/c+dw\/e+fx\/g+hx

l 2101
1 V4 b
(bB—2aC’)/ dx+C ator x
Va+bzvc+ dz/e + fr\/g+ hx Ve+dzyve+ fx\/g+ hx
l 183
(bB — 2a0) /r L dz +
—2a
Va+ bw\/c + dzve+ fz\/g —I— hz
\/ Foo)dg—ch) \/ (o) (Fa—eh) | DN = i&%ii’;wi +1,/BeaDethe) ) " Vatbo
Ve+dzye+ fx
l 188
(ctdz)(be—af) 1 vetfzx
V9 + hz(bB — 2a0) (a+bz)(de—cf) J (be—ad)(e+fz) | \/1_(bg—ah)(e+fw)d\/a+bx
(de=cf)(atba) (fg—eh)(atba) +
(g+hz)(be—af)
Ve+dz(fg —eh)\/— ity foeh)
2C(a + bz) (ctdz)(bg—ah) [(e+fx)(bg— ah) . _ _ _ _ dVathz
\/ (a+bz)(dg—ch) \ (a+bz)(fg9— eh) ( —b(fizfl)) \/Egg cﬂ((‘ifiﬁ; +1\/El}g Dlothal 11 Vatbz
ve+dzyve+ fx
l 321
(c+dz)(bg—ah) [(e+fz)(bg— ah) Vg+hz
C’(OL+bx)\/(a+bﬂv)(dg—ch) (a+bz)(fg— eh) ( _b(g-‘rhx)) (be— ad)(g+hw> 11 \/(be af)(g+hx) _|_1d\/a+b.7:
a+bx (dg—ch)(a+bx) (fg—eh)(a+bzx) +
Ve+dzve+ fx

ct+dz)(be—a P . Vbg—ah+/e+fx bc—ad)(fg—eh
2\/m(bB - 2a0) Ea—}—bx%%de—c;; ElllpthF (arcsm (dfi]—eh\/aj-{z) 1 Ede—cf))((bg—ahg)

Ve + dzy/bg — ahy/fg — eh\/—%

l 412

2v/g + hz(bB — 2aC) 7&1‘3%3:%; EllipticF (arcsin (@%) ,— EZ‘;Z‘;))(({Z:ZZ;)

Ve + dz/bg — ahy/fg — eh —%

2C(a + b.’l?) /ch —da dg\/(c—i—dac)(bg—ah) \/(e-i—fx)(bg—ah) EllipticPi( b(dg ;;L,)l,aI‘CSHl (x/bc—ad\/g—i—hx) (be—af)(dg—ch)

(a+bx)(dg—ch) V (a+bz)(fg—eh) (be— V/ch—dgva+bz

? (be—ad)(fg—eh)

hv/c+ dz+/e + fx\/bc — ad

input‘ Int[(a*b*B - a"2*C + b"2*Bxx + b~2xCxx~2)/((a + b*x)~(3/2)*Sqrt[c + d*x]*S
‘qrt [e + f*x]*Sqrt[g + h*x]),x]

abB—a2C+b? Bz4b2Cz?
3.23 f (a+bx)3/2y/cHda~/et fz/g+ha de
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output | (2x(b*B - 2*a*C)*Sqrt[((bxe - a*f)*(c + d*x))/((d*e - cxf)*(a + b*x))]*Sqr
t[g + h*x]*EllipticF[ArcSin[(Sqrt[bxg - a*h]l*Sqrtle + fx*x])/(Sqrt[f*g - ex
hl*Sqrt[a + b*x])], -(((bxc - axd)*(f*g - exh))/((d*e - cxf)*(b*g - axh)))
1)/(Sqrt[b*g - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*e - axf)x(g +
h*x))/((f*g - exh)*(a + b*x)))]) + (2*%C*Sqrt[-(d*g) + c*h]l*(a + b*x)*Sqrt
[((b*g - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*g - a*h)*(e + £
*xx))/((fxg - e*h)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((bxc - a*d)*h)
), ArcSin[(Sqrt[b*c - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + c*h]l*Sqrt[a + b*x
D1, ((bxe - a*xf)*(d*g - cxh))/((b*c - a*d)*(fxg - exh))])/(Sqrtl[b*c - axd
I*h*Sqrt[c + d*x]*Sqrtle + f*x])

3.23.3.1 Defintions of rubi rules used

rule 183  Int[Sqrt[(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[2*(a + b*x)*Sqrt[(b*g - axh)*((
c + d*x)/((d*g - c¥h)*(a + b*x)))I*(Sqrt[(bxg - a*h)*((e + £*x)/((f*g - e¥h
)*x(a + bxx)))]/(Sqrtlc + d*x]*Sqrtle + f*x])) Subst[Int[1/((h - b*x~2)*Sq
rt[1 + (bxc - a*d)*(x"2/(d*g - c*h))]1*Sqrt[1 + (bxe - a*xf)*(x"2/(f*g - exh)
)1), x]1, x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, 4, e, f, g,
h}, x]

rule 188 Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_]1 :> Simp[2*Sqrt[g + h*x]*(Sqrt[(bxe -

axf)*((c + d*x)/((d*e - c*f)*(a + b*x)))]/((f*xg - e*h)*Sqrtlc + d*x]*Sqrt[(
-(bxe - a*xf))*((g + h*xx)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (bxc - axd)*(x"2/(d*e - cxf))]*Sqrt[1l - (b*g - axh)*(x"2/(f*xg - e*h))]),

x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h},

x]

rule 321 Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]1*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

abB—a2C+b? Bz4b2Cz?
3.23 f (a+bx)3/2y/cHda~/et fz/g+ha de
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rule 412 Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]1), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQlc, 0] &% GtQle, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

rule 2004/Int[(u_)*((d_) + (e_)*(x ))"(q_)*((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_.)
, x_Symbol] :> Int[ux(d + exx)~(p + q)*(a/d + (c/e)*x)"p, x] /; FreeQ[{a, b
, ¢, d, e, g}, x] && EqQ[c*d"2 - bxdxe + axe”2, 0] && IntegerQ[p]

rule 2101 Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(A*b
- axB)/b  Int[1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrt[e + fxx]*Sqrt[g + h*x])
, x], x] + Simp[B/b  Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrtlg
+ h*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h, A, B}, x]

3.23.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 855 vs. 2(398) = 796.

Time = 6.31 (sec) , antiderivative size = 856, normalized size of antiderivative = 1.96

method | result

soveeo1-8) [FERED (o [CEDED [CRTET, ([EL
bzt a)(dato)(fote)(hatg) (A+8)(=+d) - c)((_i+i))(7;)( (a_)’z+b3)(z+d3)( E()—m,)(
“hta){—ats)edfh(zty)(ztg)(=+7 ) (=+5

elliptic

default | Expression too large to display

p
input \ int ((Cxb~2*x~2+B*xb~2*x+B*axb-Cxa~2) / (b*x+a) ~(3/2) / (d*x+c) ~(1/2) / (f*x+e)~ (1 \
‘ /2) / (h*x+g) ~(1/2) ,x ,method=_RETURNVERBOSE)

abB—a2C+b? Bz4b2Cz?
3.23 f (a+bx)3/2y/cHda~/et fz/g+ha de



output
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((bxx+a) * (d*x+c) * (f*x+e) * (h*x+g) ) ~(1/2) / (bxx+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)~ (1/2) / (h*x+g) = (1/2) * (2% (B¥b-C*a) * (g/h-a/b) * ((-g/h+c/d) *(x+a/b) / (-g/h+a/b
)/ (x+c/d))~(1/2) *(x+c/d) 2% ((-c/d+a/b) * (x+e/f) / (—e/f+a/b) / (x+c/d) )~ (1/2) *(
(-c/d+a/b)*(x+g/h) /(-g/h+a/b) / (x+c/d))~(1/2) /(-g/h+c/d) / (-c/d+a/b) / (bxd*f*
h*(x+a/b) *(x+c/d) * (x+e/f) *(x+g/h) )~ (1/2) *E1lipticF (((-g/h+c/d) *(x+a/b) / (-g
/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h))~(1/2))+
2%Cxb* (g/h-a/b) * ((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) * (x+c/d) ~2% ((
-c/d+a/b)*(x+e/f)/(-e/f+a/b)/(x+c/d)) ~(1/2)*((-c/d+a/b) * (x+g/h) / (-g/h+a/b)
/(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (b*d*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+
g/h))~(1/2)*(-c/d*EllipticF (((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2),
((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b)*E1llipticPi (((
-g/h+c/d)*(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2), (-g/h+a/b) / (-g/h+c/d) , ((e/f-c/
d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))))

3.23.5 Fricas [F(-1)]

Timed out.

dz = Timed out

/ abB — a’C + b*Bz + b?Cz?
(a + bx)3/2\/c + dz\/e + fr\/g + hz

input‘integrate((C*b”2*x“2+B*b“2*x+B*a*b—C*a“2)/(b*x+a)‘(3/2)/(d*x+c)*(1/2)/(f*x

‘+e)“(1/2)/(h*x+g)“(1/2),x, algorithm="fricas")

output LTimed out

input

output

3.23.6 Sympy [F]

/ abB — a?’C + b*Bz + b?Cz? d — / Bb— Ca+ Cbx
(a + bx)3/2\/c + dz\/e + fr\/g + hz Vva

x
+ bxv/c+ dz/e + fx/g+ hx

integrate ((C¥b**2*x**2+B*b**2*x+B*axb—Cxa*x*2) / (b*x+a) **(3/2) / (d*x+c)**(1/2
)/ (£xx+e)**(1/2) / (h*x+g) **(1/2) ,x)

-

Integral ((Bxb — C*a + Cxb*x)/(sqrt(a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*sq

rt(g + h*X)), X)

abB—a2C+b? Bz4b2Cz?
3.23 f (a+bx)3/2y/cHda~/et fz/g+ha de




input

output

input

output

input

output
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3.23.7 Maxima [F]

dz

abB — a?C + b®Bx + b*Cz? p _/ Cbv%x? + Bb*x — Ca® + Bab
(a +bz)3/2\/c+ dzv/e + foy/g + ha (bx+a)%\/dw+c\/fx+e\/hx+g

integrate ((Cxb~2*x~2+B*b~2*x+B*axb-C*a~2) / (b*x+a) ~(3/2)/(d*x+c)~(1/2)/ (f*x
+e)~(1/2) / (h*x+g)~(1/2) ,x, algorithm="maxima")

integrate((C*b~2*x~2 + Bxb~2%x - Cxa”~2 + Bxaxb)/((b*x + a)~(3/2)*sqrt(d*x
+ c)xsqrt(f*x + e)*sqrt(h*x + g)), x)

3.23.8 Giac [F]

dz

abB — a?C + b®*Bzx + b*Cz? p _/ Cb%z? + Bb*xz — Ca® + Bab
(a +b2)32Vc +dzve + fzv/g + h (bx+a)%\/dx+c\/fx+e\/hw+g

integrate ((C*¥b~2*x~2+B*b~2*x+B*a*b—C*a~2) / (b*x+a) ~(3/2)/(d*x+c) ~(1/2) / (f*x
+e)~(1/2) / (h*x+g)~(1/2) ,x, algorithm="giac")

integrate((Cxb~2*x~2 + Bxb~2%x - C*a~2 + B¥axb)/((b*x + a)~(3/2)*sqrt(d*x
+ c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

3.23.9 Mupad [F(-1)]

Timed out.
abB — a?C + b’Bz + b>Cx? —Ca?+ Bab+Cb 2>+ Bb’zx
dzr = 32 dz
(a+ bx)32/c+ dz\/e + fx\/g+ hz Ve+fzg+hr(a+bz)’ Ve+dzx

int ((C*b~2%x"2 - C*a~2 + B*axb + B*b~2+x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)
*(a + b*x)~(3/2)*(c + d*x)~(1/2)),x)

int ((Cxb~2xx~2 - Cxa~2 + Bxaxb + Bxb~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)
*(a + bxx)~(3/2)*(c + d*x)~(1/2)), x)

abB—a2C+b? Bz4b2Cz?
3.23 f (a+bx)3/2y/cHda~/et fz/g+ha de
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3.24 f abB—a?C+b?>Bx+b*Ca? dx
) (a+b2)®/2\/c+dzr/e+ [z /g+hz

3.24.1 Optimalresult . . . . .. .. . . . .. ... e 242
3.24.2 Mathematica [A] (verified) . . . . . . . . . .. ... 243
3.24.3 Rubi [A] (verified) . . . . . . . . . .. 247
3.24.4 Maple [B] (verified) . . . ... .. . ... 248]
3.24.5 Fricas [F] . . . . . . o o 249]
3.24.6 Sympy [F(-1)] . . . . o 249
3.24.7 Maxima [F] . . . . . . . 249
3.24.8 Giac [F] . . . . . 2501
3.24.9 Mupad [F(-1)] . . . . o 2501

3.24.1 Optimal result

Integrand size = 62, antiderivative size = 616

abB — a?C + b?*Bzx + b*Cxz? dp — 2b(bB — 2aC)dv/a + bx+/e + fx\/g + hx
(a + bx)>2v/c + dz\/e + fx/g + hz (bc — ad)(be — af)(bg — ah)V/c + dz
20%(bB — 2aC)v/c+ dz/e + fx\/g + hx
B (bc — ad)(be — af)(bg — ah)va + bz

(de—cf)(g+hx) . vdg—ch e+ fz \ | (bc—ad)(fg—eh)
2b(bB — 2aC)+/dg — ch\/fg — ehv/a + bx\ | — Go—eh) (et da) 8h)(i+dw)E(arcs1n (sz eh\/chdx) |(be af)(di ch)>

(b — ad)(be — af)(bg — ah) |/ Ye=eBerta) /o3 Ty
(be—af)(c+dx) vbg—ahy/e+fx (bc—ad)(fg—eh)
2(bcC — bBd + aCd)/ ({de—cf)(atbr) VI T hz EllipticF <arcs1n <¢fi, eh\/a—i-bz) » (de—cf)(b;]—ah))

_ — — (be—af)(gthz)
(be — ad)/bg — ah/Tg — ehv/c+ o |~ =Dl

_|_

abB—a?C+b?Bz+b>Cx?
3.24 f (a+bx)3/2+/c+dz+/ e+ fx\/g+ha dx
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output | 2+¢b* (B¥b-2*C*a) *d* (bxx+a) ~ (1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) / (-a*d+b*xc) /(-a
xf+b*e) / (~axh+b*g) / (d*x+c) " (1/2) -2xb~2* (B¥b-2*C*a) * (d*x+c) ~ (1/2) * (fxx+e) ~(
1/2)* (h*x+g) " (1/2) / (—a*d+b*c) / (—axf+b*e) / (—a*h+b*g) / (bxx+a) ~ (1/2) +2% (—B*bx*
d+C*axd+Cxb*c) *E11ipticF ((-axh+bxg) ~(1/2) * (f*x+e) ~(1/2)/(-exh+f*g)~(1/2)/(
b*x+a) ~(1/2) , (- (-a*d+b*c) * (~exh+f*g) / (-c*f+d*e) / (—axh+b*g)) ~(1/2) ) * ((—a*xf+
bke)* (d*x+c) / (-c*f+d*e) / (b*x+a) )~ (1/2) * (h*x+g) ~(1/2) / (-a*d+b*c) / (—a*h+bxg)
~(1/2)/ (—exh+fxg) = (1/2) / (d*x+c) ~(1/2) / (- (—axf+bxe) * (h*x+g) / (—e*h+f*g) / (b*x
+a)) " (1/2) -2%bx (B¥b-2*C*a) *E11ipticE ((-c*h+dx*g) ~(1/2) * (fxx+e) "~ (1/2) / (—exh+
fxg)~(1/2)/(d*x+c) " (1/2) , ((—a*d+b*c) * (—exh+f*g) / (-axf+bxe) / (-cxh+d*g) )~ (1/
2)) * (—c*h+d*g) ~ (1/2) * (—exh+f*g) ~(1/2) * (bxx+a) ~(1/2) * (- (—c*f+d*e) * (h*x+g) / (
—exh+f*xg) / (d*x+c)) ~(1/2)/ (-a*d+b*c) / (-axf+bxe) / (-a*xh+b*g) / ((-cxf+d*e) * (b*x
+a) / (maxf+bxe) / (dxx+c) )~ (1/2) / (h*x+g) ~(1/2)

3.24.2 Mathematica [A] (verified)

Time = 26.04 (sec) , antiderivative size = 340, normalized size of antiderivative = 0.55

bg—ah)(ct+dx
/ abB — a*C + b*Bz + b*Cx? _ 2(be —af) Go-aeti) (e + f2)**(g + ha)®/? (b(bB — 2aC
(a + bx)®/2\/c+ dz+\/e + fr\/g + hz

e N

input | Integrate[(axb*B - a"2*C + b~ 2*%Bxx + b~ 2*Cxx"2)/((a + b*x)~(5/2)*Sqrt[c +
d*x]*Sqrt[e + f*x]*Sqrtlg + h*x]),x]

output  (2x(b*e - axf)*Sqrt[((b*g - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]I*(e +
£xx)~(3/2)*(g + h*x)~(3/2)*(bx(b*B - 2*a*C)*(d*g - c*h)*EllipticE[ArcSin[S
qrt[((-(bxe) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))]], ((bxc - axd)*(fx*
g - exh))/((bxe - axf)*(d*xg - cxh))] + (b*c*C - b*Bxd + a*xCxd)*(b*g - a*h)
*EllipticF [ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*g - exh)*(a + b*x))]
1, ((bxc - axd)*(f*g - exh))/((bxe - axf)*(d*g - cxh))]))/((bxc - a*xd)*(f*
g - exh)~3%(a + b*x)~(5/2)*Sqrtlc + d*x]*(-(((bxe - axf)*(b*g - a*h)*(e +
f*xx)*(g + h*x))/((fxg - exh)"2x(a + b*x)"2)))~(3/2))

abB—a?C+b?Bz+b>Cx?
3.24 f (a+bx)3/2+/c+dz+/ e+ fx\/g+ha dx
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3.24.3 Rubi [A] (verified)

Time = 1.49 (sec) , antiderivative size = 586, normalized size of antiderivative = 0.95,
number of steps used = 9, number of rules used = 8, umber of rules _ ( 199 Ryles used

integrand size
= {2004, 2102, 2105, 27, 188, 194, 321, 327}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

a?(—C) + abB + b*Bz + b*Cx? .
(a + bx)%/2\/c+ dz+/e + fx\/g + hx

l 2004

abB;azc’ +bC.’I7 d
x
(a + bz)3/2\/c+ dx\/e + fz\/g + hz

l 2102

f 2(bB—2aC)df ha?b?+C(bceg—a(deg+cfg+ceh))b?+(bB—2aC)(adf h4+-b(df g+deh+cfh))zb—a(bB—aC)(adf h—b(df g+deh+cfh)) d
Va+bz/c+dz+/e+ fr\/g+hz z
(bc — ad)(be — af)(bg — ah)
20%v/c + dz+\/e + fz+/g + hx(bB — 2aC)

Vva+ bz(bc — ad)(be — af)(bg — ah)

| 2105
2bd(bcC+adC—bBd) f (be—af)h(bg—ah)
b: f a+bx/c+dr/e+ fx T dz 2bd +b -+ -+
b(bB — 2aC)(de — cf )(dg — ch) [ rgrb Rt B de + o Lo g oy + B etlover/ovy

(bc — ad)(be — af)(bg — ah)
20%v/c + dz+\/e + fz+/g + hx(bB — 2aC)
Vva+ bz(bc — ad)(be — af)(bg — ah)

l 27

b(bB — 2aC)(de — cf)(dg — ch) [ (c+d$)3/2”\‘;:ﬁfcx\/g+hzdx + (be — af)(bg — ah)(aCd — bBd + bcC) [ W\/cfdz]-
(bc — ad)(be — af)(bg — ah)
20%v/c + dz\/e + fz\/g + hx(bB — 2aC)
va + bz(bc — ad)(be — af)(bg — ah)

l 188

abB—a?C+b?Bz+b>Cx?
3.24 f (a+bx)3/2+/c+dz+/ e+ fx\/g+ha dx
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: 2/gFha(be—af)(bg—ah)(aCd—bBd-+beC),/ (cHimibe=aly Nz
vV de-
b(bB — 2aC)(de — cf)(dg — ch) [ (c+dx)3/25:+f°z\/g+hzdx + (

Vet da(fg—ch), [~ LD
(bc — ad)(be — af)(bg — ah)

2v%/c + dz+v/e + fx\/g + hz(bB — 2aC)
Vva + bz(bc — ad)(be — af)(bg — ah)
Vetfz

l 194
+dz)(be—af) 1
2/gFha(be—af)(bg—ah)(aCd—bBd-+beC) / (cHitibe—als 1 =TeD DR 2b\/a+bx(bB—2aC)(dg—ch)\/
Ve b - et _

Vetda(fa—eh)/~ Erin e Vo
(bc — ad)(be — af)(bg — ah)
20%v/c + dz+\/e + fz+/g + hx(bB — 2aC)
va + bz(bc — ad)(be — af)(bg — ah)

l 321

(bc—ad)(e+fx)
1—
2bv/atbe(bB—2aC)(dg—ch),/— LHhnldemey p V' Cealeres) jveiss
— — Vetdx (ct+dz)(be—af)
B ct+dz)(Fg—e \/1,% N 2v/g+ha(be—af)v/bg—ah(aCd—bBd+beC) | (5 Gemer)
(a+bz)(de—cf) /1
Vg+hx (ctdz)(be=af) vetdzy/ fg—eh -1

(bc — ad)(be — af)(bg — ah)

2b%\/c + dz\/e + fz+/g + hx(bB — 2aC)
va + bz(bc — ad)(be — af)(bg — ah)

l 327

dz) (be— . . ([ \/bg—ahy/ be—ad)(fg—eh
2\/g+ha:(be—af)\/bg—ah(aCd—de—i-bcC),/%ElhptlcF(arcsm(\/;‘;_‘::\/Z_%),—Edce_if))((igg_zhg) _ 2bv/a+bx(bB—2aC)+/dg—«
(g+hz)(be—af)
VerdoyTo—eh /- ER 5=t

(bc — ad)(be — af)(bg — a
20%v/c + dzv/e + fz\/g + hx(bB — 2aC)

va + bz(bc — ad)(be — af)(bg — ah)

- B
input\ Int [(a*xb*B - a~2*C + b~2xBxx + b~2+C*x~2)/((a + b*x)~(5/2)*Sqrtlc + d*x]*S \
‘qrt [e + £*x]*Sqrtlg + h*x]),x]

abB—a?C+b?Bz+b>Cx?
3.24. f (a+bx)3/2+/c+dz+/ e+ fx\/g+ha dx



output

rule 27

rule 188

rule 194

rule 321
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(-2%b~2* (b*B - 2*a*C)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x])/((b*c - a
*d)*x (bxe - a*f)*(bxg - axh)*Sqrtl[a + b*x]) + ((2*%b*(b*B - 2*a*C)*d*Sqrt[a
+ b*x]*Sqrte + fxx]*Sqrtl[g + h*x])/Sqrtlc + d*x] - (2*bx(b*B - 2*a*C)*Sqr
t[d*g - cxh]*Sqrt[f*g - exh]*Sqrt[a + b*x]*Sqrt[-(((d*xe - c*f)*(g + h*x))/
((fxg - exh)*(c + d*x)))]1*EllipticE[ArcSin[(Sqrt[d*g - c*h]l*Sqrtle + fx*x])
/(8qrt[f*g - exh]*Sqrtlc + d*x])], ((b*c - a*d)*(fxg - exh))/((b*e - a*f)=*
(d*g - c*h))])/(Sqrt[((d*e - cxf)*(a + bxx))/((b*e - a*f)*(c + d*x))]*Sqrt
[g + h*xx]) + (2*%(b*c*C - b*B*d + axC*d)*(bxe - axf)*Sqrt[bxg - a*h]*Sqrt[(
(bxe - a*xf)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[Ar
cSin[(Sqrt[b*g - a*h]l*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrt[a + b*x])], -((
(bxc - axd)*(fxg - exh))/((d*e - c*f)*(b*g - a*h)))])/(Sqrt[f*g - exh]*Sqr
tlc + d*x]*Sqrt[-(((b*e - axf)*(g + hx*x))/((f*g - exh)*(a + b*x)))]1))/((bx*
c - axd)*(bxe - a*f)*(b*g - axh))

3.24.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_1 :> Simp[2*Sqrtl[g + h*x]*(Sqrt[(bxe -
axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - exh)*Sqrt[c + d*x]*Sqrt[(
-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1
+ (b*c - axd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*xg - e*h))]),
x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h},
x]

N\

Int[Sqrtl[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (£_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(b*e
- axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]/((b*xe - a*xf)*Sqrt[g + h*x]*Sq
rt[(b*xe - a*f)*((c + d*x)/((d*xe - c*f)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(b*c - a*xd)*(x"2/(d*e - c*f))]/Sqrt[1l - (bxg - a*h)*(x"2/(f*xg - e*h))], xI,
x, Sqrt[e + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

abB—a?C+b?Bz+b>Cx?
3.24 f (a+bx)3/2+/c+dz+/ e+ fx\/g+ha dx




rule 327

rule 2004

rule 2102

rule 2105
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Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[c]*Rt[-d/c, 2]1))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Int[(u_)*((d_) + (e_.)*(x_))"(q_.)*((a_) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_.)
, X_Symbol] :> Int[ux(d + e*x)~(p + q)*(a/d + (c/e)*x)"p, x] /; FreeQ[{a, b
,» €, d, e, g}, x] && EqQ[c*d~2 - bxd*e + a*e”2, 0] && IntegerQ[p]

/Int[(((a_.) + (b_ ) *(x)) " (@ )*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x

_)IxSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x) " (m + 1)*Sqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrtl[g + hx*x]
/(@ + D)*(bxc - a*xd)*(bxe - axf)*(b*g - axh))), x] - Simp[1/(2*(m + 1)*(bx
c - axd)*(bxe - axf)*(bxg - a*h)) Int[((a + bxx)"(m + 1)/(Sqrtlc + d*x]*S
grtle + f£xx]*Sqrtlg + h*x]))*Simp [A*(2*a~2*d*f*h*x(m + 1) - 2%a*bk(m + 1)*(d
xf*xg + dxexh + cxfxh) + b™2%(2*m + 3)*(d*exg + c*f*g + ckexh)) - b*Bx(ak(d*
exg + c*fxg + cxexh) + 2kbxckexgk(m + 1)) - 2x((A*xb - ax*B)*(a*d*f*h*x(m + 1)
- bx(m + 2)*(d*f*g + d*exh + ckfxh)))*x + d*fxh*(2*m + 5)*(A*b~2 - axb*B)=*
x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B}, x] && IntegerQ[2+*m
] && LtQ[m, -1]

/Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sgrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.

) + (d_)*(x_)]*Sqrtl(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + f*x]*(Sqrtl[g + h*x]/(bxfxh*Sqrt[c + d*x
D), x] + (Simp[1/(2*bxd*f*h)  Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrt[e

+ f*xx]*Sqrt[g + h*x]))*Simp[2*A*b*d*f*h - C*(bxd*e*xg + axckfxh) + (2xb*Bxdx*
fxh - Ckx(axd*fxh + bx(dxfxg + dxexh + cxfxh)))*x, x], x], x] + Simp[Cx(d*e

- cxf)*x((d*g - cxh)/(2*bxd*f*h)) Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}

» xJ

abB—a?C+b?Bz+b>Cx?
3.24 f (a+bx)3/2+/c+dz+/ e+ fx\/g+ha dx
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3.24.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 2248 vs. 2(562) = 1124.

Time = 7.51 (sec) , antiderivative size = 2249, normalized size of antiderivative = 3.65

method | result size

elliptic | Expression too large to display | 2249

default | Expression too large to display | 18867

input | int ((Ckb~24x~2+B*b~2*x+B*axb-C*a~2)/ (b*x+a) ~(5/2) / (d*x+c) ~(1/2)/ (f*x+e)~ (1
/2) / (hxx+g) ~(1/2) ,x ,method=_RETURNVERBOSE)

output | ((b*x+a)* (d*x+c)* (f*x+e) * (h*x+g) ) ~(1/2)/ (bxx+a) ~(1/2)/(d*x+c)~(1/2)/ (f*x+e
)~ (1/2) / (h*x+g) = (1/2) * (2% (b*d*f *h*x~3+b*c*f*xh*x~2+b*xd*exh*x~2+b*d*f*g*xx~2+
b*ckexh*x+b*ckf*g*x+bkd*exg*x+bkckexg) xb/ (a~3*d*f*h-a~2*b*cxf*h-a~2xbxd*ex*
h-a~2xb*d*f*g+axb~2*c*exh+a*xb~2*c*f*g+a*xb~2*d*e*g-b~3*c*e*g) * (B¥xb-2*Cx*a) / (
(x+a/b) * (bxd*f*xh*x~3+bxcxfxh*x~2+b*d*exh*x~2+b*d*f*g*x~2+b*c*exh*x+b*c*f*g
*xx+bxd*exgxx+bkckexg) )~ (1/2)+2* (C+(a~2*d*f*h-a*b*c*f*h-a*xb*d*exh-a*b*d*f*g
+b~2xcxe*h+b”2xc*f*g+b~2*d*e*xg) * (B¥b-2xCxa) / (a~3*d*f*h-a~2*b*cxf*xh-a~2*b*xd
xe*xh-a~2xbxd*f*g+axb~2kckexh+axb 2xc*f*xg+axb~2*%d*xexg-b " 3*cxexg) - (b*c*exh+b
xcxf*g+bxdxexg) ¥b/ (a~3*d*f*h-a~2xb*c*f*h-a~2*b*d*exh-a~2*b*d*f*g+a*b~2*c*e
xh+axb~2xcxfxg+axb~2xdxexg-b~3xcxexg) * (Bxb-2xCxa) ) * (g/h-a/b) * ((-g/h+c/d) *(
x+a/b) /(-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) “2* ((-c/d+a/b) * (x+e/f) / (-e/f+a/b) /
(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d)) " (1/2) / (-g/h+c/d) / (-
c/d+a/b) / (b*d*f*xh* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h)) ~(1/2) *E11lipticF (((-g/h+
c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c
/d+g/h)) ~(1/2))+2* (-b* (a*d*f*h-b*c*f*h-b*d*e*h-b*d*f*g) * (B¥b-2*C*a) / (a~3*d
*fxh-a~2xbxcxf*xh-a~2%b*d*exh-a~2*b*d*f*g+axb~2kckexh+axb™~2*c*xf*g+axb~2xd*e
*g-b~3*kckexg) — (2xbxc*f*h+2xb*d*exh+2xb*d*f*g) *b/ (a~3*d*f*h-a~2*b*c*f*xh-a~2
*bkd*exh-a~2xb*xd*f*g+axb~2*ckxexh+a*b~2*cxfxg+a*b~2xd*exg-b 3*cxexg) *x (Bxb-2
*C*a) ) *(g/h-a/b)*((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) * (x+c/d) 2% (
(-c/d+a/b)*(x+e/f)/(-e/f+a/b) / (x+c/d)) ~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+. ..

abB—a?C+b?Bz+b>Cx?
3.24 f (a+bx)3/2+/c+dz+/ e+ fx\/g+ha dx
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3.24.5 Fricas [F]

dz

abB — a’C + b*Bz + b*Cx? dp — / Cb%z? + Bb’x — Ca® + Bab
(a + bx)5/2\/c + dz/e + fz\/g + hx (b + a)g\/dx Tevfrrevhz +g

input | integrate ((Cxb~2*x~2+B*b~2*x+B*axb-C*a~2)/ (b*x+a) ~(5/2) / (d*x+c) ~(1/2) / (£*x
+e) " (1/2) / (h*x+g)~(1/2) ,x, algorithm="fricas")

output | integral ((C*¥b*x - C*a + Bxb)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqr
t(h*x + g)/(b"2xd*fxh*x"5 + a~2*ckxexg + (b~2*d*fxg + (b~2*d*e + (b~ 2%c + 2
xaxbxd)*f)*xh)*x"4 + ((b"2*d*e + (b~2xc + 2xaxbxd)*f)*g + ((b"2*c + 2%a*b*d
)xe + (2xaxb*c + a~2kd)*f)*h)*x"3 + (((b"2%c + 2%axb*d)*e + (2%axb*c + a~2
*d)*f)*g + (a"2%cxf + (2xa*xb*c + a”2*d)*e)*h)*x"2 + (a"2*ckexh + (a~2kcx*f
+ (2%axbkc + a~2xd)*e)*g)*x), X)

3.24.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ abB — a®>C + b’Bz + b*Cx?
(a+ bx)>/2v/c + dz\/e + fz/g + hz

input \ integrate ((Cxb**2*x**2+B*b**2*x+Bxa*b—Cka**2) / (bxx+a) **(5/2) / (d*x+c) **(1/2
)/ (£*x+e)xk(1/2) / (hkx+g) **(1/2) )

p
outputLTimed out

- ]

3.24.7 Maxima [F]

dx

abB — a?C + b?Bzx + b*Cz? p _/ Cb%z? + Bb*xz — Ca® + Bab
(a +b2)>/2Vc +dzve + fzv/g + h (bx+a)g\/dx+c\/fx+e\/hx+g

input  integrate ((C*b~2*x"2+B*b~2*x+B*a*b-C*a~2) / (b*x+a) ~(5/2) / (d*x+c) ~(1/2) / (£*x
+e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

output integrate((C¥b~2*x~2 + B*b~2xx - C*a~2 + B*axb)/((b*x + a)~(5/2)*sqrt(d*x
+ c)xsqrt(f*x + e)*sqrt(h*x + g)), x)

abB—a?C+b?Bz+b>Cx?
3.24 f (a+bx)3/2+/c+dz+/ e+ fx\/g+ha dx
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3.24.8 Giac [F|

dx

abB — a?C + b®’Bz + b?Cx? p _/‘ Cb%z2 + Bb?’x — Ca? + Bab
(a +b2)*/2Vc +dzve + fzv/g + h (bx+a)%\/d:v+c\/fx+e\/hx+g

input | integrate ((Cxb~2*x~2+Bxb~2*x+B*axb-C*a~2)/ (b*x+a) ~(5/2) / (d*x+c) ~(1/2) / (£*x
+e)~(1/2) / (hxx+g)~(1/2) ,x, algorithm="giac")

output integrate((Cxb~2%x"2 + Bxb~2*x - C*a”2 + Bxaxb)/((b*x + a)~(5/2)*sqrt(d*x
+ c)*sqrt(fxx + e)*sqrt(h*x + g)), x)

3.24.9 Mupad [F(-1)]

Timed out.
abB — a?’C + b’Bz + b*Cx? gy — —Ca?4+ Bab+Cbhz?>+Bb’z .
(a4 bx)5/2\/c + dzv/e + far/g+ ha Vet Fzg+hz(a+bz)*Verdz

input int ((C*¥b~2*x~2 - C*a~2 + Bxa*b + Bxb~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)
*(a + b*x)~(5/2)*(c + d*x)~(1/2)),x)

output int ((Cxb~2%x~2 - C¥a”2 + Bxaxb + B*b~2%x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)
*(a + bxx)~(5/2)*(c + d*x)~(1/2)), x)

abB—a?C+b?Bz+b>Cx?
3.24 f (a+bx)3/2+/c+dz+/ e+ fx\/g+ha dx
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3.25 f abB—a?C+b?>Bx+b*Ca? dx
) (a+b2)7/2\/c+dzr/e+ fx\/g+hz

3.25.1 Optimal result . . . . . . . . . . . . . 251
3.25.2 Mathematica [B] (verified) . . . . . .. ... .. Lo 252
3.25.3 Rubi [A] (warning: unable to verify) . . . . ... ... ... ... .. ... 253
3.25.4 Maple [B] (verified) . ... ... ... . . ... 257
3.25.5 Fricas [F] . . . . . . . 258
3.25.6 Sympy [F(-1)] . . . . o 259
3.25.7 Maxima [F] . . . . . . . 259
3.25.8 Giac [F] . . . . . o 2591
3.25.9 Mupad [F(-1)] . . . . . .o 260

3.25.1 Optimal result

Integrand size = 62, antiderivative size = 1128

abB — a*C + b*Bz + b*Cz? dp— 2bd(9a*Cdfh — b3(2Bdeg — ¢(3Ceg — 2Bfg — 2Beh)) + ab?

(a + bx)"2\/c+ dz\/e + fx/g + hz
20%(bB — 2aC)v/c+ dz/e + fx\/g + hx
~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/?
20%(9a3Cdfh — b3(2Bdeg — c(3Ceg — 2Bfg — 2Beh)) + ab*(C(deg + cfg + ceh) + 4B(df g + deh + cfh
B 3(bc — ad)2(be — af)2(bg — ah)?Va +
20\/dg — ch\/fg — eh(9a*Cdf h — b*(2Bdeg — c(3Ceg — 2Bfg — 2Beh)) + ab*(C(deg + cfg + ceh) + 4.

3(bc — ad)?(be —
2(3a3Cd?fh — b*(2Bd*eg — B fh — cd(3Ceg — Bfg — Beh)) — 3a?bd(Bdfh + C(df g + deh — cfh)) +

3(bc — ad)?(be — af)|

abB—a2C+b? Bz+b2Cz?
3.25 f (a+bx)7/2\/cHda~/et fz/g+ha de



output

input

output
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2/3%bxd* (9xa”~3*C*d*f*xh-b~3* (2*B*d*e*xg—c* (-2*¥B*xexh-2*B*f*g+3*Cke*g) ) +axb™ 2%
(C* (cxexh+cxfxg+d*exg) +4*Bx (cxfxh+d*kexh+d*f*g) ) —a~2+b* (6*%Bkd*f*xh+5*Cx (ckf*
h+d*exh+d*f*xg) ) ) * (b*xx+a) ~(1/2) * (£xx+e) " (1/2) * (h*x+g) ~(1/2) / (~axd+b*c) "2/ (-
axf+b*e) “2/ (-axh+b*g) “2/ (d*x+c) ~(1/2)-2/3%b~ 2% (B¥b-2*C*a) * (d*x+c) ~(1/2) * (£
xx+e) ~(1/2) * (h*xx+g) = (1/2) / (-a*d+b*c) / (-a*xf+bxe) / (—a*h+b*xg) / (b*x+a) = (3/2)-2
/3%b7 2% (9*a~3*Ckd*f*xh-b~3% (2¥Bkd*exg—c* (—2*B*e*h—2*B*f*g+3*Cxe*g) ) +axb ™2 (
Cx (cxexh+cxfxg+d*exg) +4*Bx (cxfxh+d*exh+d*f*g))—a~2*b* (6*%Bkd*fxh+5*C* (cxf*h
+d*exh+d*f*g) ) ) * (d*x+c) = (1/2) * (£*x+e) ~ (1/2) * (h*x+g) ~(1/2) / (—~axd+b*c) "2/ (-a
*xf+bxe) "2/ (—axh+bxg) “2/ (b*x+a) = (1/2) -2/3* (3*a~3xC*xd~2xf*h-b"~ 3% (2*%B*d " 2*e*g
-Bkc~2xf*h-ckd* (-Bkexh-B*f*g+3*Cke*g) ) ~3%a”2*bxd* (Bkd*f*h+C* (-c*f*h+d*e*xh+
d*fxg))+axb”~ 2% (3xB*d "2 (exh+f*g) +C* (-2*c~2xf*h-ckd*exh-cxd*f*g+d 2%exg) ) ) *
EllipticF ((-axh+bxg)~(1/2)*(f*x+e)~(1/2)/(-exh+f*xg)~(1/2)/(b*x+a)~(1/2), (-
(-a*d+bxc) * (—exh+f*g) / (—c*f+dx*e) / (—a*h+b*g) ) ~(1/2)) * ((—a*xf+b*e) * (d*x+c) /(-
cxf+d*e)/(bxx+a)) " (1/2) * (h*x+g) " (1/2) / (—~a*xd+b*c) “2/ (-a*xf+bxe) / (—axh+b*g) ~ (
3/2) / (—exh+f*g) ~(1/2) /(d*x+c) " (1/2) /(- (—a*f+b*e) * (h*x+g) / (~exh+f*g) / (b*x+a
))~(1/2)-2/3%b* (9%a~3*C*d*f*h-b~3* (2*xB*xd*e*g—c* (-2*Bxexh-2*B*xf*xg+3*Cxe*g) )
+a*b~2% (Cx (ckexh+cxf*g+dkexg) +4*Bx (ckfxh+d*exh+d*f*g) ) —a~2%b* (6*Bkd*f*h+5%
C* (cxfxh+d*exh+d*f*g) ) ) *E11lipticE((-c*h+d*g) ~(1/2)* (f*x+e) ~(1/2) / (-exh+f*g
)~ (1/2)/ (d*x+c) = (1/2) , ((-axd+b*c) * (~exh+f*g) / (-axf+b*e) / (-c*h+d*g)) ~(1/2))
* (—cxh+d*g) ~(1/2) * (~exh+f*xg) ~(1/2) * (b*x+a) ~ (1/2) * (- (-c*xf+d*e) * (h*x+g) /(. ..

3.25.2 Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 10836 vs. 2(1128) = 2256.

Time = 40.01 (sec) , antiderivative size = 10836, normalized size of antiderivative = 9.61

dz = Result too large to show

/ abB — a’C + b*Bz + b*Cx?
(a + bx)"/2\/c + dz+\/e + fr\/g + hz

‘Integrate[(a*b*B - a”2xC + b72*Bxx + b"2%Cxx"2)/((a + b*x)~(7/2)*Sqrt[c +
Ld*x]*Sqrt[e + fxx]*Sqrt[g + h*x]),x]

lResult too large to show

abB—a2C+b? Bz+b2Cz?
3.25 f (a+bx)7/2\/cHda~/et fz/g+ha de
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3.25.3 Rubi [A] (warning: unable to verify)

Time = 4.57 (sec) , antiderivative size = 1105, normalized size of antiderivative = 0.98,
number of steps used = 10, number of rules used = 9, umber of rules _ 145 Ryjes used

integrand size
= {2004, 2102, 2102, 2105, 27, 188, 194, 321, 327}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ C) + abB + v? Bz + b*Cz? .
(a+ bx)7/2\/c +dzv/e + fz\/g + hx

l 2004

abB a?C +bCzx
dx
(a+ ba:)5/2\/c +dzv/e + fr\/g+ hx

l 2102

C(3bceg—a(deg+cfg-+ceh))b?+(bB—2aC)(3adf h—b(df g+deh+cfh))zb—(bB—aC) (3df ha® —3b(df g+deh+cfh)a+2b% (deg+cfg+ceh))
f (a+bx)3/2+/c+dz+/e+ fry/g+he dz
3(bc — ad)(be — af)(bg — ah)
2v%/c + dz+v/e + fx\/g + hz(bB — 2aC)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

l 2102

2dfh (90dfha3 —b(6Bdf h+5C(df g+deh+cfh))a+b2 (C(deg+cfg+ceh)+4B(dfg+deh+cfh))a+b3(3cCeg—2Bdeg—2Bc(fg+eh))) 2262+ (bB—2aC)(bceg—a(deg

J

20%v/c + dz\/e + fz\/g + hx(bB — 2aC)
3(a + bz)3/2(bc — ad)(be — af)(bg — ah)

l 2105

b(de—cf)(dg—ch) [ (H_dz):;/\/2 a:ia;z — dz (9Cdfhad—b(6 Bdf h-+5C(df g+deh+cfh))a?+b%(C(deg+cfg+ceh)+4B(df g+deh+cfh))a+b3(3cC

20?(bB — 2aC)v/c + dz+/e + fx\/g + hz
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

l 27

abB—a2C+b? Bz+b2Cz?
3.25 f (a+bx)7/2\/cHda~/et fz/g+ha de
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b(de—cf)(dg—ch) [ (C+dm)3/\/2 a-:i:;w s dz (9Cdfha®—b(6 Bdf h+5C(df g-+deh+cfh))a?+b?(C(deg+cfg+ceh)+4B(df g+deh+cfh))a+b3(3cC

2b2(bB — 2aC)vc + dzv/e + fx\/g + hz
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

l 188

b(de—cf)(dg—ch) [ (C+dz)3/¢2 ﬁﬁv o (9Cdfha® ~b(6 Bfh+5C(dfg-+deh-cfh))a?+b* (C(deg-cfg-+och)+4B(dfg-+deh-+cfh))a+b(3eC

202(bB — 2aC)vc + dzv/e + fz\/g + hz
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

l 194

(bc—ad)(et+fz)
1—
_ _ (de—=cf)(g+hz) . (be—af)(ctdz)  /eFfz 3 2. .2
2b(dg ch)m\/ (fgfeh)(chdz)f\/li(dg—ch)(e-#—fz)d iz (Qc’dfha b(6Bdfh+5C (df g+deh+cfh))a2+b2(C(deg+cfg+ceh)+4B(df g+deh+cfh))
(fg—eh)(c+dzx)

de—cf)(a+bz
VeeReta vare

202 (bB — 2aC)vc + dzv/e + fz\/g + hz
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

l 321

(be—ad)(e+fx)
1_
(de—cf)(g+hz) , (be—af)(ctdz)  fetf 3 2.,,2
2b(dg—ch)va+bz ~Fo—eh) et da) J (do—oh) (et Fa) d %dz (QCdfha —b(6 Bdf h+5C (df g+deh+cfh))a®+b%(C(deg+cfg+ceh)+4B(df g+deh+cfh))c

- \/ ~ (fg—eh)(ctdx)

de—cf +b.
[ Se=eRlettel fvhs

20%(bB — 2aC)/c + dz+/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

l_327

(de—cf)(g+h . dg—chy/eF+ bc—ad)(fg—eh 3 2.,.2
2=V Tg—ehvathe —%E(arcsm(\/\’fz_zh\/%)|Ebg_zfg((dg_ihg)(gcdfha —b(6Bdfh+5C (df g-+dehtcfh))a2+b2(C(deg-+cfg+cel

de— Tb
Ez;iiﬁ&&% Vathz

20%(bB — 2aC)v/c + dz+/e + fz\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

abB—a2C+b? Bz+b2Cz?
3.25. f (a+bz)7/2\/c+dz/e+ fay/g+h de



input

output

rule 27

rule 188
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Int[(a*b*B - a"2%C + b~2*B*x + b~2*C*x~2)/((a + b*x)~(7/2)*Sqrt[c + d*x]*S
grtle + fxx]*Sqrt[g + h*x]),x]

(-2#b~2*(b*B - 2*axC)#*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x])/(3*(bxc -
axd)*(bxe - axf)*(bxg - a*h)*(a + b*x)~(3/2)) + ((-2xb~2%(9*a~3*Cxd*f*h +
b~ 3% (3*c*kCkexg — 2%Bxdxe*g — 2xBxck(f*g + exh)) + axb™2%(Cx(dxe*g + cxfxg
+ c*exh) + 4*Bx(dxfxg + d*exh + ckfxh)) - a"2xb*(6xB*d*fxh + 5*xCk(d*f*xg +
d*exh + cxfxh)))*Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtlg + h*x])/((b*c - axd)=*
(bxe - a*f)*(bxg - axh)*Sqrtl[a + b*x]) + ((2%bxd*(9*a~3*Cxd*f*h + b 3*(3*c
*Ckekxg — 2xBkdkexg - 2*Bkck(f*g + exh)) + a*xb™2x(Cx(d*exg + ckxf*g + c*e*h)
+ 4xBx(d*f*g + dxexh + cxfxh)) - a~2xb*(6*Bkd*fxh + 5xCk(d*f*g + dxexh +
cxf*h)))*Sqrt[a + b*x]*Sqrt[e + f*x]*Sqrt[g + h*x])/Sqrtlc + d*x] - (2xb*S
grt[d*g - c*h]*Sqrt[f*g - exh]*(9*a~3*Ckd*fxh + b~3x(3*cxCxe*g - 2*Bkd*exg
- 2%Bxc*(f*g + exh)) + a*b~2*(Ckx(dxe*g + c*xfxg + ckexh) + 4xBkx(dxfxg + d*
exh + ckxfxh)) - a~2*%b*(6*%Bxd*f*h + 5*Cx(d*f*g + d*exh + cxfxh)))*Sqrtla +
b*x]*Sqrt [-(((d*e - c*f)*(g + h*x))/((f*g - e*h)*(c + d*x)))]*EllipticE[Ar
cSin[(Sqrt[d*g - cxh]l*Sqrtl[e + f*x])/(Sqrt[f*g - exh]l*Sqrt[c + d*x])], ((b
*c — axd)*(f*g - e*h))/((bxe - a*xf)*(d*g - cx*h))])/(Sqrt[((d*e - c*f)*(a +
b*x))/((bxe - axf)*(c + d*x))]*Sqrt[g + h*x]) - (2*(b*e - axf)*Sqrt[bxg -
a*h] * (3*xa~3*%C*xd"2xf*h - 3xa~2*%b*d*(Bkd*fxh + Ck(d*f*g + dxexh - cxfxh)) -
b~3%(2%B*d"2xe*xg — Bkc 2xfxh - cxd*(3*Cxexg - Bx(f*g + exh))) + axb™2*(3*
Bxd~2*x(f*g + e*h) + Ck(d"2xexg - 2%c™2xf*h - cxd*(fxg + e*h))))*Sqrt[((bxe

- axf)*(c + d*x))/((d*xe - cxf)*(a + bxx))]*Sqrt[g + h*x]*EllipticF[Arc...

3.25.3.1 Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)
*(x_)1*Sqrt[(g_.) + (h_.)*(x_)1), x_] :> Simp[2*Sqrt[g + h*x]*(Sqrt[(b*e -

a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - exh)*Sqrtlc + d*x]*Sqrt[(
-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (bxc - a*xd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x~2/(fxg - ex*h))]),

x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h},

x]

abB—a2C+b? Bz+b2Cz?
3.25 f (a+bx)7/2\/cHda~/et fz/g+ha de




rule 194

rule 321

rule 327

rule 2004

rule 2102
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Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(bxe
- axf))*((g + hxx)/((f*g - exh)*(a + b*x)))]/((bxe - axf)*Sqrt[g + h*xx]*Sq
rt[(b*xe - a*f)*((c + d*x)/((d*xe - c*f)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(bxc - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - exh))], xI,
x, Sqrt[e + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]1))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Int[(u_)*((d_ ) + (e_.)*(x_))"(q_.)*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.)
, x_Symbol] :> Int[ux(d + exx)~(p + q)*(a/d + (c/e)*x)"p, x] /; FreeQ[{a, b
» C, d, e, q}, x] && EqQlc*d"2 - b*dxe + a*e”2, 0] && IntegerQ[p]

Int[(((a_.) + (b_)*(x_)) " (m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_)1xSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x) " (m + 1)*Sqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrtlg + hx*x]
/((m + 1)*(b*c - a*d)*(bxe - a*xf)*(b*g - axh))), x] - Simp[1/(2*x(m + 1)*(b*
c - axd)*(bxe - axf)*(bxg - a*h)) Int[((a + bxx)"(m + 1)/(Sqrtlc + d*x]*S
grt[e + fxx]*Sqrt[g + h*x]))*Simp[A*(2*a~2xd*fxh*x(m + 1) - 2%axbx(m + 1)*(d
*xf*xg + d¥exh + ckfxh) + b"2x(2xm + 3)*(dxe*g + c*fxg + ckexh)) - bxBk(a*x(d*
exg + cxf*xg + cxexh) + 2xbkckxexgx(m + 1)) - 2x((A*b - axB)*(a*d*fxhx(m + 1)
- bx(m + 2)*x(dxfxg + dkexh + ckfxh)))*x + dkfxh*x(2*m + 5)*(A*¥b~2 - axb#*B)=*
x"2, x]l, x], x] /; FreeQ[{a, b, c, d, e, £, g, h, A, B}, x] && IntegerQ[2*m
] && LtQ[m, -1]

abB—a2C+b? Bz+b2Cz?
3.25 f (a+bx)7/2\/cHda~/et fz/g+ha de




CHAPTER 3. LISTING OF INTEGRALS 257

rule 2105 Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + fxx]*(Sqrtlg + h*x]/(bxfxh*Sqrt[c + d*x
1)), x] + (Simp[1/(2*bxd*f*h) Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrt[g + h*x]))*Simp[2*Axbxd*fxh - Cx(b*d*e*xg + axckfxh) + (2¥b*B*xd*
fxh - Ckx(axd*fxh + bx(dxf*g + d*exh + c*f*h)))*x, x], x], x] + Simp[C*x(d*e
- cxf)*((d*g - cxh)/(2*bxd*f*h)) Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}

, X]

N\ J

3.25.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 3424 vs. 2(1056) = 2112.

Time = 10.27 (sec) , antiderivative size = 3425, normalized size of antiderivative = 3.04

method | result size
elliptic | Expression too large to display | 3425

default | Expression too large to display | 110289

p
input \ int ((C*b~2%x~2+B*b~2*x+B*axb-Cxa~2) / (b*x+a) ~(7/2) / (d*x+c) ~(1/2) / (f*x+e)~ (1
/2) / (h*x+g) ~(1/2) ,x ,method=_RETURNVERBOSE) J

abB—a2C+b? Bz+b2Cz?
3.25 f (a+bx)7/2\/cHda~/et fz/g+ha de




output

input

output
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((bxx+a) * (d*x+c) * (f*x+e) * (h*x+g) ) ~(1/2) / (bxx+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)~ (1/2) / (h*x+g) = (1/2)*(2/3/ (a~3*d*f*h-a~2*bxcxf*h-a~2xbxd*exh-a~2xbxd*f*g+
axb~2xc*exh+axb~2kcxf*g+a*b~2¢d*e*g—b 3kcxe*xg) *x (Bxb-2xC*a) * (bxd*f*h*x~4+a*
dxfxh*x”~3+bxcxf*h*x~3+bxd*xexh*x~3+bxd*f*gxx~3+axcxfxh*xx~2+axd*exh*x~2+a*xd*
fxg*x"2+b*ckexh*xx™2+bkcxfxgkx~2+b*d*exgxx~2+a*xcrexhkx+arckf*grx+axdrexgrx+
bxckexgkx+axckexg) = (1/2)/(x+a/b) ~2+2/3* (bxd*f*h*x~3+bkcxf*h*x~2+bkd*e*h*x"
2+bxd*f*gxx~2+b*ckexh*x+bkcxfxg*x+brd*e*gkxt+bkcxe*g) *b/ (a~3*d*fxh-a~2xbxc*
fxh-a~2*bxd*exh—a~2xb*d*f*g+a*b~2xckxexh+axb~2xc*f*g+axb~2*d*exg-b~3*kckexg)
~2x (6*B*a~2*b*d*f*h-4*B*a*xb~2*kc*f*h-4*B*a*b~2*d*exh-4*B*axb~2xd*f*g+2*Bxb~
3kckexh+2*B*b~3*kcxf*g+2*Bxb~3*d*exg—9*xCka~3xd*f*h+5xCxa~2xb*cxf*xh+5xCxa~2*
b*d*exh+5xCxa~2*%bxd*f*xg-C*axb~2xc*xe*h-Cxaxb~2*c*f*xg-Cxaxb ~2xd*xexg-3*Cxb~ 3%
cxexg) / ((x+a/b) * (bxd*f*h*kx~3+b*ckfxh*x~2+bkd*exh*x~2+bxd*f*gkx~2+b*ckexh*x
+bxc*fxgrx+b*drexgkx+bkrcke*g)) ~(1/2)+2x (-1/3% (3*Bxa*bxd*f*h-Bxb~2*kc*f*h-B*
b~ 2*d*e*xh-B*b~2*xd*f*xg-6*C*a~2xd*f*h+2*Ckaxb*c*f*xh+2xCxa*xb*d*exh+2*xCkaxb*xdx*
fxg)/(a~3*d*xf*xh-a~2xbxcxf*xh-a~2*bxd*exh-a~2*bxd*f*g+axb~2*c*exh+axb~2*c*f*
gta*xb~2kd*e*xg-b~3xcxe*g) +1/3% (a~2*d*fxh-a*b*cxf*h-a*bxd*xe*h—axbxd*f*g+b~2*
ckexh+b™2*c*f*g+b~2kd*e*g) * (6*B*a~2¥b*xd*f*h—4*B*a*b~2*c*xf*h-4*Bxaxb~2xd*e*
h-4*B*a*b~2xd*f*g+2*Bxb~3*c*exh+2*B*b~3*cxf*g+2*¥Bxb~3*d*e*g-9*C*xa ~3*d*f*h+
BkCka~2*¥bkc*xf*h+5xC*ka~2xbxd*exh+5xCxa~2xbxd*f*g—Cxaxb~2*ckxexh-Cxaxb~2*c*f*

g-Cxaxb~2xd*exg-3*xCxb~3xcxexg) /(a~3*d*f*h-a~2xbxc*xf*xh-a~2*b*d*exh-a~2%b. ..

3.25.5 Fricas [F]

abB — a®C + b’Bz + b?Cx? dm—/‘ Cbh%z? + Bb?’x — Ca? + Bab
(a + bx)"/2\/c + dz/e + fr\/g + hz

@x+®%ﬁx+qﬁx+aﬁx+g

dz

integrate ((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2) / (bxx+a) ~(7/2) / (d*x+c) ~(1/2) / (£*x
+e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

integral ((Cxbxx - C*a + Bxb)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqr
t(h*x + g)/(b~3*d*xfxh*x"6 + a~3*ckexg + (b~ 3*d*fxg + (b~3*d*e + (b~3*c + 3
*xa*b~2+d) *f)*h)*x"5 + ((b~3*dxe + (b~3*c + 3*xa*b~2*d)*f)*g + ((b"3*c + 3*a
*b~2%d) *e + 3x(a*b”2%c + a"2xb*d)*f)*h)*x~4 + (((b"3*c + 3*axb~2*d)*e + 3%
(axb~2xc + a”2xbxd)*f)*g + (3*(axb~2%c + a~2*b*d)*e + (3*a~2*b*c + a~3*d)*
f)xh)*x~3 + ((3*(a*b™2xc + a~2+bxd)*e + (3*a~2*xb*c + a~3*xd)*f)*g + (a~3*cx*
f + (3*%a"2*b*c + a~3*d)*e)*h)*x"2 + (a”"3*ckexh + (a~3xcxf + (3*a"2*b*c + a
~3%d) *e) *g) *x), x)

N

abB—a2C+b? Bz+b2Cz?
3.25 f (a+bx)7/2\/cHda~/et fz/g+ha de
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3.25.6 Sympy [F(-1)]

Timed out.

dz = Timed out

/ abB — a?C + b?Bzx + b2Cz?
(a + bx)"/2\/c + dz\/e + fr\/g + hz

input \ integrate ((Ckb**2kx**2+B*b**2*%x+B*axb-Cka**2) / (b*x+a) ** (7/2) / (d*x+c) ** (1/2
)/ (£xx+e) #%(1/2) / (h¥x+g) +* (1/2) ,x)

output LTimed out

3.25.7 Maxima [F]

dx

abB — a®>C + b®’Bz + b?Cx? p _/ Cb%z2 + Bb?’x — Ca? + Bab
(a +b2)"/?Vc +dzve+ fzv/g + h (bx+a)%\/d:c+c\/fw+e\/hw+g

input | integrate ((Cxb~2*x~2+Bxb~2*x+B*axb-C*a~2)/ (b*x+a) ~(7/2) / (d*x+c) ~(1/2) / (£*x
+e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima"

output | integrate((Cxb~2*x~2 + B*b~2*x — C*a”2 + Bxa*b)/((b*x + a)~(7/2)*sqrt(d*x
+ c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

3.25.8 Giac [F]

dzx

abB — a*C + b* Bz + b*Cz? B / Cb*z? + Bb*x — Ca® + Bab
(a+bx)"/2\/c+ dzv/e + fr/g + ha (bx+a)%\/dz+c\/fx+e\/hx+g

input  integrate ((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2) / (b*xx+a) ~(7/2) / (d*x+c) ~(1/2)/ (£*x
+e)~(1/2) / (h*x+g)~(1/2) ,x, algorithm="giac")

output | integrate ((Cxb~2%x~2 + B*b~2*x - C*a~2 + B*axb)/((b*x + a)~(7/2)*sqrt(d*x
+ c)*sqrt(fxx + e)*sqrt(h*x + g)), x)

abB—a2C+b? Bz+b2Cz?
3.25 f (a+bx)7/2\/cHda~/et fz/g+ha de



input

output
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3.25.9 Mupad [F(-1)]

Timed out.

abB — a?C + b®Bx + b*Cz? —Ca’>+Bab+Cbhz2+ Bb?x

T = dx
(a+ bx)"2/c+ dz\/e + fx/g + hz vVe+ fx/g+ hav(a+bav)7/2 Ve+dzx

int ((Cxb~2xx~2 - Cxa~2 + Bxaxb + Bxb~2xx)/((e + f*xx)~(1/2)*(g + h*x)~(1/2)
x(a + b*x)~(7/2)*(c + d*x)~(1/2)),x)

int ((C¥b~2*x~2 - C*a~2 + B*axb + B*b~2#x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)
*(a + bxx)~(7/2)*(c + d*x)~(1/2)), x)

abB—a2C+b? Bz+b2Cz?
3.25 f (a+bx)7/2\/cHda~/et fz/g+ha de
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3.96 f \/Ca—l—bx (A+Cz?)

+dx+/e+ fx/g+hx
3.26.1 Optimal result . . . . . . . . ... .. . 2611
3.26.2 Mathematica [C] (verified) . . . . . . . . . .. ... 262
3.26.3 Rubi [A] (verified) . . . . . ... .. 263
3.26.4 Maple [A] (verified) . . . ... ... ... .. 268]
3.26.5 Fricas [C] (verification not implemented) . . . . . . . ... ... ... .... 269
3.26.6 Sympy [F] . . . . . . 270
3.26.7 Maxima [F] . . . . . . . . 271]
3.26.8 Giac [F] . . . . . . 271]
3.26.9 Mupad [F(-1)] . . . . . o 27T

3.26.1 Optimal result

Integrand size = 42, antiderivative size = 1097

/ (a+bx)?* (A + Cz?)

Ve+dzye+ fx/g+ hx
_ 2(4C(2adfh — 3b(df g + deh + cfh))(adfh — 2b(df g + deh + cfh)) + 5bdfh(7Abdfh — C(5b(deg + cfg
N 10543 f3h3
4C(2adfh — 3b(df g + deh + cfh))(a + bx)Vc + dzv/e + fz+/g + hx
35d? f2h?
N 2C(a + bx)*\/c+ dz\/e + fr\/g + hz

7dfh
4/—=de + cf (35a2Cd2f2h2(df g + deh + cfh) — Tabdf h(15Ad2 f2h2 + C(8¢c2f2h2 + Tedfh(fg + eh) +

2v/—de + cf(35a*d® f2h?(3Adf h* + C(ch(fg — eh) + dg(2fg + eh))) — 14abdf h(15Ad? f>gh® + C(4¢?
+

(a+bz)? (A+Cz?)
3.26. f Vetdry/e+ fa/g+ha dx
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output | 2/105% (4*Cx (2*a*d*f*h-3*b* (cxfxh+d*xexh+d*f*g) ) * (a*d*f*xh-2*b* (c*f*h+d*e*h+d
*xf*g) ) +5xbxd*f*h* (7*A*xbxd*f*h—-C* (5*b* (ckexh+cxf*xg+d*exg) +2*ax (cxfxh+d*e*h+
d*f*xg))))*x(d*x+c) ~(1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /d~3/£73/h~3+4/35*C* (2%
axd*f*h-3*b* (cxfxh+d*exh+d*f*g) ) * (bkx+a)* (d*x+c) ™ (1/2) * (f*x+e) ~(1/2) * (h*x+
g)~(1/2)/d"2/£72/h"2+2/T*C* (bxx+a) “2* (d*x+c) " (1/2) * (f*x+e) ~ (1/2) * (h*x+g) ~(
1/2) /d/£/h-4/105% (35%a~2*%C*xd~2*f ~2*h~2* (c*xf*xh+d*exh+d*f*g) —7*axbxd*f*h* (15
*Axd~2xf"2xh~2+C* (8%c™2%f ~2¥h~2+7*ckd*f*h* (exh+f*g) +d~2% (8%e~2*h~2+7*e*f*g
*xh+8*f~2xg~2)) ) +b~ 2% (35%A*d~2%f ~2¥h~ 2% (c*f*¥h+d*exh+d*f*g) +2*C* (12%c~3*f " 3%
h~3+10*c™2*d*f ~2xh~2% (exh+f*g) +c*d~2+fxh* (10%e~2xh~2+9*e*xfxgxh+10*f ~2%g~2)
+2%d"3% (6%e~3xh~3+5xe " 2xfxgxh~2+5xexf ~2xg~2xh+6xf ~3*xg~3))) ) *EllipticE(f~ (1
/2)*(d*x+c)~(1/2) / (cxf-d*e) " (1/2) , ((-c*f+d*e) *h/f/ (-cxh+d*g)) ~(1/2) ) * (cxf-
dxe)~(1/2) % (d* (f*x+e) / (-cxf+d*e) ) ~(1/2) * (h*x+g) ~(1/2) /d~4/£~(7/2) /h~4/ (f*x
+e)~(1/2) / (d* (h*x+g) / (-cxh+d*g) )~ (1/2) +2/105% (35%a~2+d ™ 2*f ~"2xh~ 2% (3*xA*d*f *
h~2+C* (c*h* (—e*h+f*g) +d*g* (exh+2*f*g)) ) —14*a*bxd*f*h* (15xA*d~2*f ~2*g*h~2+C
* (4%c™2%f¥h~2% (~e*h+f*g) +ckxd*h* (-4*e~2%h~2+e*f*g*h+3*f ~2%g~2) +d~2xg* (4*e~2
*h~2+3*%exf*xg*h+8*f~2%g~2)) ) +b~ 2% (35%A*d~2*f ~2*h~2* (cxh* (-exh+f*g) +d*g* (exh
+2%f*g) ) +C* (24%c™3*f "2¥h"3* (—e*h+f*g) +c~2xd*fxh~ 2% (-23*e~2*h~2+6*e*f*gxh+1
Tx£72%g"2) +2%c*xd"2%h* (-12*%e~3x¥h~3+3*%e " 2xf*g*h~2+e*f ~"2kg~2xh+8*f ~3xg~3) +d"3
*xgk (24%e"3xh~3+17*xe 2+ f xgxh~2+16*%e*xf ~2+g~2xh+48*f ~3%g~3)) ) ) *EllipticF (£~ (1
/2)*(d*x+c)~(1/2) / (c*xf-d*e)~(1/2) , ((-c*f+d*e) *h/f/ (-c*h+d*g) )~ (1/2))*(c...

3.26.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 32.54 (sec) , antiderivative size = 1291, normalized size of antiderivative = 1.18
(a+bx)% (A + Cz?)
Ve +dzye+ fx/g+ hx
2 (—2d2, [—c+ %(35a>Cd2 fh2(df g + deh + cfh) — Tabdfh(15Ad® f2h? + C(8¢2f2h* + Tedfh(fg + eh)

input‘Integrate[((a + b*x)"2%(A + Cxx~2))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g +
}h*x]),x] !

(a+bz)? (A+Cz?)
3.26. f Vetdry/e+ fa/g+ha dx



output

CHAPTER 3. LISTING OF INTEGRALS 263

(2% (-2%d"2xSqrt[-c + (dxe)/f]*(35*a~2*C*d"2*f~2xh~2*(d*f*g + dxexh + cxf*h

) = Txaxb*d*fxhx (15%A*d~2+f"2¥h"2 + C*(8%c™2*f~2+¥h"2 + Txc*d*fxhx(fxg + ex*
h) + d~2*%(8*xf~2%g~2 + T*exf*gxh + 8%e”2xh~2))) + b~2*(35%A*xd~2*f ~2xh~2* (d*
fxg + dxexh + c*f*h) + 2xCx(12%c~3*f~3*%h~3 + 10*c~2*d*f~2+¥h~2*(f*g + exh)
+ cxd"2xfxh* (10*x£72%xg~2 + Oxexfxgxh + 10%e~2¥h~2) + 2%d~3*(6*f~3*g~3 + b5*e
*f"2xg~2%h + bxe"2xfxg*h~2 + 6%xe”3xh~3))))*(e + f*x)*(g + h*x) + d"2*Sqrt[
-c + (dxe)/fl*fxhx(c + d*x)*(e + f*xx)*(g + hxx)*(35*a~2+%Cxd"2*f~2+h~2 - 14
*xaxb*Ckd*fxh* (4d*xc*f*h + d*(4xf*g + 4xexh - 3xfxh*x)) + b 2% (35xA*d~2*f~2xh
"2 + Cx(24xc”™2*%f72xh"2 + c*xdxfxh*(23*fxg + 23xexh - 18*f*h*x) + d"2x(24%e”
2%¥h~2 + exfxhx(23%g - 18%h*x) + 3*xf72%(8%g~2 - 6*gxh*x + 5¥h~2*x"2))))) -
(2%I)*(dxe - c*f)x*xh*(35%a~2*C*d"2+f~2xh~2*(d*f*g + dxexh + cxfxh) - T*xa*b*
d*f*h* (156xA*d"2*f"2+%h"2 + C*(8xc~2*%f"2xh~2 + Txcxd*f*h*(f*g + exh) + d~2x%(
8xf"2xg~2 + Tkxexfkgxh + 8*%e"2+h"2))) + b 2% (35%xA*d~2+f " 2xh~2x(d*xf*g + d*xe*
h + cxfxh) + 2%C*(12%xc~3*%f"3%h~3 + 10%c™2xd*f~2*h~2x(f*g + exh) + cxd~2*fx
h*x (10*%£72%g~2 + O%exf*gxh + 10*e~2¥h~2) + 2*d~3*(6*f~3*xg~3 + bxexf~2xg~2xh
+ Bxe"2%fxg*h~2 + 6%xe"3%h73))))*(c + d*x)~(3/2)*Sqrt[(d*x(e + fx*x))/(f*(c
+ d*x))]1*Sqrt[(d*(g + h*x))/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (
dxe)/f]/Sqrtlc + d*x]], (d*fxg - c*f*h)/(d*exh - c*f*h)] + I*d*xh*(35*a~2*d
“2%f"2%h"2% (3xAxd*f~2%h + ckCkxf*(-(f*g) + exh) + Cxd*ex(f*g + 2%exh)) - 14
*xaxbkd*fxh* (15%A*d"2xe*xf"2¥h~2 + C*(4*c”~2+f 2xh* (-(f*g) + exh) + ckd*fx...

3.26.3 Rubi [A] (verified)

Time = 3.29 (sec) , antiderivative size = 1112, normalized size of antiderivative = 1.01,

number of steps used = 11, number of rules used = 11, Lumber of rules _ 0.262, Rules
integrand size

used = {2104, 25, 2103, 2118, 27, 176, 124, 123, 131, 131, 130}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a+bz)? (A+ Cz?)
Ve+dzye+ fx/g+ hx
l 2104

f _ (a+bz) (=20 (2adf h—3b(df g+deh+cfh))z? —(TAbdf h—5bC (deg+cf g+ceh)—2aC (df g-+deh+cfh))z+4bcCeg—TaAdf h+aC(deg+cfg+ceh))
Vetdz/e+fx/g+hx
7dfh
2C(a + bx)?vc + dz\/e + fx\/g + hz
7dfh

l 25

(a+bz)? (A+Cz?)
3.26. f Vetdry/e+ fa/g+ha dx
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2C(a + bx)*Ve+ dae+ fr/g+hr

Tdfh
f (a+bz) (—2C (2adf h—3b(df g+deh+cfh))z?—(7Abdf h—5bC (deg+cfg+ceh)—2aC (df g+deh+cfh))z+4bcCeg—TaAdf h+aC(deg+cfg+ceh))
Vetdzy/e+ fx/g+hx
7dfh

l 2103

2C(a + bx)?vc + dzv/e + fz\/g + hx B
7dfh

(40(2adfh—3b(dfg+deh+cfh))(adfh—2b(dfg+deh+cfh))+5bdfh(7Abdfh—5bC(deg+cfg+ceh)—2aC(dfg+deh+cfh)))12) +2 (C(3b(deg+cfg+ceh)+2a(dfg+

d

f_(

l 2118

2C(a + bz)*Ve+daye+ fovg+he
7dfh

, d(— ( (35Ad2f2(deg+0fg+ceh)h2+c’ (24f2h2 (fg+eh)c3+dfh (23f2g2+34efhg+2352h2) c2 4242 (12f3g3+17ef2 hg2+17e2 fn2g+12¢3 h3) ctd3eg (24f2g2-
2 —

l 27

2C(a + bx)*>Ve+ dae+ fa/g+hr
Tdfh

- ( (35Ad2f2(deg+c_j

2 2
—2\/ctdz\/eF fz\/g+ha (80dfha2—38b0(dfg+deh+c fh)a+ 220-C(df gt )7 135 Ab2dfh—25b2C(deg-+c fg+ceh)> -

l 176

2C(a + bx)?\/c + dz/e + fx\/g + hx B
7dfh

((35Ad2 F2(ch(fg—eh)

2 2
—2erde/et fz/gthe (80dfha2—38b0(dfg+deh+c fh)a+ 220-C(df gidehel )7 135 Ab2dfh—25b2C(deg-+c fg+ceh)> -

l 124

2C(a + bx)?\/c + dz+/e + fx\/g + hx 3
7dfh

((35Ad2 F2(ch(fg—eh)

2 2
—2\/ctdz\/et o\ /gha (8Cdfha2—38b0(dfg+deh+c fh)a+ 226-C (4 ghdehtel M) 135 Ab2dfh—25b2C(deg+-c fg~|—ceh)> -

(a+bz)? (A+Cz?)
3.26. f Vetdry/e+ fa/g+ha dx
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l 123

2C(a + bx)?vc + dzv/e + fz\/g + hx B
7dfh

((35Ad2 £2(ch(fg—eh)

2 2
—2./crdav/et fz/gtha | 8Cdfha?—38bC(df g+dehtcfh)at 220-C(datdehtefh)™ 4 g5 Ap2gep 25520 (deg+cfgtceh) | —
3 dfh

l 131

2C(a + bx)?vc + dzv/e + fz\/g + hx 3
7dfh

((35Ad2 f2(ch(fg—eh)

2 2
—2./ctdz/et fz/g+ha | 8Cdfha?—38bC(df g+deh+cfh)a+ 222 C(dfg+deh+cfh) +35Ab2df h—25b2C(deg+cfg+ceh) | —
3 afh

l 131

2C(a + bz)*Ve+ daye+ favg+ha
7dfh

((35Ad2 F2(ch(fg—eh)

2 2
—2etrdu/et+ fr/gtha (8odfha2—3sb0(dfg+deh+c fh)a+ 220-C(df gd*f‘zeh“f )~ 135 Ab2dfh—25b2C (deg+c fg+ceh)> -

l 130

2C(a + bz)*Ve+daye+ fo/g+he
7dfh

2@( (35Ad2f2(c

2 2
—2erde/et fz/gthe (8Cdfha2—38bc(dfg+deh+c fh)a+ 220-C(df gidentel )7 135 Ab2dfh—25b2C (deg+c fg+ceh)> -

p
input‘ Int[((a + b*x)~2%(A + C*x~2))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]), ‘
= |

(a+bz)? (A+Cz?)
3.26. f Vetdry/e+ fa/g+ha dx




output

rule 25

rule 27

rule 123

CHAPTER 3. LISTING OF INTEGRALS

266

(2xC*(a + b*x)~2#Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(7xdxf*xh) - ((
—-4%Ck (2%axdxfxh - 3xbx(dxf*g + dxexh + cxfxh))*(a + bxx)*Sqrt[c + d*x]*Sqr
tle + fxx]*Sqrtlg + h*x])/(5xdxf*h) + ((-2%(35%Axb~2*d*fxh + 8*a~2*Ckd*fxh
- 25%b~2xC*(d*e*g + cxf*g + ckxexh) - 38xa*b*Cx(d*f*g + d*exh + c*fxh) + (
24%b~2xCx (d*xf*g + d*exh + cxfxh)~2)/(d*f*h))*Sqrt[c + d*x]*Sqrtle + f*x]*S
qrtlg + h*x])/3 - ((-4*Sqrt[-(d*e) + c*xf]*(35%a~2*Cxd~2*f~2xh~2*(d*f*g + d
xexh + cxfxh) - T*axbxdxf*h*(156xA*d~2*f"2x¥h"2 + Cx(8*c~2*f~2%h~2 + T7*cxdxf
*xh* (f*g + exh) + d™2x(8*f~2xg~2 + Txexf*gxh + 8xe~2%¥h~2))) + b 2% (35%A*d~2
*f 2%h~2x (d*f*g + dk*exh + cxf*xh) + 2+%Cx(12*xc~3*f"3xh~3 + 10*c~2%d*f 2*h~2#
(fxg + exh) + cxd"2*xf*h*(10*x£72*%g"2 + 9*xe*xf*gxh + 10%xe"2*¥h"2) + 2%d~3*(6xf
~3%g~3 + Gkexf kg 2xh + Ske 2xfxgxh~2 + 6%e~3*h~3))))*Sqrt[(d*(e + £*x))/
(d*e - cxf)]1*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-
(d*e) + cxf1], ((dxe - cxf)*h)/(f*(d*g - cxh))])/(d*Sqrt[f]*h*Sqrtle + f*x
I1*Sqrt[(d*(g + h*x))/(d*g - c*h)]) + (2*Sqrt[-(d*e) + c*f]*(35*%a~2xd~2*f"2
*h~2% (3kA*d*f*h~2 + c*Cxh*(fxg - exh) + Ckd*gk(2*f*g + exh)) - 14*axbxd*f*
h* (156%A*d~2*f"2%g*h~2 + C*(4*c™2xfxh~2x(f*g - e*h) + cxdxh*(3*f~2*%g~™2 + ex
fxgxh - 4xe”2xh72) + d”~2%g*(8*xf~2xg~2 + 3xexfxgxh + 4%e~2x¥h~2))) + b~2%(35
*xAxd~2xf"2xh~2x (cxh* (f*xg — exh) + d*gk(2xfxg + exh)) + Cx(24*c~3*f 2xh~3x(
fxg - exh) + c”2*d*f*xh~2*(17*f"2%g~2 + 6*e*xf*gxh - 23*xe”2xh~2) + 2%c*d~2*h
*(8*f~3%g~3 + exf 2xg~2%h + 3%e 2*%f*gkh~2 - 12%e~3%h~3) + d~3%g*(48+f73...

3.26.3.1 Defintions of rubi rules used

e

LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

/Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt[-(b*c - axd)/d, 211, f*((b*c - a*d)/(d*(bxe - a*xf)))], x] /; FreeQ[{a,

b, c, d, e, £}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - a*f), 0] && !L
tQ[-(b*c - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - ax*d
), 0] && GtQ[d/(d*e - cxf), 0] && 'LtQ[(b*c - axd)/b, 0])

(a+bz)? (A+Cz?)
3.26. f Vetdry/e+ fa/g+ha dx

~—




rule 124

rule 130

rule 131

rule 176

rule 2103
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Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[Sqrtle + f*x]*(Sqrt[b*((c + d*x)/(b*c - a*d))]1/(Sqrtlc + d
*x]*Sqrt [bx((e + fxx)/(b*e - a*f))]))  Int[Sqrtlb*(e/(b*e - axf)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + b*d*(x/(bxc - axd))]
), x], x]1 /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0] && Gt
Q[b/ (b*e - axf), 0]) && I!LtQ[-(b*c - a*d)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)1*Sqrtl(e ) + (f_.)*(x
D1, x_1 > Simp[2*x(Rt[-b/d, 2]/ (b*Sqrt[(bxe - axf)/b]))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/bl)], £*((b*c - a*d)/(d*(b*e -
axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*xd), 0] && GtQ
[b/(b*e - a*xf), 0] && SimplerQ[a + b*x, c + d*x] &% SimplerQ[a + b*x, e + £
*x] && (PosQ[-(bxc - a*d)/d] || NegQ[-(b*e - ax*f)/f])

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e_) + (f_.)*(x
1), x_]1 :> Simp[Sqrt[bx((c + d*x)/(b*c - a*xd))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*c - a*xd)) + bxd*(x/(b*c - a*d))]*Sqrtle + f*x]), x
1, x1 /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(bxc - a*d)/b, 0] && Simpler
Q[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*

Sqgrtl(e ) + (f_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtl[a + b*x
IxSqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtlc
+ d*x]*Sqrt[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] && Sim
plerQ[a + bxx, e + f*xx] && SimplerQ[c + d*x, e + f*x]

Int[(((a_.) + (b_.)*(x_)) " (m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrt[
(c_.) + (@_.)*(x_)]1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_S
ymbol] :> Simp[2#C*(a + b*x) m*Sqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrtlg + h*x]/(
dxf*h*(2#m + 3))), x] + Simp[1/(d*fxh*(2*m + 3)) Int[((a + b*x)"(m - 1)/(
Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]))*Simp[a*xA*d*f*h*(2*m + 3) - C*(a
*(d*exg + cxfxg + ckexh) + 2xb*ckexgxm) + ((A*b + a*B)*d*f*h*(2*m + 3) - Cx
(2xax(d*f*g + d*exh + cxfxh) + b*(2xm + 1)*(d*exg + cxfxg + cxexh)))*x + (b
*Bxdxfxh*(2%m + 3) + 2xCx(a*xd*f*h*m - b*(m + 1)*(d*f*g + d*exh + c*f*h)))x*x
~2, x1, x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B, C}, x] && IntegerQ[2
*m] && GtQ[m, O]

(a+bz)? (A+Cz?)
3.26. f Vetdz/e+fr\/g+hx d
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rule 2104 Int[(((a_.) + (b_.)*(x_))~(m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*(x_)]1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
pl2*Cx(a + bx*x) “m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(d*f*xh*(2*m +
3))), x] + Simp[1/(d*f*h*(2*m + 3)) Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]
xSqrt[e + f*xx]*Sqrtl[g + h*x]))#*Simp[a*Axd*f*h*(2*m + 3) - Cx(ax(d*exg + c*f
*g + ckexh) + 2%bkckexgxm) + (Axb*d*fxhx(2*m + 3) - Ck(2*a*x(d*f*g + d*exh +
cxfxh) + bx(2xm + 1)*(dxexg + c*fxg + c*exh)))*x + 2xCk(axd*f*h*m - bx(m +
1)*(d*f*g + d*exh + cxf*h))*x~2, x], x], x] /; FreeQ[{a, b, c, 4, e, f, g,
h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

N\

rule 2118 | Int [(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£
_I)x(x))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[k*(a + b*x)"(m + q - D*(c + d*x)"(n + *x((e + £*xx)"(p +
1)/(d*f*xb~(q - D)*(m + n + p + q + 1))), x] + Simp[1/(d*f*b~q*(m + n + p +
q + 1)) Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m +
n+p+q+ 1)*xPx — dxf*kx(m + n + p + q + 1)*(a + b*x)"q + kx(a + b*x)"(q
- 2)*(a"2xd*f*x(m + n + p + q + 1) - b*(b*cxex(m + q - 1) + ax(d*ex(n + 1) +
cxfx(p + 1))) + b*(a*d*f*(2*(m + q) + n + p) - bx(d*xex(m + q + n) + cxf*(m
+q+ p)))*x), x], x1, x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,
d, e, f, m, n, p}, x] && PolyQ[Px, x]

3.26.4 Maple [A] (verified)

Time = 3.37 (sec) , antiderivative size = 1238, normalized size of antiderivative = 1.13

method | result size
elliptic | Expression too large to display | 1238
default | Expression too large to display | 12279

e

input

int ((b¥x+a) ~2% (Ckx~2+A) / (d*x+c) ~ (1/2) / (£xx+e) ~(1/2) / (h*x+g) ~ (1/2) ,x,method
‘=_RETURNVERBDSE) J

(a+bz)? (A+Cz?)
3.26. f Vetdry/e+ fa/g+ha dx




output

input
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((d*x+c) * (f*x+e) * (h*xx+g) ) ~(1/2) /(d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) = (1/2) *
(2/7*%C*b~2/d/f /hxx~2% (A*f*h*kx "~ 3+c*f*h*kx~2+d*exh*x~2+d*f*xgxx~2+ckexh*x+ckf*
g*x+d*e*xgxx+cxe*g) " (1/2)+2/5% (2xC*xaxb-2/7*Cxb~2/d/f /h* (3*c*f*h+3*d*exh+3*d
xfxg) ) /d/f/h¥x* (d*f*xh*x"3+ckfxh*x~2+d*exh*x~2+d*f*g*x~2+ckexh*x+cxf*grx+d*
exgxx+ckexg) ~(1/2)+2/3*% (b"2*xA+C*a~2-2/7*C*b~2/d/f/h* (5/2*%c*exh+5/2*cxf*g+5
/2%d*exg)-2/5% (2¥C*xa*xb-2/7*C*b~2/d/f /h* (3*xcxf*h+3*d*exh+3*xd*xf*g))/d/f/h*(2
xcxfxh+2xd*xexh+2xd*xf*xg)) /d/f/h* (d*f*h*x~3+c*kf*h*x~2+d*exh*x~2+d*f*gxx~2+c*
exhxx+cxfxgrx+d*kexgrxtckrexg) ~(1/2)+2%(a~2*%A-2/5% (2xCxa*b-2/7*C*b~2/d/ £ /h* (
3xcxf*h+3*d*xexh+3*d*f*g) ) /d/f/h*c*exg-2/3%(b~2%A+Cxa~2-2/7*Cxb~2/d/f/h*(5/
2%c*xexh+5/2*%c*xfxg+5/2*%d*exg) —2/5* (2¥Cxaxb-2/7*Cxb~2/d/f /h* (3*c*f*h+3*d*exh
+3xdxf*xg) ) /d/f/hx (2xcxf*xh+2+d*xexh+2*xd*fxg)) /d/f/h* (1/2xckxexh+1/2xcxf*xg+1/2
*dxe*xg) ) *(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d)) ~(1/2)*((
x+e/f) /(-g/h+e/£) )~ (1/2) / (d*f*h*x~3+c*f*h*x~2+d*exh*x~2+d*f*gxx~2+ckexh*x+
ckf*xgrx+drexgrx+crexg) ~(1/2)*E1l1lipticF (((x+g/h) /(g/h-e/£))~(1/2), ((-g/h+e/
£)/(-g/h+c/d)) ~(1/2))+2* (2*a*b*A-4/T*C*b~2/d/f /h*cke*xg-2/5% (2¥Cxaxb-2/7*C*
b~2/d/f/h* (3*c*f*h+3*xd*exh+3xd*xf*g))/d/f/h* (3/2%ckxexh+3/2xcxf*g+3/2xd*e*g)
-2/3*%(b~2*A+Cxa~2-2/7*C*b~2/d/f /h* (5/2*%c*xexh+5/2*cxfxg+5/2xd*e*g) —-2/5% (2*C
*a*xb-2/7*Cxb~2/d/f /h* (3*xc*f*h+3xd*e*xh+3xd*xf*g))/d/f/h* (2*c*xf*xh+2*d*exh+2*d
*xf*xg))/d/f/h* (cxf*xh+d*exh+d*f*g))*(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+
c/d)/(~g/h+c/d))~(1/2)*((x+e/f) /(—g/h+e/£)) ~(1/2) / (A*E£*h*x"3+ckxExh*x"2+. ..

3.26.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.17 (sec) , antiderivative size = 1665, normalized size of antiderivative = 1.52

(a+bz)% (A + Cz?)

dz = Too large to displa;
Ve+dzye+ fx/g+ hx s Py

(integrate((b*x+a)“2*(C*x“2+A)/(d*x+c)‘(1/2)/(f*X+e)‘(1/2)/(h*X+g)‘(1/2),X,
! algorithm="fricas")

(a+bz)? (A+Cz?)
3.26. f Vetdry/e+ fa/g+ha dx




output

input

output
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2/315% (3% (15*Ckb~2%d~4*f~4*h~4*x"2 + 24*Ckb~2+d~4*f 4*g~2+¥h~2 + (23*Cxb~2x*
d"4xe*f~3 + (23*Cxb~2%c*d"3 - B56xCkaxbxd~4)*f~4)*xgxh~3 + (24*C*b~2xd"4*e"2
*f~2 + (23*%C*b~2%c*d~3 - 56*Cxa*xbxd~4)*exf~3 + (24*%Cxb~2%xc~2*d"2 - 56*Ckax
b*cxd~™3 + 35*%(C*a”2 + A*b~2)*d"4)*f"4)*h"4 - 6*(3*Cxb~2xd~4*f~4*gxh~3 + (3
*C*xb~2%d"4*e*f~3 + (3*Cxb~2%kc*d~3 - T*Cxaxb*d~4)*f~4)*h~4)*x)*sqrt(d*x + c
Y*¥sqrt (fxx + e)*sqrt(h*x + g) + (48%C*b~2xd~4*f~4*g~4 + 16%(Cxb~2*d 4xe*f”
3 + (Cxb~2%c*d"3 - T*Ckaxbxd~4)*f~4)*g~3*h + (11*Cxb~2+¢d"4*e~2+xf~2 + 14%(C
*b~2xcxd"3 - 3xCxaxbxd~4)*e*xf~3 + (11*Ckb~2*c™2*d"2 - 42%Cxaxb*c*d”3 + 70%
(C*a™2 + Axb~2)*d"4)*f74)*g~2%h~2 + (16*C*b~2%d"4*e~3*f + 14%(Cxb~2%c*d~3
- 3%Cxaxb*d"~4)*e 2+f"2 + T*(2*C*b"2%c~2*d"2 - 6xCka*b*c*d~3 + 5*x(C*a"2 + A
*b~2) *d"4) xexf~3 + (16*C*b~2%c~3*d - 42*Ckaxbxc™2*d"2 - 210*A*a*xbxd~4 + 35
*(Cxa~2 + Axb~2)*cxd"3)*f"4)*g*h~3 + (48*Cxb~2+%d"4*e~4 + 16%(Cxb~2*cxd~3 -
7*Ckaxb*d~4)*e”~3*f + (11xC*b~2+c”~2+%d"2 - 42*C*axb*c*d~3 + 70*(C*a~2 + Ax*Db
~2)*d"4)*xe"2+%£72 + (16*C*b~2*xc”™3*d — 42*Ckxa*b*c~2*d"2 - 210*A*a*bxd"4 + 35
*(C*a~2 + Axb~2)*cxd"3)*e*xf~3 + (48*%Cxb~2xc”4 - 112xCkaxb*c~3*d - 210*A*ax
b*cxd”™3 + 315*xA*a~2*d~4 + 70*(C*a~2 + Axb~2)*c~2*d~2)*f~4)*h~4)*sqrt (d*f*h
)*weierstrassPInverse (4/3%(d"2*xf"2xg"2 - (d"2%e*f + c*d*f~2)*gxh + (d"2%e”
2 - cxdxexf + c”2x£72)*h"2)/(d"2+£72+%h"2), -4/27*(2xd"3*xf"3xg~3 - 3*(d"3*e
*£72 + cxd"2*f73)*g"2%h - 3*(d"3*e”2+f - 4kckd"2xexf"2 + cT2xd*f"3)*g*h"2
+ (2%xd"3%e”3 - 3kckd"2%e"2xf - 3xc 2kxdke*f"2 + 2xc”3%f"3)*h"3)/(d"3*£73...

3.26.6 Sympy [F]

(a+bx)? (A + Cz?) i — (A+ C2?) (a + bx)®
Vetdave+ fzvg+thr ) Vetdzve+ Favg+ ha

integrate ((b*x+a)**2x (Ckx**2+A) / (d*x+c) **(1/2) / (£*x+e) x* (1/2) / (h*x+g) ** (1/
2),x)

Integral ((A + C*x*x2)*x(a + b*x)**2/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h
*x)), X)

(a+bz)? (A+Cz?)
3.26. f Vetdry/e+ fa/g+ha dx




input

output

input

output

input

output
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3.26.7 Maxima [F]

(a+bx)* (A + Cz?) i — (Cz? + A)(bz + a)
Vetdz/et favg+he ) Vdr+e/fr+evhz +g

integrate ((b*x+a) ~2% (C*x~2+A) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2) ,x,
algorithm="maxima"

integrate((C*x~2 + A)*(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

3.26.8 Giac [F|

(a+bz)? (A+ Cz?) dp — (Cz? + A)(bz + a)
Vet doyert favgthe ) Vdr+o/fr+e/hz g

integrate ((b*x+a) "2* (Cxx~2+A) / (d*x+c) ~(1/2) / (f*x+e) " (1/2) / (h*x+g) ~(1/2) ,x,
algorithm="giac")

integrate((C*x~2 + A)*(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

3.26.9 Mupad [F(-1)]

Timed out.

(a+bx)? (A + Cz?) dr — (Cz®+A) (a+bx)
Vetdzet favg+thr ) Vet fzVgt+hzve+da

int(((A + Cxx~2)*(a + b*x)~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(
1/2)),x%)

int (((A + Cxx~2)*(a + b*x)"2)/((e + fxx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(
1/2)), x)

(a+bz)?(A+Cz?)
3.26. f Vetdz/e+fr\/g+hx d
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2
3.97 f — (a+bz) (A+Cz?)

+dx\/e—|—f:1:\/g—|—ha:
3.27.1 Optimal result . . . . . . . . . .. . .
3.27.2 Mathematica [C] (verified) . . . . . . . . ... . L Lo 273
3.27.3 Rubi [A] (verified) . . . . . . .. .. 274
3.27.4 Maple [A] (verified) . . . ... . ... .. 278
3.27.5 Fricas [C] (verification not implemented) . . . . . . . ... ... ... .... 279
3.27.6 Sympy [F] . . . . . 280
3.27.7 Maxima [F] . . . . . . 28]
3.27.8 Giac [F] . . . . . o 28]
3.27.9 Mupad [F(-1)] . . . . . o 28Tl

3.27.1 Optimal result

Integrand size = 40, antiderivative size = 611

/ (a+bzx) (A+ Cz?)
Ve+dzye+ fx/g+ hx
_ 4C(adfh — 2b(dfg + deh + cfh))Vc+ dz\/e + fz\/g + ha
N 15d2 f2h?
+ 2C(a + bx)vc+ dx/e + fr\/g + hz
5dfh

2v/—de + cf (10aCdf h(df g + deh + cfh) — b(15Ad? f2h? + C(8¢2 f2h2 + Tedf h(fg + eh) + d?(8f%g> 4
d hz)
1503 f5/2h3\/e + fx |/ 25the)

2v/—de + cf(5adf h(3Adfh? + C(ch(fg — eh) + dg(2fg + eh))) — b(15Ad? f2gh? + C(4c®*fh*(fg — eh
15d

+

(a+bz) (A+Cx?)
3.27. f Vetdry/e+ fa/g+ha dx
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output | 4/15*%C* (a*d*f*h-2xb* (cxf*h+d*exh+d*f*g) ) * (d*x+c) ~(1/2) * (fxx+e) = (1/2) * (h*xx+
g)~(1/2)/d~2/£~2/h~2+2/5xCx (bkx+a) * (d*x+c) ~ (1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/
2)/d/£f/h-2/15% (10*a*xCkd*f*h* (cxf*h+d*exh+d*f*g) —-b* (15%A*xd~2*f ~2xh~2+C* (8*c
~2%f"2%h~2+7*ckd*fxh* (exh+f*g) +d~2% (8ke~2+h~2+T7*exf*g*h+8*f ~2%g~2))) ) *E11li
pticE(£~(1/2)*(d*x+c) ~(1/2)/(cxf-d*e) ~(1/2) , ((-cxf+d*e) *h/f/(-c*h+d*g) )~ (1
/2))*(cxf-dxe) ~ (1/2) ¥ (d* (£*x+e) / (-c*xf+dxe) )~ (1/2) * (h*x+g) ~(1/2) /d~3/£~(5/2
)/h~3/ (£xx+e)~(1/2)/ (d* (h*x+g) / (-cxh+d*g) )~ (1/2) +2/15% (5xa*d*fxh* (3xAxd*f *
h~2+Cx (c*h* (—exh+f*g) +d*g* (exh+2xf*xg)) ) —b* (15%A*d~2%f ~2%g*h~2+C* (4*xc~2xf*h
~2% (—exh+f*xg) +cxdxh* (—-4xe~2xh~2+e*xfxgkh+3*f ~2xg~2) +d~2kg* (4*e ~2+¥h~2+3*ke*f *
g*h+8*f~2xg~2))) ) *E11lipticF (£~ (1/2) * (d*x+c) ~(1/2) / (cxf-d*e) ~(1/2) , ((-c*f+d
*e)*h/f/(-cxh+d*g) )~ (1/2) ) * (ckf-d*e) ~(1/2) *(d* (f*x+e) / (—cxf+d*e)) ~(1/2)*(d
* (h*x+g) / (-c*h+d*g) )~ (1/2) /d~3/£7(5/2) /h~3/ (f*x+e) = (1/2) / (h*x+g) ~(1/2)

3.27.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 26.26 (sec) , antiderivative size = 686, normalized size of antiderivative = 1.12

(a+ bx) (A + Cz?)
Ve +dzye+ fx/g+ hx

2 (—dz, [—c+ 9 (15Abd? f>h? — 10aCdf h(df g + deh + cfh) + bC(8¢* f*h + Tedfh(fg + eh) + d*(8f

p
input ‘ Integrate[((a + b*x)*(A + C*x~2))/(Sqrt[c + d*x]*Sqrt[e + f*xx]*Sqrt[g + hx ‘
‘x]),x] ‘

(a+bz) (A+Cx?)
3.27. f Vetdry/e+ fa/g+ha dx




output
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(-2%(-(d~2xSqrt[-c + (d*e)/f]*(15%A*b*d~2*xf~2¥h~2 - 10*a*Ckd*f*h*(dxf*xg +

dxexh + cxfxh) + Db*Cx(8kc™2%f~2*h~2 + T*xckxd*xf*h*(f*g + exh) + d~2*%(8*f " 2xg
"2 + Txexfxgxh + 8xe”2+¥h"2)))*(e + f*x)*(g + h*x)) + Cxd"2*Sqrt[-c + (d*e)
/f]1*f¥h*(c + d*x)*(e + £*xx)*(g + h*x)*(4xbxc*f*h - S*a*xd*fxh + bkd*(4*xf*g
+ 4xexh - 3xfxh*x)) - Ik(d*e — c*f)*h*(15%Axb*xd~2*f~2xh~2 - 10%a*Cxd*f*xhx*(
dxfxg + dxexh + cxfxh) + b*C*(8xc™2xf~2xh~2 + 7xcxdxfxhx(f*g + exh) + d~2x
(8*xf~2xg~2 + Txexfxgxh + 8%e~2%¥h~2)))*(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/(
fx(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-
c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - c*fxh)/(dxexh - c*fxh)] - I*dxh*(5*a
*x@*f¥hk (3kAxd*xf~2%h + cxC*f*(-(f*xg) + exh) + Ckd*ex(f*xg + 2%e*xh)) - b*(15%
Axd"2%exf"2¥h"2 + Cx(4xc™2%f 2%h*(-(f*g) + exh) + cxd*f*(-4*xf72%g"2 + exfx*
gxh + 3*%e”2x¥h"2) + d"2xex(4*xf"2%g"2 + 3kexfxgxh + 8*e~2x¥h"2))))*(c + d*x)~
(3/2)*Sqrt[(d*x(e + £*x))/(f*(c + d*x))I*Sqrt[(d*(g + h*x))/(h*(c + d*x))]x*
EllipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*xg - c*fxh)/(d*
exh - c*fxh)]))/(156%d"4*Sqrt[-c + (d*e)/f]*f~3*%h~3*Sqrt[c + d*x]*Sqrtl[e +
f*x]*Sqrt[g + h*x])

3.27.3 Rubi [A] (verified)

Time = 1.51 (sec) , antiderivative size = 632, normalized size of antiderivative = 1.03,
number of rules _ 0.250, Rules

number of steps used = 10, number of rules used = 10,
used = {2104, 25, 2118, 27, 176, 124, 123, 131, 131, 130}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a+bz) (A+ Cz?)
Ve +dzy/e+ fr/g+ hx

l 2104

f __ —2C(adfh—2b(df g+deh+cfh))z?—(5Abdf h—3bC(deg+cfg-+ceh)—2aC(df g+deh+cfh))z+2bcCeg—5aAdf h+aC(deg+cfg+ceh) d

Vet+dzy/e+ fr/g+hx

5dfh
2C(a + bx)Vc + dz/e + fx\/g + hx
5dfh

| 25

2C(a + bz)Vc + dz/e + fz/g + hx
5dfh B

f —2C(adf h—2b(df g+deh+cfh))z? —(5Abdf h—3bC (deg+cf g+ceh)—2aC (df g+deh+cfh))z+2bcCeg—5aAdf h+aC(deg+cfg+ceh) dx

Vetdz/e+ fry/g+ha

5dfh

(a+bz) (A+Cx?)
327, | rderfevara 0

+
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l 2118
2C(a + bx)Vc + dz/e + fz/g + hx
5dfh
d(Sadfh(3Adfh—C(deg+cfg+ceh))+2bC (2fh(fg+eh)c2+d(2f2g2 +3efhg+262h2) c+2d2 eg(fg+eh)) + (15Abd2 £2h2 —10aCdf(dfg+deh+cfh)h+bC((8f2
2/ - 3Votds /et favathe
3d2fh
5dfh
l 27
2C(a + bz)Vc + dz/e + fz/g + hx
5dfh
5adfh(3Adf h—C(deg+cfg+ceh))+2bC (2fh(f9+eh)c2+d(2f2g2+3efhg+252 h2) ct+2d2 eg(fg+eh)) + (15Abd2 £2n2 710aCdf(dfg+deh+cfh)h+bC((8f2g2+
_ Vetdz/etfz/g+ha
3dfh
5dfh
l 176
2C(a + bx)Vc + dz/e + fx/g + hx
5dfh
(Sadfh(3Adfh2+cCh(fgfeh)+Cdg(eh+2fg)) 7b(15Ad2f2gh2+C(4c2fh2(fgfeh)+cdh(7462h2+efgh+3f292)+d2_q(4e2h2+3efgh+8f2g2)))) | e
- : 3dfh
l 124
2C(a + bx)Vc + dz/e + fz/g + hx
5dfh
(Sadfh(3Adfh2+cCh(fg—eh)+Cdg(eh+2fg))—b(lSAdzfzgh2+C(4c2fh2(fg—eh)+cdh(—452h2+efgh+3f2g2)+d2g(492h2+3efgh+8f292)))) I Jer s,
R
l 123
2C(a + bx)Ve + dx/e + fx\/g + hx
5dfh
(Sadfh(3Adfh2+c0h(fg—eh)+Cdg(eh+2fg))—b(15Ad2f2gh2+C(4c2fh2(fg—eh)+cdh(—4e2h2+efgh+3f292)+d29(462h2+3efgh+8f2g2)))) | e
3

l 131

(a+bz) (A+Cx?)
3.27. f Vetdz/e+fr\/g+hx d
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2C(a +bzx)vc+dzve+ fz/g+ha
5dfh

N dé‘;%’;’i) (5adfh(3Adfh2+cCh(fg—eh)+Cdg(eh+2fg)) —b(15Ad2f2gh2+C’(4c2fh2(fg—eh)+cdh(—4e2h2+efgh+3f2g2)+d2g(4e2h2+3efgh+8f292)))\

he+fz
l 131
2C(a + bx)Vc + dz/e + fz/g + hx
5dfh
N d((iz“‘ﬁz) N dc(lg*'hz) (5adfh(3Adfh%+-eCh(fg—ch)+Cdg(eh+2g)) —b(15Ad% f2gh?+C (4¢? Fh2(fg—ch)+edh (a2 h®+efgh+312g2 ) +d%g (4e%h2 +3efgh-
hye+fz/g+hz
l 130
2C(a + bx)Ve + dx/e + fx /g + hx
5dfh
d d(g+h s . vc+dx de— h
2v/cf—dey/ (52%’;}”) v/ % EllipticF (arcsm( \/jcf—tie ) s (f(Zgi‘QL) ) (Sadfh(3Adfh2+cOh(fg7e\};)7+Cdg(eh+2fg)) 7b(15Ad2f29h2+C(4c2fh2(fgfeh
dvfhvet+fz/g+ha

output | (2xC*(a + b*x)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg + h*x])/(5*d*f*h) - ((-4
*Ck (axd*f*h - 2xbkx(dxf*g + dxexh + c*fxh))*Sqrt[c + d*x]*Sqrt[e + f*xx]*Sqr
tlg + h*x])/(3*xd*f*h) - ((2xSqrt[-(d*e) + cxf]*(15xA*b*d~2*xf 2¥h"2 - 10*a*
Cxdxfxh* (d*xf*g + d*exh + c*fxh) + bxC*(8*c™2*f72+h~2 + Txckd*xf*hx(fxg + e*
h) + d"2%(8*f~2xg~2 + Txexf*gxh + 8%e~2*%h~2)))*Sqrt[(d*x(e + f*x))/(d*e - c
*f)]1*Sqrt [g + h*x]*EllipticE[ArcSin[(Sqrt [£f]1*Sqrt[c + d*x])/Sqrt[-(d*e) +
cxf]], ((d*e - cxf)*h)/(fx(d*g - cx*h))])/(d*Sqrt[f]*h*Sqrtle + fxx]*Sqrt[(
d*x(g + h*x))/(d*g - c*h)]) + (2*Sqrt[-(d*e) + c*f]*(5*xa*xd*fxh*(3*xAxd*f*h~2

+ c*Cxhx (f*g — exh) + Ckxd*gx(2+fxg + exh)) - bx(15%Axd~2*f ~2+gxh~2 + C*(4
*xC"2*%fxh~2x (fxg — e*h) + c*xdxhx(3*xf72%g"2 + exfxgxh — 4xe"2*¥h™2) + d™2xg*(
8*f72xg~2 + 3Jkexfkgxh + 4xe"2xh~2))))*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt
[(d*x(g + h*x))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sqrtl
-(dxe) + c*f]], ((dxe - c*f)*h)/(fx(d*g - c*h))])/(d*Sqrt[£f]*h*Sqrt[e + f*
x]*Sqrt[g + h*x]))/(3*d*fxh))/(5xd*f*h)

(a+bz) (A+Cx?)
3.27. f Vetdry/e+ fa/g+ha dx
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3.27.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 27

rule 123

rule 124

rule 130

rule 131

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

N

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl[(c_) + (d_.)*(x_
)1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(bxc - a*xd)/d, 211, £*((bxc - a*d)/(d*(bxe - a*f)))], x] /; FreeQ[{a,

b, c, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(b*xe - axf), 0] && !L
tQ[-(b*c - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*d
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(b*c - axd))]/(Sqrtlc + d
*x]*Sqrt [bx((e + f*x)/(bxe - a*f))]))  Int[Sqrtlbx(e/(bxe - a*f)) + bxf*(x
/(bxe - a*xf))]/(Sqrtla + b*x]*Sqrt[b*(c/(b*c - a*d)) + b*d*(x/(b*c - a*d))]
), x]1, x] /; FreeQl{a, b, ¢, d, e, £}, x] & !(GtQ[b/(b*c - axd), 0] && Gt
Q[b/ (b*e - axf), 0]) && ILtQ[-(b*c - a*xd)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e ) + (f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(b*e - a*f)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*xd)/bl)], f*((bxc - a*d)/(d*(bxe -
axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*c - a*xd), 0] && GtQ
[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f
*x] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - axf)/f])

Int[1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
DD, x_1 :> Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + bkxd*(x/(bxc - a*d))]*Sqrtle + f*x]), x
1, x1 /; FreeQl[{a, b, c, d, e, £}, x] && !'GtQ[(b*c - a*d)/b, 0] && Simpler
Qla + b*x, c + d*x] &% SimplerQ[a + b*x, e + f*x]

(a+bz) (A+Cx?)
3.27. f Vetdz/e+fr\/g+hx d




rule 176 /

rule 2104

rule 2118
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Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (£_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtl(c
+ d*x]*Sqrtle + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Int[(((a_.) + (b_)*(x_))"(m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*(x_)]*Sqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
p[2xCx(a + b*x) “m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtl[g + h*x]/(d*f*h*(2*m +
3))), x] + Simp[1/(d*f*h*(2*m + 3)) Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]
*Sqrt [e + fxx]*Sqrtl[g + h*x]))*Simp[axA*d*fxh*(2*m + 3) - Ck(a*x(d*exg + cxf
*xg + cxexh) + 2xbkckexgxm) + (A*xbxdxfxh*(2xm + 3) - Cx(2*ax(d*f*g + d*xexh +
cxfxh) + bx(2xm + 1)*(dxexg + c*fxg + ckexh)))*x + 2*Ck(axd*f*h*m - bx(m +
1)*(d*xf*g + d*exh + cxf*h))*x~2, x], x], x] /; FreeQ[{a, b, c, d, e, f, g,

h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

Int [(Px_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(a_)*((e_.) + (£
_)*(x )" (p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[k*(a + b*x)"(m + q - 1)*(c + d*x)~(n + 1)*((e + £*x)"(p +
1)/(d*f*b~(q - 1)*(m + n + p + q + 1))), x] + Simp[1/(d*f*b"gq*(m + n + p +
q + 1)) Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~g*(m +
n+p+q+ D*Px - dxf*kx(m + n + p + q + 1)*x(a + bxx)"q + kx(a + bxx)"(q
- 2)*(a"2*d*f*(m + n + p + q + 1) - bx(b*cxex(m + q - 1) + a*x(d*ex(n + 1) +
cxf*x(p + 1))) + b*x(axd*xfx(2*(m + q) + n + p) - bx(d*ex(m + q + n) + cxfx(m
+q+ p))*x), x], x], x]1 /; NeQ[m + n + p + q + 1, 0]] /; FreeQl{a, b, c,
d, e, £, m, n, p}, x] && PolyQ[Px, x]

3.27.4 Maple [A] (verified)

Time = 2.81 (sec) , antiderivative size = 824, normalized size of antiderivative = 1.35

(a+bz) (A+Cx?)
3.27. f Vetdry/e+ fa/g+ha dx
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method | result

2Cb(2cfh+2deh+2df /
QCb:v\/dfh z3+cfh x2+deh z2+df g x2+cehz+cfgr+degz+ceg 2(00'_ (Ze 5dfhe g)) dfhaS+efha?:
\/(dm-i-c)(fm—{-e)(ha:—‘f-g) 5dfh + 3dfh

elliptic

default | Expression too large to display

input /int ((b*x+a) * (Ckx~2+A) / (d*x+c) ~(1/2) / (f*x+e) " (1/2) / (h*x+g) ~(1/2) ,x ,method=_
RETURNVERBOSE)

output | ((d*x+c)*(f*x+e)*(h*x+g))~(1/2)/(d*x+c)~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2) *
(2/5%C*b/d/f /h*x* (d*f*h*x~3+c*kf*h*x~2+d*e*h*x~2+d*f*g*x~2+ckexh*x+cxfxgkx+
d*xexg*x+ckexg) = (1/2)+2/3*(C*xa-2/5%C*b/d/f/h* (2xcxf*h+2*d*xexh+2*xd*xf*g))/d/f
/h* (A*f*h*kx~3+c*f*kh*x™2+d*kexh*x~2+d*f*xg*x~2+ckexh*x+cxfxgrx+dkexgkx+ckexg)
~(1/2)+2* (A*xa-2/5*%Cxb/d/f /h*cxe*xg-2/3* (C*xa-2/5%Cxb/d/f /h* (2*xc*f*xh+2*d*e*h+
2xd*xf*g))/d/f/h*(1/2%c*xexh+1/2*c*f*g+1/2*d*e*g) ) * (g/h-e/f) * ((x+g/h) /(g/h-e
/£))"(1/2)*((x+c/d) /(-g/h+c/d)) ~(1/2) *((x+e/£f) / (-g/h+e/£)) ~(1/2) / (A*f*h*x~
3+ckfxh*kx~2+d*exh*x~2+d*f*gxx~2+ckexh*x+cxfxgrx+drexgkx+ckexg) ~(1/2)*E1llip
ticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))+2* (Axb-2/5%C
*b/d/f /h*(3/2xc*e*h+3/2*c*f*g+3/2*d*exg)-2/3*(Cxa-2/5*Cxb/d/f /h* (2*cxf*h+2
*xdxexh+2xd*xf*xg)) /d/f/h* (cxf*h+d*exh+d*f*g))*(g/h-e/f)*((x+g/h)/(g/h-e/£))"~
(1/2)*((x+c/d) / (-g/h+c/d) )~ (1/2) *((x+e/f) / (-g/h+e/£) )~ (1/2) / (A*xEfxh*x"3+c*f
*h*x " 2+d*exh*x " 2+d*fxg*x " 2+ckexh*x+ckfxgrx+drexgrx+crexg) ~(1/2) * ((-g/h+c/d
)*EllipticE(((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/£)/(-g/h+c/d))~(1/2))-c/d*E
1llipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))))

3.27.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.15 (sec) , antiderivative size = 1068, normalized size of antiderivative = 1.75

(a+ bx) (A + Cz?)
Ve+doye+ fry/g + hr
2 (3 (3Cbd [*h*s — 4Cbd® fgh? — (4Cbde ? + (4 Cbed® — 5 Cad®) [N T ov/Tz + ev/Fa + g -

(a+bz) (A+Cx?)
3.27. f Vetdz/e+fr\/g+hx d




input

output

input

output
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integrate ((b*x+a)* (Cxx~2+A) / (d*x+c) ~(1/2)/ (f*x+e)~(1/2) / (h*x+g) ~(1/2) ,x, a
lgorithm="fricas")

2/45% (3% (3%Cxb*d~3*f"3*%h~3*x - 4*Cxb*d~3*f " 3*g*h~2 - (4*C*bxd~3xe*f~2 + (4
*Cxb*c*d~2 - b5*Cxaxd~3)*f~3)*h~3)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
) — (8*%Cxbxd~3*f~3%g~3 + (3*%Ckb*d~3*e*f~2 + (3*xCxb*c*d~2 - 10%Cka*d~3)*f~3
)*g~2%h + (3*Cxb*d~3*e~2*xf + (3*%Ckb*c*d~2 - B5*Cka*d~3)*exf~2 + (3*%Ckbkc™ 2%
d - 5xCxaxcxd™2 + 15%A*b*d"~3)*f~3)*g*h~2 + (8*Cxb*d~3%e~3 + (3*Cxb*cxd~2 -
10*%Cxaxd~3) xe"2*f + (3*%Cxbxc~2*d - 5xCxaxc*d™2 + 15*Axb*d~3)*exf~2 + (8+C
*bkc~3 - 10%Cxaxc™2*d + 15%Axbxcxd~2 - 45%Axaxd”~3)*f~3)*h~3)*sqrt (d*f*h) *xw
eierstrassPInverse(4/3*(d~2*xf"2%g™2 - (d"2xexf + cxd*xf~2)*gxh + (d"2*e"2 -
ckdxexf + c”2xf£72)xh"2)/(d"2*£72*%h"2), -4/27x(2xd"3*%f"3*g~3 - 3*(d"3*exf"
2 + c*d"2*£73)*g"2+h - 3x(d"3xe”2*f - 4xc*kd"2xexf"2 + c”2+d*f"3)*gxh~2 + (
2*xd"3*e"3 - 3kckxd"2xe"2xf - 3kxc"2xd*exf"2 + 2xc”3*f~3)*h~3)/(d"3*%f"3*xh~3),
1/3% (3*%d*fxh*x + d*fxg + (d*e + cxf)*h)/(d*f*h)) - 3% (8*%Ckbxd~3*f 3*g~2xh
+ (7*C*b*d~3%e*f~2 + (7*Cxbxcxd~2 - 10*Cka*d~3)*f~3)*g*h~2 + (8%Cxb*d~3*e
~2+f + (7*Cxbxc*d"2 - 10*Cxa*xd”3)*e*f~2 + (8xC*b*c~2xd - 10*Ckaxcxd"2 + 15
*A*xb*d~3) *£~3) *h"3) *sqrt (d*f*h) *weierstrassZeta(4/3*(d"2*%f"2xg™2 - (d"2*ex
f + c*xd*f72)xgxh + (d"2*%e”2 - cxdkxexf + c 2*f~2)*h~2)/(d"2*f~2+h~2), -4/27
* (2%~ 3*f"3%g~3 - 3*%(d"3*e*f"2 + cxd"2+f"3)*g 2xh - 3*(d"3%e"2xf - 4*c*xd"2
*xexf"2 + cT2xd*f"3)*g*¥h~2 + (2xd"3*e”3 - 3kckd"2%e”2xf - 3*c 2xd*e*xf"2 + 2
*c~3*x£~3)*h~3)/(d"3*f~3*h~3), weierstrassPInverse(4/3*(d~2*f 2*g~2 - (d~2*
exf + ckd*f~2)*gxh + (d"2*%e”2 - c*dkexf + c"2xf72)xh~2)/(d"2*£"2*%h"2),

3.27.6 Sympy [F]

(a+bx) (A+ Cz?) dp — (A + Cz?) (a + bx)
Vetdave+ fzg+thr ) Vetdzve+ Favg+ ha

integrate ((b*x+a) * (Cxx**2+A) / (d*x+c) **(1/2) / (f*x+e) **(1/2) / (h*x+g) **(1/2)
x)

Integral ((A + Cxx*x2)*(a + b*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)

), x)

(a+bz) (A+Cx?)
3.27. f Vetdry/e+ fa/g+ha dx




input

output

input

output

input

output
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3.27.7 Maxima [F]

(a+bzx) (A+ Cz?) i — (Cx?® + A)(bzx + a) .
Ve +dzye+ fx/g+ hx Vdz +c/fr+evhr +g

integrate ((b*x+a)* (Cxx~2+A) / (d*x+c) " (1/2) / (fxx+e) " (1/2)/ (h*x+g) ~(1/2) ,x, a
lgorithm="maxima")

integrate((C*x~2 + A)*(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)
), %)

3.27.8 Giac [F]

(a+bzx) (A+ Cz?) dp — (Cx? + A)(bz + a)
Vetdz/et fag+he ) Vdr+eo/fr+evhz +g

integrate ((b*x+a)* (Cxx~2+A) / (d*x+c) " (1/2) / (f*x+e) " (1/2)/ (h*x+g) ~(1/2) ,x, a
lgorithm="giac")

integrate((C*x~2 + A)*(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)
), %)

3.27.9 Mupad [F(-1)]

Timed out.

(a+bzx) (A+ Cz?) i — (Cx?+ A) (a+bx)
Vetdzve+ favg+hr ) Vet fzVg+havet+da

int (((A + Cxx"2)x(a + b*x))/((e + £xx)7(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/
2)),x)

int(((A + Cxx~2)*(a + b*x))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/
2)), x)

(a+bz) (A+Cx?)
3.27. f Vetdz/e+fr\/g+hx d
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3.28.1 Optimal result

Integrand size = 35, antiderivative size = 368

A+ Cx? 2CVc+ dz\/e + fz\/g+ hx
dr =
Ve+dzye+ fx/g+ hx 3dfh

40V~ deFef(dfg + deh+ cfh)\ /g Ra (aresin (YREE ) (7o)
3d2 f3/2h2 /e T Jay ) Athe)
2v/=de T cf (BAf1? + C(ch(fg — eh) + dg(2fg + eh))) / "= /%312 BllipticF (arcsin (17
3d2f3/2h2\/e + fo\/g + hw

+

output | 2/3*Ck (d*x+c) = (1/2) * (fxx+e) ~(1/2) * (h*x+g) ~(1/2) /d/f/h-4/3*Cx (cxfxh+d*e*xh+d
*xf*g)*E11ipticE(£~(1/2)*(d*x+c) ~(1/2) /(c*xf-d*e) ~(1/2), ((-c*xf+dxe) *h/f/ (-c*
h+d*g) )~ (1/2)) *(cxf-d*e) ~(1/2) *(d* (f*x+e) / (-cxf+d*e)) ~(1/2) * (h*x+g) ~(1/2)/
d~2/£7(3/2) /h~2/ (f*x+e) ~(1/2) / (d* (h*x+g) / (-c*h+d*g) )~ (1/2) +2/3* (3xA*xd*f*h™
2+C* (c*h* (—exh+f*g) +d*g* (exh+2*f*xg) ) ) *E1lipticF (£~ (1/2) * (d*x+c) ~(1/2) / (c*f
-dxe)~(1/2), ((~cxf+dxe)*h/f/(-cxh+d*g)) ~(1/2) ) *(cxf-dxe) ~(1/2) * (d* (f*x+e) /
(—cxf+d*e)) ~(1/2) *(d* (h*x+g) / (-c*h+d*g) ) ~(1/2) /d"2/£7(3/2) /h~2/ (f*x+e) ~(1/
2) / (h*x+g)~(1/2)

2
A+Cz dx

3.28. f Vetdz/e+fr\/g+hx
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3.28.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 23.77 (sec) , antiderivative size = 390, normalized size of antiderivative = 1.06

A+ Cz?
dz
Ve +dzye+ fx/g+ hx

Vet dz | 208 fh(e + fx)(g + ha) — 0L Wotdebelerothe) _ g0, [—c 4 % fh(dfg + deh + cfh).

input LIntegrate [(A + C*x~2)/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]),x] J

output

(Sartlc + d*x]*(2%Cxd~2*f*h*(e + f*x)*(g + h*x) - (4*Cxd~2*(d*f*g + d*exh

+ cxfxh)*(e + fxx)*(g + h*x))/(c + d*x) - (4*I)*CxSqrt[-c + (d*e)/f]*fxh*(
dxf*g + dxexh + cxfxh)*Sqrt[c + d*x]*Sqrt[(d*(e + f*x))/(fx(c + d*x))]*Sqr
t[(d*(g + h*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (dxe)/f]/Sqrt
[c + d*x]], (d*f*g - cxfxh)/(d*exh - cxfxh)] + ((2%I)*d*h*(3*A*d*f~2*h + c
*Cxfx (- (f*g) + exh) + Ckdxex(fxg + 2%exh))*Sqrtlc + d*x]*Sqrt[(d*(e + f*x)
)/ (£x(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*x(c + d*x))]*EllipticF[I*ArcSinh[Sqr
t[-c + (dxe)/f]1/Sqrtlc + d*x]], (d*fxg - cxf*h)/(d*exh - cxf*h)])/Sqrt[-c

+ (dxe)/£]))/(3*d"3*f"2*h~2xSqrt[e + f*x]*Sqrtl[g + h*x])

3.28.3 Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 377, normalized size of antiderivative = 1.02,
number of steps used = 8, number of rules used = 8, umber of rules _ ( 999 Ryles used

integrand size
= {2118, 27, 176, 124, 123, 131, 131, 130}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

A+ Cz? i
Ve +dzy/e+ fr/g+ hx
l 2118
d(3Adfh—C(deg+cfg+ceh)—2C(df g+deh+cfh)x)
2/ 2v/ctdav/et fay/gtha dz + 2CVe+dzv/e+ fz\/g + hx
3d2fh 3dfh

2
A+Cz dr

3.28. f Vetdz/e+fr\/g+hx
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l27

f 3Adfh—C(deg+cfg+ceh)— 2C(dfg+deh+cfh)mdx

Vetdzy/et fay/gtha + 2CVc+dzv/e + fr\/g+ hx
3dfh 3dfh
l 176
(3Adfh+cCh( fg—eh)+0dg(ei;+2 1)) Sermveamams 2C(cfh+deh+dfg’)1 | 72 —do
3dfh +
2CVc+dzv/e + fx\/g+ hx

3dfh

l 124

dhzx

dg
+
d(et+fzx) dg—ch Ch dg—ch
2C+\/g+hzxy/ de—cf (cfh+deh+dfg) [ dz\/d T s fdx

(8Adfh?+cCh(fg—eh)+Cdg(eh+2fg)) [ Wmdm

" G =
3dfh +
2CVc+ dzv/e + fx\/g+ hx
3dfh
l 123

(3Adfh2+cCh(fg—eh)+Cdg(eh+219)) | —ermrpermmmde  ACVgThay/cf—de HetI2) (cfh+deh+dfg) B (arcsin(f et fCJfoZ;i

i dv/ThveFTay/ St
3dfh
2CVc+ dzv/e + fx\/g+ hx
3dfh
l 131
det2) (3Adfh2+cCh(fg—eh)+Cdg(eh+2fg)) [ 1 dz
e Vords [ gle g+ g HE . JoThe  ACV/gFhay/cf—de dff;*’:? (cfh+deh+dfg)E (arcsin
3dfh
2CVc+ dzxv/e + fx\/g+ hx
3dfh
l 131
A+Cz?
3.28. f Vetdry/e+ fa/g+ha dx
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d(etfz) [d(g+ha) 1
\ Gt EEen) (3Adfh2+-cCh(fg—eh)+Cdg(eh+2f9)) [ = ¢ T ¢ ——dz e .3 oy
¢raoz de—cf " de—cf _ v v

dg—ch T dg—ch de—cf
hv/e+fz/g+hz dv/fhy
3dfh
2CVc+ dzv/e + fx\/g+ hx
3dfh
| 130
2v/cf—de,/ déiti;) 1/ dégt}cl:) (8Adfh2+cCh(fg—eh)+Cdg(eh+2fg)) EllipticF (arcsin( ‘/\/JTCVfC_Z‘iz ) , ;G(lz;fg:;) AC\/g+ha+/cf—de d(gzti]ﬂfl
dv/fhv/et fo/gthe - d
3dfh
2CVc+ dzv/e + fx\/g+ hx
3dfh

e

inputLInt[(A + C*x72)/(Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x]),x]

p >

output | (2xCxSqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])/(3*d*fxh) + ((-4*CxSqrt[-(
d*e) + cxf]*x(d*fxg + dxexh + c*fxh)*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrtlg
+ h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(dxe) + c*f]1], ((d*
e - c*xf)*h)/(f*(d*g - c*h))])/(d*Sqrt [f]*h*Sqrt[e + fxx]*Sqrt[(d*(g + h*x)
)/(d*g - c*h)]) + (2*Sqrt[-(d*e) + cxf]*(3*A*d*xf*h~2 + cxCxhx(f*g - e*xh) +
Ckdxgk (2xf*g + exh))*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[(d*(g + h*x))/(
dxg - c*h)]*EllipticF[ArcSin[(Sqrt[£f]*Sqrt[c + d*x])/Sqrt[-(dxe) + cx*f]],
((d*xe - c*f)*h)/(f*x(d*g - c*h))])/(d*Sqrt[f]*h*Sqrt[e + f*x]*Sqrt[g + h*x]
))/ (3%d*f*h)

3.28.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 123 Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sartl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[(2/b)*Rt[-(b*e - a*f)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt[-(bxc - axd)/d, 2]]1, £*x((bxc - a*d)/(dx(bxe - a*f)))], x] /; FreeQ[{a,

b, ¢, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - ax*xf), 0] && !L
tQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*xd
), 0] && GtQ[d/(d*e - cxf), 0] & !'LtQ[(b*c - axd)/b, 0])

2
A+Cz dx

3.28. f Vetdz/e+fr\/g+hx
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rule 130

rule 131

rule 176

rule 2118
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Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[Sqrtle + f*x]*(Sqrt[b*((c + d*x)/(b*c - a*d))]1/(Sqrtlc + d
*x]*Sqrt [bx((e + fxx)/(b*e - a*f))]))  Int[Sqrtlb*(e/(b*e - axf)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + b*d*(x/(bxc - axd))]
), x], x]1 /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0] && Gt
Q[b/ (b*e - axf), 0]) && I!LtQ[-(b*c - a*d)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)1*Sqrtl(e ) + (f_.)*(x
D1, x_1 > Simp[2*x(Rt[-b/d, 2]/ (b*Sqrt[(bxe - axf)/b]))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/bl)], £*((b*c - a*d)/(d*(b*e -
axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*xd), 0] && GtQ
[b/(b*e - a*xf), 0] && SimplerQ[a + b*x, c + d*x] &% SimplerQ[a + b*x, e + £
*x] && (PosQ[-(bxc - a*d)/d] || NegQ[-(b*e - ax*f)/f])

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e_) + (f_.)*(x
1), x_]1 :> Simp[Sqrt[bx((c + d*x)/(b*c - a*xd))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*c - a*xd)) + bxd*(x/(b*c - a*d))]*Sqrtle + f*x]), x
1, x1 /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(bxc - a*d)/b, 0] && Simpler
Q[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*

Sqgrtl(e ) + (f_.)*(x_)1), x_1 :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtl[a + b*x
IxSqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtlc
+ d*x]*Sqrt[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] && Sim
plerQ[a + bxx, e + f*xx] && SimplerQ[c + d*x, e + f*x]

N

Int [(Px_)*((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(a_.)*((e_.) + (£
_I)*(x ))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simpl[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*((e + £*x)"(p +
1)/(d*f*b~(q - D)*(m + n + p + q + 1))), x] + Simp[1/(d*f*b"q*(m + n + p +
q+ 1)) Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~g*(m +
n+p+q+ 1)*Px - d*f*xk*x(m + n + p+tqt+t 1)*(a + b*x)“q + kx(a + b*x)‘(q
- 2)*(a"2xd*f*x(m + n + p + q + 1) - b*(b*cxex(m + q - 1) + ax(d*ex(n + 1) +
cxfx(p + 1))) + b*(axd*f*(2*(m + q) + n + p) - b*(d*ex(m + q + n) + c*f*(m
+q+ p)))*x), x], x1, x] /; NeQIm + n + p + q + 1, 0]] /; FreeQ[{a, b, c,
d, e, £, m, n, p}, x] & PolyQ[Px, x]

2
A+Cz dr

3.28. f Vetdz/e+fr\/g+hx
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3.28.4 Maple [A] (verified)

Time = 2.32 (sec) , antiderivative size = 611, normalized size of antiderivative = 1.66

method | result

h o f
\/dfh :c3+cfh :v2+deh :v2+dfgz

20(%ceh+%cfg+%deg) g e m+%
2| A- 3drR (E‘?) g€ A

2C\/dfh z3+cfh z2+deh a:2+dfg z2+cehx+cfgz+deg:t+ceg
\/(dw+c) (fz+e)(hz+g) \/ 3dfh +

elliptic

default | Expression too large to display

input | int ((C*x~2+A)/ (d*x+c)~(1/2)/ (f*x+e)~(1/2) / (h*x+g)~(1/2) ,x,method=_RETURNVE
RBOSE)

output | ((d*x+c)* (f*x+e) * (h*x+g)) ~(1/2)/(d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*xx+g) ~(1/2) *
(2/3%C/d/f/h* (d*f*h*x~3+c*f*h*x~2+d*exh*x~2+d*f*g*x~2+c*kexh*x+cxfxgrx+d*ke*
gxx+cxexg) ~(1/2)+2% (A-2/3%C/d/f/h*(1/2*c*exh+1/2*cxf*g+l/2*d*e*xg))*(g/h-e/
£)*x((x+g/h)/(g/h-e/£)) " (1/2)*((x+c/d) / (-g/h+c/d) )~ (1/2) *((x+e/f) / (-g/h+e/f
))~(1/2) / (d*fxh*x~3+c*kfxh*x~2+d*exh*x~2+d*f*g*x~2+crxe*h*kx+cxf*gkx+dre*xgkx+
ckxe*g) ~(1/2)*EllipticF (((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/£f)/(-g/h+c/d)) ~(
1/2))-4/3%C/d/f/h* (c*f*h+d*exh+d*f*g)*(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*
((x+c/d)/(-g/h+c/d))~(1/2) *((x+e/f) / (-g/h+e/£) )~ (1/2) / (d*fxh*x~3+ckfxh*x"2
+d*exh*x"2+d*f*g*x " 2+ckexh*x+ckfxgrx+drexgrx+crexg) ~(1/2) *((-g/h+c/d) *E11i
pticE(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*Ellipti
cF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))))

3.28.5 Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.15 (sec) , antiderivative size = 775, normalized size of antiderivative = 2.11

A+ Cxz?
dz
Ve+dzye+ fr/g + hr
2 (3 Vdz + e/ fx + ev/hx + gCd2 f2h? + (2 Cd% f2g® + (Cd2ef + Cecdf?)gh + (2 Cd%e* + Ccdef + (2 C.

2
A+Cz dr

3.28. f Vetdz/e+fr\/g+hx
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integrate ((Cxx~2+A)/(d*x+c)~(1/2)/ (f*x+e) ~(1/2) / (h*x+g)~(1/2) ,x, algorithm
="fricas")

2/9% (3*sqrt (d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)*Ckxd~2*f£~2*h~2 + (2xC*xd~2*
£72xg=2 + (Ckd~2%e*f + Ckckd*f~2)*gxh + (2%Ckd~2%e”2 + Ckckdkexf + (2%Cxc”
2 + 9%A*d~2)*f~2)*h~2) *sqrt (d*f*h) *weierstrassPInverse(4/3*(d"2*f"2%xg~2 -
(d"2%exf + c*kd*f~2)*gxh + (d"2*%e”2 - c*d*exf + c~2xf72)*h~2)/(d"2*f~2*h"2)
s —4/27%(2%xd"3*%f"3%g"3 - 3% (d"3*exf"2 + cxd"2*f73)*g"2xh - 3*(d"3*ke"2xf -
4kxcxd"2%exf"2 + cT2xd*f"3)*xgxh”2 + (2%d"3%e”3 - 3xckd"2xe”2xf - 3kcT2xd*e*
£72 + 2%c™3*%£73)*h"3)/(d"3*£73%h"3), 1/3%(3*d*f*hxx + dxf*g + (d*e + c*f)=*
h)/(d*f*h)) + 6x(Cxd~2+f 2*gxh + (Cxd~2%exf + Ckc*xd*f~2)*h~2)*sqrt (d*f*h)*
weierstrassZeta(4/3*(d"2*f72xg"~2 - (d"2%exf + c*d*f~2)*gxh + (d72*e”2 - cx*
dxexf + c”2%f72)*h"2)/(d"2*%£72xh"2), -4/27*(2%d"3*f"3xg"3 - 3x(d"3xe*f"2 +
cxd"2*f£73) *g"2xh - 3*%(d"3*e”2xf - 4*cxd"2xe*f"2 + c”2xd*f"3)*gxh"2 + (2*d
“3%e”3 - 3*cxd"2%e"2*f - 3xc"2xd*exf"2 + 2%c”3*f£73)*h~3)/(d"3*£73*%h"3), we
ierstrassPInverse(4/3*(d"2*xf"2xg~2 - (d"2*e*f + ckd*f~2)*g*h + (d"2*e”2 -
ckdxexf + c”2x£72)xh"2)/(d"2*£72%h"2), -4/27*(2xd"3*%f"3*g~3 - 3*(d"3*exf"2
+ cxd"2*x£73) %g~2%h - 3%(d"3*e"2xf - 4xcxd"2xexf"2 + cT2xd*f"3)*g*h~2 + (2
*d"3%e~3 - 3%cxd"2%e"2%f - 3kc"2kdxexf"2 + 2%c~3%f"3)*h~3)/(d"3*f~3%h"3),
1/3%(3*d*f*h*x + dxf*xg + (d*e + c*f)*h)/(d*f*h))))/(d"3*f~3*h"3)

3.28.6 Sympy [F]

A+ Cz? A+C7’
dx = dx
Ve+dzye+ fry/g+ hx Ve+dzye+ fry/g+ hx

-

Lintegrate((C*x**2+A)/(d*x+c)**(1/2)/(f*X+e)**(1/2)/(h*X+g)**(1/2),X)

~—

Integral ((A + Cxx*x2)/(sqrt(c + d*x)*sqrt(e + f*xx)*sqrt(g + h*x)), x)
A+Cx?
3.28. f Vetdry/e+ fa/g+ha dx
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3.28.7 Maxima [F]

A+ Ca2? i — Cx?+ A .
Ve +dzye+ fx/g+ hx Vdz +c/fr+evhr +g

input ‘ integrate ((Cxx~2+A)/ (d*x+c) ~(1/2)/ (f*x+e) ~(1/2) / (h*x+g)~(1/2) ,x, algorithm
="maxima")

outputtintegrate((C*x“2 + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

3.28.8 Giac [F|

A+ Ca? i — Cx?+ A .
Ve +dzye+ fx/g+ hx Vdz +cv/fr+evhr +g

input \ integrate ((C*x~2+A)/(d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g)~(1/2) ,x, algorithm
=“giac")

outputtintegrate((C*x“2 + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

3.28.9 Mupad [F(-1)]

Timed out.

/ A+ Cx? / Cz?+ A
dxr = dx
Ve+dzy/e+ fx/g+ hx Ve+ fr\g+hzve+dzx

input {int((A + Cxx72)/((e + £xx)7(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)),x)

e—

-

output Lint((A + C*x~2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)), x)

-/

2
A+Cz dr

3.28. f Vetdz/e+fr\/g+hx
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A+C2?

3.29 f (a+bx)Vct+dz/e+ fr\/g+hx dz

3.29.1 Optimal result . . . . . . ... . .. .. 290
3.29.2 Mathematica [C] (verified) . . . . . . . . ... . L 291]
3.29.3 Rubi [A] (verified) . . . . . ... .. 292
3.29.4 Maple [A] (verified) . . . . ... .. . ... 2971
3.29.5 Fricas [F(-1)] . . . . . . . o 297
3.29.6 Sympy [F] . . . . . 298
3.29.7 Maxima [F] . . . . . . . . 298]
3.20.8 Giac [F] . . . . . o e 298
3.29.9 Mupad [F(-1)] . . . . o o 2991

3.29.1 Optimal result

Integrand size = 42, antiderivative size = 465

/ A+ Oz dx
(a + bzx)vc+dzv/e + fr\/g+ hx
d(e+f2) ([ JTVerdz | | (de=ch)h
- 2Cv/—de + cf\/ "o Vg + haE (arcsm (\/—de+cf) |f(dg—ch))
bdv/Fhy/e+ fzy/ 4t
2C+/—de + cf(bg + ah) \/ dc(liﬁ;) d((if:’;,f) EllipticF (arcsin (ﬁ@) ; ;%2;3133)
b2d+/fhv/e + fz+\/g + hz
W2 dle+fz) [d(g+hz) . e T b(de—cf) . VVctdz (de—cf)h
2 (A + b_2> V—de + cf\/ do—of dz_ch EllipticPi <— (bo—ad)f» BTCSIN (\/_deﬂf) ) f(dg_ch)>

(bc — ad)v/fv/e + fx\/g + hx

output | 2xC*E11ipticE(£~(1/2)* (d*x+c) ~(1/2)/(cxf-d*e) ~(1/2) , ((-cxf+d*e)*h/f/(-cxh+
d*xg) )~ (1/2) ) *(c*xf-dxe) ~(1/2) % (d* (fxx+e) / (-cxf+d*e) )~ (1/2) * (h*x+g) ~(1/2) /b/
d/h/£7(1/2) / (fxx+e) = (1/2) / (d* (h*x+g) / (~c*h+d*g) ) ~ (1/2) -2*C* (axh+b*g) *E11ip
ticF(£7(1/2)*(d*x+c) ~(1/2) / (cxf-d*e) ~(1/2) , ((-c*f+d*e) *h/f/ (-c*h+d*g) )~ (1/
2) ) * (cxf-dxe) = (1/2) * (d* (£*x+e) / (~c*xf+d*e) )~ (1/2) * (d* (h*x+g) / (~cxh+d*g) ) ~ (1
/2)/0°2/d/h/£~(1/2) / (£*x+e) ~(1/2) / (h*x+g) ~(1/2) -2* (A+a~2*C/b~2) *E1lipticPi
(£7(1/2)*(d*x+c) ~(1/2) / (cxf-d*e) " (1/2) ,~b* (-cxf+d*e) / (-a*d+bxc) /£, ((-cxf+d
*e)*h/f/ (-cxh+d*g))~(1/2))*(ckf-d*e) = (1/2) * (d* (f*x+e) / (-cxf+d*e)) " (1/2)*(d
* (h*xx+g) / (-cxh+d*g) )~ (1/2) / (—axd+b*c) /£~ (1/2) / (f*x+e) ~(1/2) / (h*x+g) = (1/2)

2
A+Cz dx

3.29. f (a+bz)vctdz/e+fz/g+hx
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3.29.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 26.55 (sec) , antiderivative size = 1036, normalized size of antiderivative = 2.23

/ A+ Cz? i
(a + bx)vVc+ dz/e + fr\/g+ hx
2(¥dm%w—c+%g—aMM%w—o+%g—ﬁéCd —c+%¥g+ak€f —c+%fg—$@0@,

input Integrate[(A + C*x~2)/((a + bxx)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]
) ,x]

~

output | (-2*(b~2*c*Cxd~2xe*Sqrt[-c + (d*e)/fl*g - axbxC*d~3*exSqrt[-c + (dxe)/flxg
- b"2%c”2*Cxd*Sqrt[-c + (dxe)/f]l*fxg + axbxc*Ckd~2xSqrt[-c + (dxe)/f]*fxg
- b~2%c"2*Cxd*e*Sqrt[-c + (d*e)/fl*h + axb*c*Cxd~2xe*xSqrt[-c + (d*e)/f]l*h
+ b"2*c"3xC*Sqrt[-c + (d*e)/fl*fxh - axb*xc™2*Cxd*Sqrt[-c + (d*e)/fl*fxh +
b 2xc*Cxd*Sqrt [-c + (d*e)/fl*f*xgx(c + d*x) - axb*Cxd~2*Sqrt[-c + (d*e)/f]
xfxg*(c + d*x) + b~ 2*c*CkdxexSqrt[-c + (dxe)/flxhx(c + d*x) - axbxCxd 2*ex
Sqrt[-c + (d*e)/fl*h*(c + d*x) - 2%b~2*c~2xC*Sqrt[-c + (d*e)/f]lxf*h*(c + d
*x) + 2%axbxcxCxd*Sqrt[-c + (d*e)/f]l*f*h*x(c + d*x) + b 2*c*CxSqrt[-c + (d*
e)/f]1*f*xh*(c + d*x)~2 - a*b*Cxd*Sqrt[-c + (dxe)/f]l*fxh*(c + d*x)~2 + Ixb*C
*(bxc — a*xd)*(dxe - cxf)*hx(c + d*x)~(3/2)*Sqrt[(d*(e + £*x))/(f*x(c + d*x)
)I1*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (dx*e)/f
1/Sqrtlc + d*x]], (dxfxg - c*xfxh)/(d*exh - c*f*h)] - I*bxdx(b*cxCke - axCx
d*e + akxcxCxf + Axbxd*f)xh*(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/(f*(c + d*x)
)1xSqrt [(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c + (d*e)/f
1/Sqrtlc + d*x]], (d*fxg - c*xfxh)/(dxexh - c*fxh)] + I*Axb~2+d"2*fxh*x(c +
d*x)~(3/2)*Sqrt[(d*(e + £*x))/(f*x(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*
x))I1*EllipticPi[-((b*cxf - axdxf)/(b*dxe - bkcxf)), I*ArcSinh[Sqrt[-c + (4
xe)/f]/Sqrtc + d*x]], (d*f*g - c*fxh)/(d*e¥h - cxf¥h)] + I*a~2*Cxd~2*f*h*
(c + d*x)~(3/2)*Sqrt[(d*(e + fxx))/(£*(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c
+ d*x))]*EllipticPi[-((b*c*f - axd*f)/(bxd*e - bxcxf)), I*ArcSinh[Sqrt...

2
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3.29.3 Rubi [A] (verified)

Time = 1.00 (sec) , antiderivative size = 497, normalized size of antiderivative = 1.07,

number of steps used = 12, number of rules used = 11, Bumber of rules _ ( 969 Ryjes
integrand size

used = {2110, 176, 124, 123, 131, 131, 130, 187, 413, 413, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ A+Cx
dx
(a + bx)Ve+ dx/e + fx\/g+ hx
l 2110

a2C 1 Cz _ aC
(2 +A) / da:+ b L dz
b (a + bx)vc+ dzv/e + fx\/g+ hx Ve+dzye+ fr/g+ hx

| 176
b2 (@ +bz)Ve+ dzve+ fr/g+ ha b2h
g+ha:
f Vetdzye+fx
bh
| 124
b? (a+bz)Vec+ doye + fry/g+ hz b2h
d(e+fz) dg— ch+dghac:h
Cvg+ ha:\/Zf m\/ e dx
bhy/e + fz/ Letho)
| 123
<a2C' +A> / 1 do — C(ah+bg)f \/c+dz\/eif$\/g+h$dx +
b? (a+bz)Ve+ doy/e + fry/g+ hz b2h

2C\/g + hx/cf — dey/ d((i‘jjccjf) E(a,rcsin (‘[Vfcz‘ix) |%Z;fgg)
bdy/Fhy/e+ fa, ) LD

l 131

2
A+Cz dx
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(GZC’-FA)/ 1 dx —

b2 (a+bw)\/c+dfv\/e+ fxv/g+ hx
d(e+fx)

C(ah +bg)\/ =g of f dw\/ — \/de

de— cf de—cf
b2h\/e + fx
d +f . \/T d f h
20VgF /e = dey “GHP B (axcsin (VR ) 17555005 )

bdy/Fh/e + fa\) e

l 131

20 1
<b2 + A) / (a + bx)vc+ dzve+ fx /g + hxdx B

d(e+fz) /d(g+hz) 1
C(ah+bg)\/ de—cf dg—ch f\/m\/ f+ddfwf _ h—i-ddhzhdw
—c e—c g c g—c
+
b2h+/e + fx\/g + hx

20Vg T Raef = dey " B (arcsin () | 55°05)
bdy/Fhy/e T fz\/ L)
l 130

20 1
(b2 * A) / (a + bx)ve+ dzve+ fz/g+ hxdx a
2C(ah + bg)y/cf — de \/ deife) [Uathe) Elliptic (arcsin (‘/jﬁ) : ;‘fg;ff; 31’;)
b2d\/fhv/e + fx /g + hz +
2C/g + hz+/cf — de d(e+fx)E<arcsin (\/TM) | (de— cf)h)

de—cf Vef—de ) | f(dg—ch)
bdy/Thy/e T fz\/ Gthe)
l187

a2
—2( o +A) / ! aveT ds -
(bc — ad — b(c+ dw))\/e — % + 7f(cj§dw) \/g - % + 7h(cj§dm)

2C(ah + bg)Vef — ey S\ A0+ BllipticF (arcsin (LRYeEE ) | Geell ) .

b2d\/fh/e + fz\/g + hz
20/g + hav/ef = dey) S5 B (aresin (VR ) | 7<)
bdy/Fhy/e ¥ [z, %the)
l 413
A+Cz?
3.29. f (a+bz)vetdzy/et fz/g+hz dx
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2(%€ +4) /L) 41 1 dve+ dz
de—cf f (bc—ad—b(c+dz))\/f‘g%‘cifz)+l\/g—%+@

J0ek o
d d
Clah + bg)Vef = ey UL\ [ 20+ BlipticF (arcsin (LRyesk ), (el ) .
b2d\/fhv/e + fz\/g + hz
2C\/g + hz+/cf — de d((i?ijf) E (arcsin (\/jcvfcj:iim) |;‘i§;ﬁ£ ;3)
d(g+hz
bdy/Fhv/e ¥ [z, “ithe)
| 413

2(@ A) fletdz) | \/h(c—l—dw Ve ds
o AV e P e F U b(c+da))y/ féZ*ff}”)H% hé;*i’>+ "

\/@ _ g+e\/h(c+dz) _eh gy
C(ah + bg)\/m\/ d{gzﬂcc jf) d(g+hw) EllipticF (arcsm <\/jﬁ) , ;‘f‘;;f’: 33) N
bzd\/_h\/e + fz\/g+ hzx
20V + hav/cf = de\/ M L) B (arcsin (VYEE ) |eell )
bd/Fhy/e + Fz4/ %
| 412

2C flct+dz h(c+dz) TR oY b(de—cf) VfVctd (de—cf)h
2<%—2 +A> Vef —de o(le—cf) + 1\/ dg—ch T+ lElhptlcPl( = ad)f,arcsm( \/cfc—dex> » Fldg—ch)

V(b —ad)y/1eti) _of 4o [Hetdn) by g
C(ah + bg)v/cf — de\/ d((iz-'_";?) dothe) plipticF (arcsin (‘/7" c+dm> (de—cf )h)

dg—ch Vecf—de ) f(dg—ch)
b2d\/fhv/e + fx/g + hz
20Vg T hav/el = dey/ S B (arcsin (YYEEE ) | (o<l )

bdy/Thy/e+ fz, ) LD

input Int[(A + C*x"2)/((a + bxx)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + hx*x]),x]

2
A+Cz dx
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(2xC*xSqrt [-(d*e) + cxfl*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[g + h*x]*Elli
pticE[ArcSin[(Sqrt [f]*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - cxf)*h)/
(f*(d*g - cxh))]1)/(b*d*Sqrt [f]*h*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - c
*h)]) - (2%C*Sqrt[-(d*e) + cxf]*(bxg + a*h)*Sqrt[(d*(e + f*x))/(d*e - c*f)
]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrtlc + d*x])
/8qrt[-(d*e) + c*fl], ((d*¥e - c*f)*h)/(f*(d*g - cx*h))])/(b~2*d*Sqrt [£]*h*S
grtle + fxx]*Sqrtlg + h*x]) - (2x(A + (a~2%C)/b~2)*Sqrt[-(d*e) + cxf]*Sqrt
[1 + (f*(c + d*x))/(d*e - c*f)]*Sqrt[1 + (h*(c + d*x))/(d*g - c*h)]*Ellipt
icPi[-((b*(d*e - c*f))/((b*c - a*d)*f)), ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sq
rt[-(d*e) + cxf]], ((d*e - c*f)xh)/(fx(d*g - c*h))])/((b*c - a*xd)*Sqrt[f]=*

Sqrtle - (cxf)/d + (£x(c + d*x))/dl*Sqrtl[g - (cxh)/d + (h*x(c + d*x))/d])

3.29.3.1 Defintions of rubi rules used

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
1), x_1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - a*xd)/d, 2]], f*((bxc - a*d)/(dx(bxe - a*f)))], x] /; FreeQ[{a,

b, ¢, d, e, £}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf), 0] && 'L
tQ[-(b*c - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - ax*d
), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - a*d)/b, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_]1 :> Simp[Sqrtle + f*x]*(Sqrt[b*((c + d*x)/(b*c - a*d))]/(Sqrtlc + d
*xx]*Sqrt [b*((e + f*xx)/(b*e - a*xf))]))  Int[Sqrt[b*(e/(b*xe - axf)) + bxf*(x
/(b*xe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + b*d*(x/(bxc - axd))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'(GtQ[b/(b*c - a*xd), 0] && Gt
Q[b/ (b*e - axf), 0]) && I!LtQ[-(b*c - a*d)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)1*Sqrtl(e ) + (f_.)*(x
1), x_1 :> Simp[2*x(Rt[-b/d, 2]/(b*Sqrt[(bxe - axf)/b]l))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/bl)], £*((b*c - a*d)/(d*(bxe -
axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*xd), 0] && GtQ
[b/(bxe - axf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f

*x] && (PosQ[-(bxc - a*d)/d] || NegQ[-(b*e - ax*f)/f])

2
A+Cz dx
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rule 131 Int[1/(Sqrtl(a_) + (b_.)*(x_)1#Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_) + (f_.)*(x
1), x_]1 :> Simp[Sqrt[bx((c + d*x)/(b*c - a*xd))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*(c/(b*c - axd)) + bxd*(x/(bxc - a*d))]*Sqrtle + f*x]), x
1, x1 /; FreeQ[{a, b, c, d, e, £}, x] && !'GtQ[(bxc - a*d)/b, 0] && Simpler
Qla + b*x, c + d*x] && SimplerQ[a + b*x, e + f*xx]

rule 176 | Int [((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*
Sqgrtl(e ) + (f_.)*(x_)1), x_1 :> Simp[h/f 1Int[Sqrtle + f*x]/(Sqrtl[a + b*x
I*Sqrtlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtlc
+ d*x]*Sqrt[e + f*x]), x], x] /; FreeQl[{a, b, c, d, e, f, g, h}, x] && Sim
plerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

rule 187 Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(x_
)IxSqrt(g_.) + (h_.)*(x_)1), x_1 :> Simp[-2 Subst[Int[1/(Simp[b*c - axd

- b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*(x"2/d), x]]1*Sqrt[Simp[(d*g - cxh)/
d + h*x(x~2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f,

g, h}, x] & !SimplerQ[e + f*x, c + d*x] &% !SimplerQ[g + h*x, c + d#*x]

rule 412 Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]1*Sqrtl(e_) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]1*x], cx(£f/(d*e))], x] /; FreeQl{a, b, c, d, e,
£}, x] & !'GtQld/c, 0] && GtQlc, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

rule 413 | Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[Sqrt[1 + (d/c)*x~2]/Sqrt[c + d*x"2] 1Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x"2]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d,

e, f}, x] & 'GtQ[c, O]

rule 2110 Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (f
_ ) )" (el )*((g_.) + (h_)*(x_))"(q_.), x_Symbol] :> Simp[PolynomialRem
ainder[Px, a + b*x, x] Int[(a + b*x) m*(c + d*x) n*(e + f*x) px(g + h*x)~
q, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*x(c + d
*x) "n*(e + f£*x) p*(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n, p
, q¥, x] && PolyQ[Px, x] && EqQ[m, -1]

2
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3.29.4 Maple [A] (verified)

Time = 3.02 (sec) , antiderivative size = 750, normalized size of antiderivative = 1.61

input

output

method | result
zc(ﬂ_é) x+% er% z+%
g_e) | 2tE | =+ ] atf | —ftF AR 2 A A A A
2CG(H_T) T_6\Tgic —gie P\ Ten “u5c
h f h'td htf h f h'td
V(de+c)(fate)(ha+g) | - +
b2\/dfhw3+cfh:c2+deh:c2+dfg:c2+cehx+cfg:c+degw+ceg b\/dfh:v3+cfha
elliptic NG
default | Expression too large to display

int ((Cxx~2+A) / (b*x+a) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2) ,x,method=_
RETURNVERBOSE)

((d*x+c) *x (£xx+e) * (hxx+g) ) ~(1/2) / (d*x+c) ~(1/2) / (£xx+e) " (1/2) / (h*x+g) ~(1/2) *
(-2xCxa/b~2*(g/h-e/f) * ((x+g/h) /(g/h-e/£) )~ (1/2) * ((x+c/d) / (-g/h+c/d) ) ~(1/2)
*x((x+e/f)/(-g/h+e/£))~(1/2) / (d*f*h*x~3+c*f*h*x~2+d*e*xh*x~2+d*f*g*x~2+c*e*h
sx+ckfxgrx+drexgrx+crerg) ~(1/2)*E1LlipticF(((x+g/h)/(g/h-e/£))~(1/2), ((-g/h
+e/f)/(-g/h+c/d))~(1/2))+2xC/b*(g/h-e/f) * ((x+g/h) / (g/h-e/£) ) ~(1/2) * ((x+c/d
)/ (~g/h+c/d))~(1/2)*((x+e/f) /(-g/h+e/£)) " (1/2) / (A*f*h*x"3+c*f*h*x"2+d*e*xh*
X" 2+d*f*gxx"2+ckexhxx+cxfxgrx+drexgrx+cxexg) ~(1/2) * ((-g/h+c/d)*E1lipticE((
(x+g/h)/(g/h-e/£))~(1/2) ,((-g/h+e/£f)/(-g/h+c/d))~(1/2))-c/d*EllipticF (((x+
g/h)/(g/h-e/£))~(1/2),((-g/h+e/£) /(-g/h+c/d)) ~(1/2)))+2* (A*¥b~2+C*a~2) /b~ 3*
(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d))~(1/2)*((x+e/£) /(-
g/h+e/£)) " (1/2) / (a*f*h*x~3+cxf*hxx~2+d*xexh*x "~ 2+d*f*gxx~2+ckexhxx+cxf*grx+d
xexgFx+cxexg) ~(1/2)/(-g/h+a/b) *E1llipticPi(((x+g/h)/(g/h-e/£))~(1/2),(-g/h+
e/f)/(-g/h+a/b), ((-g/h+e/f)/(-g/h+c/d))~(1/2)))

3.29.5 Fricas [F(-1)]

Timed out.
A+ Cz?

/ (a + bx)vc+dz/e + fr\/g+ hx

dz = Timed out

input‘integrate((C*x“2+A)/(b*x+a)/(d*x+c)‘(1/2)/(f*x+e)“(1/2)/(h*x+g)“(1/2),x, a

‘1gorithm=“fricas“)

2
A+Cz dx
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output LTimed out

3.29.6 Sympy [F]

/ A+ Cz? da:—/ A+ Cx? i
(a + bzx)vc+dze+ fr/g+ hx (a + bzx) Ve + dzv/e + fr/g+ hx

input | integrate ((Cxx**2+A) / (b*x+a) / (d*x+c)**(1/2) / (fxx+e) **(1/2) / (hxx+g) **(1/2),
x)

output | Integral ((A + C*x**2)/((a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)
), %)

3.29.7 Maxima [F]

/ A+ Cax? dx—/ Cz?+ A e
(a + bx)vc+ dz/e + fr\/g+ hx (bx + a)Vdz + c/fr+ev/hz + g

input | integrate ((C*x~2+A)/ (b*x+a)/ (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g)~(1/2) ,x, a
lgorithm="maxima")

output | integrate((C*x~2 + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)
), X)

3.29.8 Giac [F]

/ A+ Cax? dp — Cz’+ A i
(a + bx)vc+dz/e + fr\/g+ hx (bx + a)Vdz + c/fr+ev/hz + g

input | integrate ((Ckx~2+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, a
lgorithm="giac")

output | integrate((Cxx~2 + A)/((bxx + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)
), X)

2
A+Cz dx
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3.29.9 Mupad [F(-1)]

Timed out.

dz

/ A+ Cx? g — Cz?+ A
(a+ bzx)Ve+dzve+ fx/g+ hx vVe+ fz/g+hzr(a+bz) Vet+dzx

input int((A + Cxx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)*(c + d*x)~(1/2)
), %)

output | int ((A + Cxx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)*(c + d*x)~(1/2)
), x)

2
A+Cz dx
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A+Cz?

3.30 f (a+bx)2v/c+dx\/e+ fz\/g+hz dz

3.30.1 Optimalresult . . .. .. .. .. ... .. . . e 300
3.30.2 Mathematica [C] (verified) . . . . . . . . ... L 3011
3.30.3 Rubi [A] (verified) . . . . .. . .. . ...
3.30.4 Maple [A] (verified) . . . . . . . . ..
3.30.5 Fricas [F(-1)] . . . . . o o o
3.30.6 Sympy [F(-1)] . . . . o 3091
3.30.7 Maxima [F] . . . . . . . 309
3.30.8 Giac [F] . . . . . o 3091
3.30.9 Mupad [F(-1)] . . . . o oo 3101

3.30.1 Optimal result

Integrand size = 42, antiderivative size = 738

de = —
Ve +dzy/e+ fry/g+ hx v (bc — ad)(be — af)(bg — ah)(a + bx)
a? d(e+fz : ctdz de—cf)h
(4b+ 5¢) VIv=deT o\ S g+ B (arcsin (s ) | ol )
(bc — ad)(be — af)(bg — ah)ve + fxy/ %
V—de + cf(a?Cdf — 2abC(de + cf) + b*(2cCe — Adf)) \/ dletfo) | [dlothe) pjipticE (arcsin <‘/7" oty

/ A+ Cx? (Ab? + a*’C) Ve + dz\/e + fr\/g + hz
(a + bx)?

+

de—cf dg—ch

b2d(bc — ad)\/f(be — af)ve + fr\/g + hx
V/—de + cf(a*Cdfh — Ab*(deg + cfg + ceh) — 2a3bC (df g + deh + cfh) — 2ab*(2cCeg — Adf g — Ade

b2(bc — ad)2\/f(b

+

2
A+Cz dr

3.30. f (a+bx)2v/c+dz/e+ fz\/g+ha
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- (Axb~2+C*a~2) * (d*x+c) " (1/2) * (f*x+e) ~(1/2) * (hxx+g) ~(1/2) / (—axd+b*c) / (-axf+
bxe) / (—axh+b*g) / (bxx+a)+(Axb+a~2+C/b) *E11ipticE (£~ (1/2) * (d*x+c) ~(1/2) / (c*f
-d*e) " (1/2), ((-c*f+dxe) *h/f/(-cxh+d*g) )~ (1/2))*£7 (1/2) * (cxf-d*e) ~(1/2) *(d*
(f*x+e) / (-cxf+d*e)) " (1/2) * (h*x+g) = (1/2) / (-axd+bxc) / (-a*xf+b*e) / (-a*h+b*g) / (
fxx+e) ~(1/2) / (d* (h*x+g) / (—cxh+d*g) )~ (1/2) +(a~2*Cxd*f-2*%a*b*xC* (cxf+d*e) +b~2
* (—A*d*f+2%Ckc*e) ) *ELlipticF (£7(1/2) * (d*x+c) ~(1/2)/ (c*f-d*e) ~(1/2), ((—c*f+
dxe)*h/f/ (-cxh+d*g) )~ (1/2) ) * (c*f-d*e) = (1/2) * (d* (£*x+e) / (-cxf+dxe) )~ (1/2) *(
d* (h*x+g) / (-c*h+d*g) )~ (1/2) /b~2/d/ (-a*d+b*c) / (—axf+bxe) /£ (1/2) / (f*x+e)~ (1
/2) / (h*xx+g) = (1/2) - (a~4*C*d*f*h-A*b~4* (ckxexh+ckxf*g+d*kexg) —2%a~3xb*Cx (cxf*h+
d*exh+d*f*xg) —2xaxb” 3% (—~Axcxf*h-A*xdxexh-A*d*f*xg+2*xCkckexg) —3%a~2xb~ 2% (Axd*f
*h-C* (cxexh+ckxf*g+d*exg))) *ELLipticPi(£7(1/2)*(d*x+c)~(1/2)/(c*f-d*e)~(1/2
) ,~bx(-cxf+dxe) / (—a*d+bxc) /f, ((-cxf+d*e) *h/f/(-cxh+d*g)) ~(1/2) ) * (c*f-d*e)”
(1/2) * (d* (f*x+e) / (-cxf+d*e) )~ (1/2) * (d* (h*x+g) / (-cxh+d*g) ) ~(1/2) /b~2/ (-a*d+
bxc) "2/ (-axf+bxe) / (-axh+b*xg) /£7(1/2) / (£*x+e) " (1/2) / (h*x+g) ~(1/2)

3.30.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 35.65 (sec) , antiderivative size = 3935, normalized size of antiderivative = 5.33

2
/ AtCs dxr = Result too large to show
(a + bx)2v/c+ dz/e + fr\/g+ hz

‘ Integrate[(A + C*x~2)/((a + b*x)~"2xSqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + hx*
x0),1]

2
A+Cz dr

3.30. tf(a+@@2v%+dw¢e+waQ+hz
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output | ((-(A*b~2) - a~2*C)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/((b*c - a*d
)*x(bxe - axf)*(bxg - axh)*(a + b*x)) - ((c + d*x)~(3/2)*(Axb~4xcxSqrt[-c +
(d*e) /f]1xfxh + a~2xb~2*cxCxSqrt[-c + (dxe)/fl*xfxh - a*Axb~3*d*Sqrt[-c + (
dxe) /f]*fxh - a~3*bxC*d*Sqrt[-c + (d*e)/fl*fxh + (A*b~4*c*d 2xexSqrt[-c +
(d*e) /f]1*g)/(c + d*x)~2 + (a"2%b~2xc*xC*d~2*exSqrt[-c + (dxe)/fl*g)/(c + d*
x)72 - (axA*b~3*d"3xe*Sqrt[-c + (d*e)/fl*xg)/(c + d*x)~2 - (a~3%b*Cxd~3*e*S
grt[-c + (dxe)/flxg)/(c + d*x)"2 - (Axb~4xc~2xdxSqrt[-c + (d*e)/fl*xf*xg)/(c
+ d*x) 72 - (a"2*%b"2xc"2*Cxd*Sqrt[-c + (dxe)/fl*fxg)/(c + d*x)~2 + (axA*b”
3kckd~2xSqrt[-c + (dxe)/fl*f*g)/(c + d*x)~2 + (a~3*b*c*Cxd~2*Sqrt[-c + (d*
e)/f1*fxg)/(c + d*x)"2 - (Axb~4*c~2*d*exSqrt[-c + (d*e)/fl*h)/(c + d*x)"2
- (a"2*%b"2xc~2*C*d*exSqrt[-c + (d*e)/f]lx*h)/(c + d*x)~2 + (axAxb~3*cxd™2*ex*
Sqrt[-c + (dxe)/fl*h)/(c + d*x)~2 + (a~3*b*c*C*d~2*e*Sqrt[-c + (dxe)/f]xh)
/(c + d*x)"2 + (A*b~4xc~3*Sqrt[-c + (d*e)/fl*f*h)/(c + d*x)~2 + (a"2xb~2%*c
~3xCxSqrt[-c + (d*e)/f]l*f*h)/(c + d*x)~2 - (a*A*b~3*c~2xd*Sqrt[-c + (d*e)/
fl1*f*h)/(c + d*x)~2 - (a"3*b*c™2*Cxd*Sqrt[-c + (d*e)/f]l*fxh)/(c + d*x)~2 +
(A*b~4*cxd*Sqrt[-c + (dxe)/fl*fxg)/(c + d*x) + (a~2%b~2xc*xC*d*Sqrt[-c + (
dxe) /f]1*xfxg)/(c + d*x) - (axA*b~3*d~2xSqrt[-c + (dxe)/fl*xfxg)/(c + d*x) -
(a~3*%b*Cxd~2*Sqrt [-c + (d*e)/f]lxf*g)/(c + d*x) + (A*b~4xcxd*e*Sqrt[-c + (d
xe) /f]1*h)/(c + d*x) + (a"2xb~2*c*Cxdxe*Sqrt[-c + (d*e)/flxh)/(c + d*x) - (
a*Axb~3*d"2%exSqrt [-c + (d*e)/f]*h)/(c + d*x) - (a~3*b*Cxd~2xe*Sqrt[-c ...

3.30.3 Rubi [A] (verified)

Time = 2.08 (sec) , antiderivative size = 745, normalized size of antiderivative = 1.01,

number of steps used = 14, number of rules used = 13, Lumber of rules _ 0.310, Rules
integrand size

used = {2108, 25, 2110, 176, 124, 123, 131, 131, 130, 187, 413, 413, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ A+ Cx? dx
(a + bx)%2v/c+ dz/e + fx\/g + hx
l 2108

f _ (2Adfh—C(deg-+cfg+ceh))a®+2b(cCeg—Adf g—Adeh—Acfh)a— (Ca®4-Ab?) df ha®+ Ab? (deg+cfg-+ceh) —2(C(df g+deh+cfh)a®+-b(Adf h-
(a+bz)Vct+dz/e+fz\/g+hx
2(bc — ad)(be — af)(bg — ah)
Ve+ dzy/e+ fzy/g + hz(a’C + Ab?)
(a + bx)(bc — ad)(be — af)(bg — ah)

l 25

2
A+Cz dr

3.30. gf(a+@@2v%+dz¢e+sz9+hz
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f (2Adfh—C(deg+cfg+ceh))a?+2b(cCeg—Adf g— Adeh— Acfh)a— (Ca?+Ab?) df hz?+ Ab% (deg+cfg+ceh)—2(C(df g+deh+cfh)a?+b(Adf h-
(a+bzx)v/ct+dz/e+ fr\/g+hx
2(bc — ad)(be — af)(bg — ah)
Ve+dzy/e+ fzy/g+ ha(a’C + Ab?)
(a + bx)(bc — ad)(be — af)(bg — ah)

J 2110

3 2 2 2
Cdffe” _2Cdfga” _ 2Cdeha® _ 2¢0/ha® |90 ega12cC fga+2eCeha—Adfha—2bcCeg-+ (— Cefha” —Abdfh) z i (aACdfh—2a%bC(cfhi
f Vctdz/e+ fx\/g+hx L=

2(bc — ad)(be — a

Ve +dzye+ fz/g+ hz(a’C + Ab?)
(a + bzx)(bc — ad)(be — af)(bg — ah)

l 176

(bg—ah) (a2Cdf —2abC(cf+de)+b2(2cCe— Adf)) [
— =

(a*Cdfh—2a3bC(

[ S, T 2
Vetdzvet fx/g+ha _ a?C Vg+hz
’ #<b +A®f¢E%%¥H

2(bc — ad)(be -

Ve+dzy/e+ fzy/g+ ha(a’C + Ab?)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 124
2 \ dg—ch 29+ gdhey
, , . dfv/g+ha (50 +Ab) /At 1 LB do
(bg—ah) (a Cdf—2abC(cf+de)+b (2006—Adf)) f de VCerz\/ﬁere—cf
_ . _ _
' verTe e
2(bc —

Ve +dzy/e+ fzy/g+ ha(a’C + Ab?)
(a + bx)(bc — ad)(be — af)(bg — ah)

l 123

(bg—ah) (a2Cdf —2abC(cf+de)+b2(2cCe— Adf)) [
™)

1 4 _9,3 —3a2b2 —
de _ (a*Cdfh—2a3bC(cfh+deh+df g)—3a?b?(Adfh—C(ceh+cfg+

Ve +dzye+ fz/g+ hz(a®C + Ab?)
(a + bzx)(bc — ad)(be — af)(bg — ah)

l 131

2
A+Cz dr
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(bg—ah) ) LetL2) (420 df —2abC (cf+de)+b2(2cCe— Adf) 1 dz
de—cf ( ) ‘/fc+dz\/de{76#+dg{7zd\r+hz (a4Cdf h—2a3bC (cfh+deh+df g)—3a2b?(

b2\/e+fzx

Ve +dzy/e+ fzy/g+ ha(a’C + Ab?)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 131

(bg—ah)y/ Letfn) | JAathe) ;2047240 (cf+de)+b?(2cCe—Adf)) [ 1 dz
_ ! e m\/ et a ey \/dgd—gch + 2o R _ (a*Cdfh—2abC(cfH
b2\/e+fz+\/g+hx

Ve+ dzy/e+ fzy/g + hz(a®C + Ab?)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 130

(a*Cdfh—2a3bC(cfh+deh+df g)—3a?b? (Adf h—C (ceh+cfg+deg))—2ab3(— Acfh— Adeh— Adf g+2cCeg) —Ab* (ceh+cfg+deg)) [ [CRESS s
_ =

Ve+dzye+ fzy/g+ ha(a’C + Ab?)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 187

2(a*Cdfh—2a3bC(cfh+deh+df g)—3a2b? (Adf h—C(ceh+cfg+deg))—2ab®(— Acfh— Adeh— Adf g+2cCeg) — Ab* (ceh+cfg+deg)) [
(bc—ad—b(c

b2

Ve+dzy/e+ fzy/g+ ha(a’C + Ab?)
(a + bz)(bc — ad)(be — af)(bg — ah)

l 413

24/ féz%i;) +1(a*Cdfh—2a3bC(cfh+deh+df g)—3a2b? (Adf h—C (ceh+cfg+deg))—2ab®(— Acfh—Adeh— Adf g+2cCeg) — Ab* (ceh+cf g+deg))

b2 \/f(cj;dz) —f e

Ve+dzy/e+ fzy/g+ ha(a’C + Ab?)
(a + bx)(bc — ad)(be — af)(bg — ah)

l 413

2
A+Cz dr

3.30. f (a+bx)2v/c+dz/e+ fz\/g+ha
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2¢$jﬁﬂwgﬁu1%wmmwmﬁwmwm4ﬁmewmmqﬁ@m4W@mmﬂmmwmuw@ﬂw@1

bz\/f(c-(il-d:c) _%_i_e\/h(c-gdw) _%+g

Ve +dzy/e+ fzy/g+ ha(a’C + Ab?)
(a + bz)(bc — ad)(be — af)(bg — ah)
| 412
Ve+dzy/e+ fzy/g+ ha(a’C + Ab?)
"~ (a+bx)(bc — ad)(be — af)(bg — ah)

/ / . . Vo¥da _ 2
_ 2(bg—ah)+/cf—de déit{?) % (a®2Cdf —2abC (cf+de)+b%(2cCe— Adf)) EllipticF (arcsm( \/fcfc—tlli ),;’fzgf’:;ﬁ) _ 2\/7\/g+hx<%
b2dv/fve+fz/gt+ha

p
input Int[(A + C*x~2)/((a + bxx) 2xSqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x]),x]

output | -(((A*b~2 + a~2xC)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x])/((b*xc - a*d)
*(bke - a*xf)*(b*g - axh)*(a + b*x))) - ((-2x(Axb + (a~2*C)/b)*Sqrt[f]*Sqrt
[-(d*e) + c*xfl*Sqrt[(d*x(e + f*x))/(d*e - cxf)]*Sqrt[g + h*x]*EllipticE[Arc
Sin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*fl], ((dxe - cxf)*h)/(f*(d*g -

cxh))])/(Sqrtle + fxx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) - (2xSqrt[-(d*e)

+ c*xf]*(a”2+C*d*f - 2%a*xb*Cx(d*e + c*f) + b~2x(2xcxCke — Axd*f))*(b*xg - ax
h)*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*Ellipti
cF[ArcSin[(Sqrt [f1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*xfl]l, ((d*e - c*f)*h)/(f*
(d*g - c*h))]1)/(b~2*d*Sqrt [f]1*Sqrt[e + fxx]*Sqrt[g + h*x]) + (2+Sqrt[-(dxe
) + cxf]l*(a”4xCkd*fxh - A*b~4*(d*exg + cxf*g + cxexh) - 2%a 3xbxCx (dxf*xg +
d*exh + cxfxh) - 2%a*b~3x(2xcxCke*xg — Axdxf*g - Axdxexh - Axcxfxh) - 3%a”
2%b~ 2% (Axd*fxh - Cx(d*exg + cxfxg + cxexh)))*Sqrt[1l + (f*(c + d*x))/(d*e -

cxf)]1*Sqrt[1 + (hx(c + d*x))/(d*g - cxh)]*EllipticPi[-((bx(d*e - c*£))/((

b*c - axd)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + d*x])/Sqrt[-(d*e) + cxf]], ((d*e
- c*f)*h)/(£x(d*g - c*h))])/(b~2*(b*c - axd)*Sqrt[f]*Sqrtle - (cxf)/d + (£
*(c + d*x))/dl*Sqrtlg - (c*h)/d + (h*(c + d*x))/d]))/(2*(b*c - a*d)*(b*e -
axf)*(b*g - axh))

2
A+Cz dr

3.30. gf(a+@@2v%+dz¢e+szQ+hz
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3.30.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 123

rule 124

rule 130

rule 131

rule 176

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
1), x_]1 :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a + b*x]
/Rt [-(b*c - a*xd)/d, 2]], £*x((bxc - a*d)/(d*x(bxe - a*f)))], x] /; FreeQ[{a,

b, ¢, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(bxe - axf), 0] && !L
tQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c - a*xd
), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(b*c - axd)/b, 0])

Int[Sqrtl(e_.) + (£_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_1 :> Simp[Sqrtle + f*x]*(Sqrt[b*x((c + d*x)/(bxc - axd))]/(Sqrtl[c + d
*x]*Sqrt [bx((e + f*x)/(bxe - axf))]))  Int[Sqrt[bx(e/(bxe - a*f)) + bxf*(x
/(bxe - axf))]/(Sqrt[a + bxx]*Sqrt[bx(c/(bxc - a*d)) + bxd*(x/(b*c - a*d))]
), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - axd), 0] && Gt
Qlb/(bxe - a*xf), 0]) && !LtQ[-(bxc - a*d)/d, 0]

Int[1/(Sqrtl(a_) + (b_.)*(x_)I1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_]1 :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]))*EllipticF[ArcSin[
Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrtl[(bxc - a*d)/bl)], f*((bxc - a*xd)/(d*(bxe -
a*xf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ
[b/(bxe - a*f), O] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + £
*x] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - a*f)/f])

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)I*Sqrtl(e_) + (f_.)*(x
DD, x_1 :> Simp[Sqrt[b*((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x] Int[1/(Sq
rt[a + b*x]*Sqrt[b*x(c/(b*c - a*d)) + b*xd*(x/(bxc - axd))]*Sqrtle + f*x]), x
1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Simpler
Qla + b*x, c + d*x] && SimplerQ[a + b*xx, e + f*x]

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrtl(e_) + (£_.)*(x_)1), x_] :> Simp[h/f Int[Sqrtle + f*x]/(Sqrtla + b*x
I*Sartlc + d*x]), x], x] + Simp[(f*g - exh)/f Int[1/(Sqrtl[a + b*x]*Sqrtlc
+ d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] && Sim
plerQla + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

2
A+Cz dr

3.30. f (a+bx)2v/c+dz/e+ fz\/g+ha
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Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(x_
)1*Sqrt[(g_.) + (h_.)*(x_)1), x_]1 :> Simp[-2 Subst[Int[1/(Simp[b*c - axd
- b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*(x"2/d), x]]1*Sqrt[Simp[(d*g - cxh)/
d + hx(x"2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e, f,
g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d*x]

Int[1/(((a.) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrt[(e_) + (£f_.)*(x
_)"2]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtl[e]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*x(f/(d*e))], x] /; FreeQl[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[Sqrt[1 + (d/c)*x~2]1/Sqrtlc + d*x~2] Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + £*x~2]), x], x] /; FreeQ[{a, b, c, d,
e, f}, x] & 'GtQ[c, O]

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)]1*Sqrtl(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp
[(A*b~2 + a~2#C)*(a + b*x)~"(m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*(Sqrt[g + hx*
x]/((m + 1)*(bxc - a*d)*(b*e - axf)*(bxg - a*h))), x] - Simp[1/(2*%(m + 1)*(
b*c - axd)*(b*e - a*f)*(bxg - a*h)) Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]
xSqrt[e + fxx]*Sqrtl[g + h*x]))*Simp[A*(2*a~2xd*f*h*(m + 1) - 2%a*b*x(m + 1)*
(d*f*g + dxexh + cxf*h) + b"2%(2km + 3)*(d*exg + cxfxg + ckexh)) + a*xCx(ax(
dxexg + cxfxg + cxexh) + 2¥bkckxexgk(m + 1)) - 2% (Axb*(a*d*fxhx(m + 1) - b*(
m + 2)*(d*f*xg + dkexh + c*f*h)) - Ckx(a~2x(d*f*g + d*exh + c*f*h) - b~ 2xc*ex
gx(m + 1) + a*bk(m + 1)*(d*e*xg + c*f*g + cxe*h)))*x + d*f*h*(2*m + 5)*(A*b~
2 + a”2*%C)*x~2, x], x], x] /; FreeQ[{a, b, ¢, 4, e, £, g, h, A, C}, x] & I
ntegerQ[2+m] && LtQ[m, -1]

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£
_)x(x )" (p_)*((g_.) + (W_.)*(x_))"(q_.), x_Symbol] :> Simp[PolynomialRem
ainder[Px, a + b*x, x] Int[(a + b*x) “m*(c + d*x) n*(e + f£*x) px(g + h*x)~
q, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + d
*x) “n*(e + f*x) px(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p

, 9¥, x] && PolyQ[Px, x] && EqQ[m, -1]

2
A+Cz dr

3.30. f (a+bx)2v/c+dz/e+ fz\/g+ha




input

output

input
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3.30.4 Maple [A] (verified)

Time = 3.94 (sec) , antiderivative size = 1269, normalized size of antiderivative = 1.72

method | result size

elliptic | Expression too large to display | 1269
default | Expression too large to display | 17416

int ((C*x~2+A) / (b*x+a) "2/ (d*x+c) " (1/2) / (£*xx+e) " (1/2) / (h*x+g) ~(1/2) ,x ,method
=_RETURNVERBOSE)

((d*x+c)* (fxx+e) * (hxx+g) ) ~(1/2) / (d*x+c) " (1/2) / (fxx+e) " (1/2) / (h*x+g) = (1/2) *
(1/(a~3*d*f*h-a~2*b*c*f*h-a~2*b*d*exh-a~2*b*d*f*g+axb~2xckexh+axb~2xcxf*g+
a*b”2xd*e*xg-b~3xckexg) x (Axb~2+C*a"2) * (d*f*h*x~3+cxf*h*x"2+d*exh*x~2+d*f*g*
X" 2+ckexhxx+ckfrgrx+drexgrx+crxe*xg) ~(1/2) / (bxx+a)+2%(C/b~2-1/2%a/b " 2*d*fxh*
(A*b~2+C*a"~2) / (a~3*d*f*h-a~2+bxc*f*h-a~2xb*d*exh-a~2*b*d*f*g+a*b~2*c*exh+a
*b~2xckf*xg+axb 2kd*xexg-b~3kckexg) ) x (g/h-e/f) * ((x+g/h) / (g/h-e/£)) ~(1/2)*((x
+c/d)/(-g/h+c/d)) " (1/2)*((x+e/f) / (~g/h+e/£) )~ (1/2) / (d*f*h*x~3+c*f*h*x~2+d*
exh*x~2+d*f*gxx"2+ckexhxx+ckxfxgx+drexgrx+crexg) ~(1/2)*E1llipticF (((x+g/h)/
(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d)) " (1/2)) -d*f*h* (A*b~2+C*a~2) / (a~3*d
*fxh-a~2xbxcxf*xh-a~2%b*d*e*h-a~2*b*xd*f*g+a*xb~2kxckexh+a*b ™ 2*xc*xf*g+axb~2*xd*e
*g-b~3*cxexg) /bx(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2) *((x+c/d) /(-g/h+c/d))~(
1/2)*((x+e/f)/(-g/h+e/£) )~ (1/2) / (d*f*h*x~3+ckxf*h*x~2+d*exh*x~2+d*f*g*x~2+c
*xexhxx+ckxfxgrx+drexgrx+crxexg) ~(1/2)*((-g/h+c/d)*E1lipticE(((x+g/h)/(g/h-e/
£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*E1llipticF(((x+g/h)/(g/h-e/f))
~(1/2),((-g/h+e/£f) /(-g/h+c/d)) ~(1/2)) ) +(3*A*a”~2xb~2xd*f*h-2*xA*axb~3xcxf*h-
2%Axa*xb~3kd*exh-2xAxa*xb~3*d*f*g+Axb~4*xckexh+A*b 4*xc*xfxg+Axb 4*dxe*xg-Cra~4*
d*fxh+2+Cxa~3*bkc*fxh+2%Cka~3xb*d*exh+2xCka~3xb*d*f*g-3*C*a~2*b~2*c*exh-3*
Cxa~2%b~2xc*f*g—3*C*a~2%b~2xd*e*xg+4*xCxa*b~3*cxe*g) / (a~3*d*f*h-a~2¥b*kc*f*h-
a~2*¥bkxd*exh-a”~2*bxd*f*g+axb~2*ckexht+axb~2xcxfxg+axb~2xd*exg-b~3*ckexg)/b~3
*(g/h-e/f)*((x+g/h)/(g/h-e/£)) " (1/2) *((x+c/d) / (-g/h+c/d)) ~(1/2) *((x+e/f. ..

3.30.5 Fricas [F(-1)]

Timed out.

2
/ AtCs dx = Timed out
(a + bx)2\/c+ dz/e + fr\/g + hx

(integrate((C*x‘2+A)/(b*x+a)A2/(d*x+c)‘(1/2)/(f*X+e)‘(1/2)/(h*X+g)‘(1/2),X,
! algorithm="fricas")

2
A+Cz dr

3.30. tf(a+@@2v%+dw¢e+waQ+hz
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outputLTimed out

3.30.6 Sympy [F(-1)]

Timed out.

2
/ A+ Ce dz = Timed out
(a + bx)?v/c+ dz/e + fr\/g + hx

input \ integrate ((Ckx**2+A) / (b*x+a) **2/ (d*x+c) **(1/2) / (f*xx+e) **(1/2) / (h*xx+g) **(1/
2),%)

outputLTimed out

3.30.7 Maxima [F]

/ A+ Cz? dp — Cz*+ A "
(a+bx)*Vc+ dzv/e + fx\/g+ hx (bz + a)’Vdz + c/fr + ev/hz + g

input | integrate ((C*x~2+A)/(b*x+a) ~2/(d*x+c)~(1/2)/(fxx+e)~(1/2)/ (h*x+g)~(1/2) ,x,
algorithm="maxima"

output | integrate((Cxx~2 + A)/((bxx + a) 2*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

3.30.8 Giac [F]

/ A+ Cx? dx—/ Cz>+ A i
(a+bz)2Ve+dzve+ favg+he ) (bx+a)*Vdz + c/fr+e/hz + g

input | integrate ((C*x~2+A)/ (b*x+a) ~2/ (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (hxx+g) ~(1/2) ,x,
algorithm="giac")

output | integrate((Cxx~2 + A)/((b*x + a) 2*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

2
A+Cz dr

3.30. f (a+bx)2v/c+dz/e+ fz\/g+ha
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3.30.9 Mupad [F(-1)]

Timed out.

/ A+ Cx? / Cz?+ A
dr = 5 dx
(a+bx)2Vc+dzv/e+ fx/g+ hx Ve+ fz/g+hr(a+bz) Ve+dzx

input int((A + C*x~2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)"2*(c + d*x)~(1/
2)),x)

output | int ((A + Cxx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)"2x(c + d*x)~(1/
2)), x)

2
A+Cz dr

3.30. f (a+bx)2v/c+dz/e+ fz\/g+ha
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(a+bx)3/2 (A+Cx?)
331 [~
\/c+d:1:\/e—|—fx\/g—|—hx

3.31.1 Optimal result . . . . . . . . . .. .. B11]
3.31.2 Mathematica [B| (warning: unable to verify) . . . . . .. ... .. ... ... 312
3.31.3 Rubi [A] (warning: unable to verify) . . . .. ... . ... ... ... ... .
3.31.4 Maple [A] (verified) . . . . . . . . . 318
3.31.5 Fricas [F(-1)] . . . . o o o 3191
3.31.6 Sympy [F] . . . . . 3201
3.31.7 Maxima [F] . . . . . . 320
3.31.8 Giac [F] . . . . . o 3201
3.31.9 Mupad [F(-1)] . . . . o o 3211

3.31.1 Optimal result

Integrand size = 44, antiderivative size = 1395

(a+be)*?(A+Ca®) . _ (C(3adfh — 5b(dfg + deh + cfh))(adfh — 3b(dfg + deh + cfh)) + 8bdf

Vetdze+ fag+thr 2
C(3adfh — 5b(df g + deh + cfh))vVa + bxv/c+ dzv/e + fx\/g + ha
122 212
C(a+ bx)*%/c+ dz\/e + fz\/g + hx
+ 3dfh
Vdg — ch\/fg — eh(C(3adfh — 5b(df g + deh + cfh))(adfh — 3b(df g + deh + cfh)) + 8bdf h(3Abdfh — «
24bd3f3h3x/
(be — af)+/bg — ah(3a*Cd?f2h? + 6abCdf h(cfh + 2d(fg + eh)) — b*(24Ad? f2h? + C(5¢ f2h? + 4cdf h(;
_|_
2402d2 f3h3+/fg -

v/—dg + ch(4bdf h(C(b(deg + cfg + ceh) + a(df g + deh + cfh))(3adf h — 5b(df g + deh + cfh)) + 2df h(

(a+bz)3/2 (A+C2?)
3.31. f Vetdry/e+ fa/g+ha dx




output

input

output
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-1/24* (4xb*d*f*h* (Cx (b* (cxexh+cxfxg+dxexg)+a* (cxfxh+dxexh+d*fxg) ) * (3kaxd*f
*h-5*b* (c*fxh+d*exh+d*f*g) ) +2xd*f*h* (3¥b"2xcxCke*xg+2xa~2*Ck (c*f*h+d*e*h+d*
fxg) —a*b* (12xA*d*f*h—5*C* (cxe*h+c*f*xg+d*kexg)) ) )+ (a*d*f*h+b* (cxf*h+d*exh+d*
fxg) ) *x (Cx (3*a*xd*f*h-5*b*x (c*xf*h+d*exh+d*f*g)) * (a*d*f*h-3*b* (cxf*h+d*exh+d*f
*g) ) +8*%bxd*f ¥h* (3kAxbxd*f*h—C* (2%b* (ckexh+c*f*xg+d*e*g) +a* (c*f*h+d*exh+d*f*
g)))))*(bxx+a)*E1lipticPi((-a*d+b*c) ~(1/2)* (h*x+g) ~(1/2) / (cxh-d*g) ~(1/2) /(
b*x+a)~(1/2) ,-b*(-c*h+d*g) / (-a*d+b*c) /h, ((-a*xf+b*e) * (-c*h+d*g) / (—~a*xd+b*c)/
(-exh+f*g))~(1/2))*(c*¥h-d*g) = (1/2) * ((-axh+b*g) * (d*x+c) / (-cxh+d*g) / (b*x+a))
~(1/2) *((-a*h+bxg) * (f¥x+e) / (-~exh+f*g) / (bxx+a) ) ~(1/2) /b"2/d"3/£"3/h~4/ (-a*d
+b*xc) ~(1/2) / (d*x+c) ~(1/2) / (fxx+e) = (1/2) +1/24% (Cx (3*axd*fxh-5*xb* (ckf*xh+d*e*
h+d*f*xg) ) * (a*xd*f*h-3*b* (cxf*h+d*exh+d*f*g) ) +8xbkd*fxh* (3*Axbkd*f*xh—-Cx (2xbx*
(c*exh+cxfxg+drexg) +ax (cxfxh+d*rexh+d*xf*g))) ) * (bxx+a) ~(1/2) * (f*x+e) ™ (1/2) *(
h*x+g)~(1/2) /b/d~2/£73/h~3/ (d*x+c) " (1/2)+1/3*C* (b*x+a) ~(3/2) * (d*x+c) ~(1/2)
*x (fxx+e) ~(1/2) % (h*x+g) ~(1/2) /d/£f/h+1/12%C* (3*a*d*f*h-5*b* (c*f*h+d*exh+d*f*
g) ) * (b*xx+a) = (1/2) * (d*x+c) ~(1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /d"2/£72/h"2+1/
24% (—axf+b*e) * (3*xa~2%C*kd~2+f ~"2*h~2+6*a*b*Cxd*f *h* (c*f*h+2*d* (exh+f*g))-b~2
* (24xAxd~2%f~2xh~2+C* (5%c™2%f ~2¥h~2+4*ckd*f*h* (exh+f*g) +d~2*% (15%e~2*xh~2+14
xexf*gxh+15%f"2xg~2))) ) *E1lipticF ((—axh+b*g) ~(1/2) * (f*x+e) ~(1/2) / (-exh+f*g
)~ (1/2)/ (b*x+a) = (1/2) , (- (~a*d+b*c) * (~exh+f*g) / (-c*kf+d*e) / (—axh+b*g) )~ (1/2)
) * (-axh+b*g) ~(1/2) * ((-a*f+b*e) * (d*x+c) / (-c*kf+d*e) / (b*x+a) ) ~(1/2) * (h*x+g. . .

3.31.2 Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 39032 vs. 2(1395) = 2790.

Time = 40.08 (sec) , antiderivative size = 39032, normalized size of antiderivative = 27.98

(a+bx)%? (A + Cx?)
Ve+dzy/e + fz/g+ hx

dzr = Result too large to show

‘Integrate[((a + b*x)~(3/2)*(A + C*x72))/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[
g + bxx]) x]

LResult too large to show

-/

(a+bz)3/2 (A+C2?)
3.31. f Vetdry/e+ fa/g+ha dx
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3.31.3 Rubi [A] (warning: unable to verify)

Time = 5.28 (sec) , antiderivative size = 1389, normalized size of antiderivative = 1.00,

number of steps used = 12, number of rules used = 11, Bumber of rules _ ( 950 Ryjes
integrand size

used = {2104, 25, 2103, 2105, 194, 327, 2101, 183, 188, 321, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

(a +bz)%/2 (A+ C2?)
x
Ve+dzye+ frg+ hx

l 2104
f _ Va+bz (—C(3adf h—5b(df g+deh+cfh))x?—2(3Abdf h—2bC (deg+cfg+ceh)—aC(df g+deh+cfh))z+3bcCeg—6aAdf h+aC(deg+c fg+ceh))
Vetdzy/e+ fxy/g+hx
6dfh
C(a+ bx)*?/c+ dxv/e ¥ fz\/g + hx

3dfh

| 25

C(a+ bzx)3?Vc+ dzv/e + fz\/g + ha B

3dfh
f Va+bz(—C(3adf h—5b(df g+deh+cfh))z> —2(3 Abdf h—2bC (deg-+cfg+ceh)—aC(df g+deh+cfh))z+3bcCeg—6aAdf h+aC(deg+cf g+ceh)) da
Vetdzy/e+ fx/g+hx
6dfh
l 2103

C(a + bx)*2/c+ dxv/e + fz/g + ha 3
3dfh

I - ((24Ad2 21262 4+15C (df g+deh+cfh)2b2 —16Cdf h(deg+cfg+ceh)b? —22aCdf h(df g+deh+cfh)b+3a2Cd? f2h2) mz) +2 (C(b(deg+cfg+ceh)+a(dfg+deh+cfh

l 2105
C(a+ bz)3?Vc+ dzv/e + fz\/g + hz
3dfh
VaFba/eF fa/aThe (24Abfhd2+w 1660 (deg-+efg-+eeh)d—22aC (df g+deh-+efh)d+ 1200 (W atdehtef m? ) (de—cf)(dg—ch) (244d2 f2h22 415
- c+dx -
l 194

(a+bz)3/2 (A+C2?)
3.31. f Vetdry/e+ fa/g+ha dx
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C(a + bx)32/c+ dxv/e + fz/g + ha 3
3dfh

(bdeg+acfh) (24Ad2f2h2 b2415C

2 2 2
\/a+bm\/75+fzx/79+hx<Z4Abfhd2+%—16bC(deg+cfg+ceh)d—22aC(dfg+deh+cfh)d+15bc(dfg-"—f‘}ifh+cfh) ) I
- +
c+dx

l 327

C(a + bx)32/c+ dxv/e + fz/g + ha
3dfh
20 fpa? 2
VaTbz/eFfav/gThe (24Abfhd2+LC;)M—16bC(deg+cfg+ceh)d—22aC(dfg+deh+cfh)d+ Lo ymdehomc i) ) VaG=ehyT=eh(24Ad% {22 415
+
c+dx

l 2101

C(a + bx)32/c+ dxv/e + fz/g + ha
3dfh
\/a+bwm\/m<24Abfhd2+L2%Ld2—16bC(deg+cfg+ceh)d—22aC(dfg+deh+cfh)d+

15bC (df g+deh+cfh)?
fh

) \/7dg—ch\/7fg—eh(24Ad2f2h2b2+15
+
c+dx

l 183

C(a+ bzx)3?Vc+ dzv/e + fz\/g + ha B
3dfh

20 tha? 2
Vatbz/eFFav/aFha (24Abfhd2+M—16bC(deg+cfg+ceh)d—22aC(dfg+deh+cfh)d+ 15bc<df9‘;i3h+°fh) ) VAG=ch/Fa=eh (24Ad2 f2h262 415
c+dx

l 188

C(a + bx)32/c+ dx\/e + fz/g + ha 3
3dfh

2 2 2
VaFba/eF fav/aThe (24Abfhd2+LC;M 1660 (deg++efg-+eeh)d—22aC (df g+dehefh)d+ 20 A gt dehtelh) ) VAG=aRy/Ta=eh (24402 12h262 415
+
c+dx

l 321

(a+bz)3/2 (A+C2?)
3.31. f Vetdry/e+ fa/g+ha dx
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C(a + bx)32/c+ dxv/e + fz/g + ha 3
3dfh

2 2 2
VaTbz/eFFa/aTha (24Abfhd2+LC;M 1660 (deg++efg+eeh)d—22aC (df g+dehefh)d+ 20 A gt dehtelh) ) VAT=ah/Ta=eR (24442 £2h262 415
+

c+dx

l 412

C(a+ bx)32c+ dz/e + fz\/g + ha B
3dfh

2 2 2
Va¥bzveFfavgFha <Z4Abfhd2+ 3a7CFhd” _16b0(deg+cfg+ceh)d—22aC(df g+dehtcfh)d+ 15bc<df9"}‘,€6h+°fh)

) Vdg—ch/fg—eh (24Ad2 2n22415
J’_
c+dx

input Int[((a + b*x)~(3/2)*(A + C*x72))/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + hx
x]),x]

output | (Cx(a + bxx)~(3/2)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt [g + h*x])/(3xd*f*xh) -
(-1/2%(Cx(3*axd*f*h - 5*b*(d*f*g + d*exh + cxf*h))*Sqrt[a + b*x]*Sqrt[c +
d*x]*Sqrt[e + f*xx]*Sqrtl[g + h*x])/(d*fxh) + (-(((24*Axb*d~2*fxh + (3*a~2*C
*d~2*f*h) /b - 16%bxCkd*(d*e*xg + c*f*g + ckxexh) - 22*a*xCxdx(dxf*g + dxexh +
cxf*h) + (15%bxC*(d*fxg + dxexh + c*fxh)~2)/(£f*h))*Sqrt[a + b*x]*Sqrt[e +
fxx]*Sqrt[g + h*x])/Sqrtlc + d*x]) + (Sqrt[d*g - c*h]l*Sqrt[f*g - exh]*(24
*A*¥b"2xd"2+f"2%h"2 + 3*%a"2xC*xd"2*f72x¥h"2 - 16%b~2*Ckd*fxh* (dxexg + cxfxg +
ckexh) - 22kaxb*xCkd*fxhx(dxf*g + dxexh + ckxfxh) + 15xb~2+Ck(d*f*g + d*e*h
+ c*f*h)"2)*Sqrt[a + bxx]*Sqrt[-(((d*e - c*f)*(g + h*x))/((f*g - exh)*(c
+ d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrt[e + f*x])/(Sqrt[f*g - exh
I*Sqrtlc + d*x])], ((bxc - a*d)*(f*g - exh))/((bxe - axf)*(d*g - cxh))])/(
b*d*fxh*xSqrt[((d*e - c*f)*(a + b*x))/((b*e - axf)*(c + d*x))]*Sqrt[g + h*x
1) + ((-2xd*(bxe - axf)*Sqrt[bxg — axh]*(3*a~2*Cxd"2*f"2xh~2 + 6*axb*Ckxd*f
xh* (cxf*h + 2xd*(fxg + e*xh)) - b~2%(24*A*d"2*xf"2+%h~2 + C*(5xc”2*f"2xh"2 +
4xckd*xfxhx (fxg + exh) + d™2x(156*f72%g~2 + 14xexf*g+xh + 15xe”2¥h~2))))*Sqrt
[((b*xe - a*f)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[
ArcSin[(Sqrt[b*g - a*h]*Sqrtl[e + f*x])/(Sqrt[f*g - exh]*Sqrt[a + b*x])], -
(((bxc - axd)*(f*g - e*h))/((dxe - c*f)*(b*g - axh)))])/(bxSqrt[f*g - e*h]
*Sqrt[c + dxx]*Sqrt[-(((b*e - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]) +
(2%Sqrt [-(d*g) + cxh]*((a*d*fxh + b*(d*f*g + d*exh + c*xf¥h))*(24*A*b~2...

(a+bz)3/2 (A+C2?)
3.31. f Vetdry/e+ fa/g+ha dx
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3.31.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 183 | Int [Sqrt[(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)IxSqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[2*(a + b*x)*Sqrt[(b*g - axh)x*((
c + d*x)/((d*g - cxh)*(a + b*x)))]*(Sqrt[(b*g - axh)*((e + f*x)/((f*g - e*h
)x(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])) Subst[Int[1/((h - b*x"2)*Sq
rt[1 + (bxc - a*d)*(x"2/(d*g - c*h))]*Sqrt[1l + (b*e - a*f)*(x"2/(fxg - exh)
)1), x1, x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQl{a, b, c, d, e, £, g,
h}, x]

rule 188 Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)
*(x_)1*Sqrt[(g_.) + (h_.)*(x_)1), x_] :> Simp[2*Sqrt[g + h*x]*(Sqrt[(b*e -

a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - e*h)*Sqrtlc + d*x]*Sqrt[(
-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (bxc - a*d)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(fxg - ex*h))]),

x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h},

x]

rule 194 Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (£f_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(b*e
- a*xf))*((g + h*x)/((fxg - exh)*(a + b*x)))]1/((b*e - axf)*Sqrt[g + h*x]*Sq
rt[(bxe - a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(bxc - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - a*h)*(x~2/(f*g - exh))], xI,
x, Sqrt[e + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

N

rule 321 Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]l*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(a*xd))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

rule 327 | Int[Sqrtl[(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

(a+bz)3/2 (A+C2?) d

3.31. f Vetdz/e+fr\/g+hx
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rule 412 Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)"2]1), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQlc, 0] &% GtQle, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

rule 2101 Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
*Sagrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(A*b
- axB)/b  Int[1/(Sqrtl[a + b*x]*Sqrtl[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + hx*x])
, x], x] + Simp[B/b Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg
+ h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

N\

rule 2103 Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (@_.)*(x_)]1*Sqrtl(e_.) + (£f_.)*(x_)1*Sartl(g_.) + (h_.)*(x_)]1), x_S
ymbol] :> Simp[2#C*(a + b*x) m*Sqrt[c + d*x]*Sqrtl[e + f*x]*(Sqrtlg + h*x]/(
dxf*h*(2#m + 3))), x] + Simp[1/(d*fxh*(2*m + 3)) Int[((a + b*x)"(m - 1)/(
Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*xA*d*f*xh*(2*m + 3) - Cx(a
*(d*exg + cxfxg + ckexh) + 2xbkckexgxm) + ((A*b + a*B)*d*f*xh*(2*m + 3) - Cx
(2xa* (dxf*g + dxexh + cxfxh) + bx(2xm + 1)*(dxexg + c*xfxg + c*exh)))*x + (b
*Bxdxfxh*(2%m + 3) + 2xCx(a*xd*f*h*m - b*(m + 1)*(d*f*g + d*exh + c*f*h)))*x
~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2
*m] && GtQ[m, O]

rule 2104 Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*(x_)]*Sqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
p[2*C*(a + b*x) “m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(d*fxh*(2*m +
3))), x] + Simp[1/(d*f*h*x(2*m + 3)) Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]
xSqrt[e + f£xx]*Sqrt[g + h*x]))*Simp[a*xA*d*f*h*(2*m + 3) - Cx(a*x(d*exg + c*f
xg + ckexh) + 2xbkcxe*gkm) + (A*bxd*fxh*(2*m + 3) - Ck(2xa*x(d*f*g + d*e*xh +
cxfxh) + b*x(2*m + 1)*(dxe*g + cxf*g + cxexh)))*x + 2xCx(axd*f*h*m - b*(m +
1)*(d*f*g + d*exh + cxf*h))*x~2, x], x], x] /; FreeQl[{a, b, c, 4, e, £, g,
h, A, C}, x] &% IntegerQ[2*m] && GtQ[m, O]

(a+bz)3/2 (A+C2?)
3.31. f Vetdry/e+ fa/g+ha dx
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rule 2105 Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + fxx]*(Sqrtlg + h*x]/(bxfxh*Sqrt[c + d*x
1)), x] + (Simp[1/(2*bxd*f*h) Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrt[g + h*x]))*Simp[2*Axbxd*fxh - Cx(b*d*e*xg + axckfxh) + (2¥b*B*xd*
fxh - Ckx(axd*fxh + bx(dxf*g + d*exh + c*f*h)))*x, x], x], x] + Simp[C*x(d*e
- cxf)*((d*g - cxh)/(2*bxd*f*h)) Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}

, X]

N\

3.31.4 Maple [A] (verified)

Time = 6.74 (sec) , antiderivative size = 2228, normalized size of antiderivative = 1.60

method | result size
elliptic | Expression too large to display | 2228

default | Expression too large to display | 92114

input(int((b*x+a)‘(3/2)*(C*x‘2+A)/(d*x+c)‘(1/2)/(f*x+e)‘(1/2)/(h*x+g)‘(1/2),x,me
Lthod=_RETURNVERBOSE)

(a+bz)3/2 (A+C2?)
3.31. f Vetdry/e+ fa/g+ha dx




output
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((bxx+a) * (d*x+c) * (f*x+e) * (h*x+g) ) ~(1/2) / (bxx+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)~ (1/2) / (hxx+g) ~(1/2) * (1/3*Cxb/d/f /hxx* (bxd*f*h*kx~4+a*d*f*xh*x~3+bkcxfxh*x™
3+bxd*exh*x~3+bxd*f*g*x~3+a*c*f*h*x~2+a*d*exh*x~2+a*d*f*xgxx~2+b*ckexh*x™2+
b*cxf*gxx~2+b*xd*exgkx~2+axckrexh*x+axckfxgrx+a*rdre*grx+bkcrexgrxt+axcrexg) ~(
1/2)+1/2*%(2xC*a*b-1/3*%C*b/d/f /h* (5/2*a*d*f*h+5/2xb*c*f*h+5/2*bxd*exh+5/2*b
*xd*f*g)) /b/d/f /h* (bkxd*fxh*x~4+axd*f*h*x"3+b*ckf*h*x~3+b*d*e*h*x”3+b*d*f*g*
x"3+axckfxhxx"2+axdxexh*x”2+axd*f*gxx™ 2+b*ckexh*x™ 2+b*cxf*g*x~2+b*d*e*xg*x™
2+axckexhkx+axc*f*rgxx+a*rdrexgrx+bkrckexgxxtakckexg) ~(1/2)+2%(a~2xA-1/3*Cxb/
d/f/h*axcxexg-1/2%(2*%Cxaxb-1/3*%Cxb/d/f/h*(5/2*a*xd*f*h+5/2*bxcxf*h+5/2xb*dx*
exh+5/2xbxd*f*g)) /b/d/f/h* (1/2%axckexh+1/2xaxcxf*g+l/2xaxdxe*xg+1l/2xbkrckexg
))*(g/h-a/b)*((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d)) "~ (1/2) *(x+c/d) ~2*((-c/
d+a/b) *(x+e/f) /(-e/f+a/b) / (x+c/d) )~ (1/2) *((-c/d+a/b) * (x+g/h) / (-g/h+a/b) / (x
+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (b*d*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h
))~(1/2)*EllipticF (((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2),((e/f-c/d
)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2) ) +2% (2*a*b*A-1/3*C*b/d/£/h* (3/2*ax
ckexh+3/2*%axcxf*g+3/2xaxd*e*xg+3/2*b*xckexg) —1/2% (2+C*a*xb-1/3*%C*b/d/£f/h*(5/2
xaxdxfxh+5/2xbxcxfxh+5/2xbxd*xexh+5/2xbxd*f*g)) /b/d/f/h* (axcxf*xh+axd*exh+ax
d*fxgt+b*ckexh+bxckxfxg+bxd*e*g))*(g/h-a/b)*((-g/h+c/d) *(x+a/b)/(-g/h+a/b) /(
x+c/d)) "~ (1/2) *(x+c/d) ~2*((-c/d+a/b) * (x+e/f) / (-e/f+a/b) / (x+c/d) ) ~(1/2) *((-c
/d+a/b)*(x+g/h) / (-g/h+a/b) / (x+c/d)) ~(1/2) /(-g/h+c/d) / (-c/d+a/b) / (bxdxf*. ..

3.31.5 Fricas [F(-1)]

Timed out.
(a+bx)%? (A + Cx?)

dz = Timed out
Ve +dzye+ fx/g+ hx

input{integrate((b*x+a)“(3/2)*(C*x‘2+A)/(d*x+c)‘(1/2)/(f*x+e)*(1/2)/(h*x+g)‘(1/2

‘),x, algorithm="fricas")

p
outputLTimed out

| —

(a+bz)3/2 (A+C2?)
3.31. f Vetdry/e+ fa/g+ha dx




input

output

input

output

input

output
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3.31.6 Sympy [F]

(a+bz)%? (A + Cx?) dp — (A + Cx?) (a+bz)% .
Ve+dzve+ fx/g + hr Ve+dzy/e+ fry/g+ hx

integrate ((b*xx+a) **(3/2) * (Ckx*x*2+A) / (d*x+c) *x(1/2) / (£xx+e) *x(1/2) / (h*x+g) *
*(1/2) ,%)

Integral ((A + Cxx*x2)*(a + b*x)**(3/2)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g
+ h*x)), x)

3.31.7 Maxima [F]

(a+b2)"?(A+Ce?) [ (Ce*+A)br+a)
Vetdo/et fag+he ) Vdr+e/fr+evhz g

integrate ((b*x+a)~(3/2)*(C*xx~2+A) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2
) ,x, algorithm="maxima")

integrate((C*x~2 + A)*(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*
x+g)), x)

3.31.8 Giac [F]

(a+b2)*?(A+Ca®) (Cz? + A)(bz +a)?
Vet doyert fzvgthe ) Vdr+o/fr+e/hz g

integrate ((b*x+a)~(3/2) * (Cxx~2+A) / (d*x+c) ~(1/2) / (£*x+e) " (1/2) / (h*x+g) ~(1/2
),x, algorithm="giac")

integrate((C*x~2 + A)*(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*
X+ g)), x)

(a+bz)3/2 (A+C2?) d

3.31. f Vetdz/e+fr\/g+hx
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3.31.9 Mupad [F(-1)]

Timed out.

(a4 bz)3/2 (A + Cz?) i — (Cz2+A) (a+bx)*? N
Ve+dze+ fx/g+ hr Vet fr\g+hzve+dzx

input int(((A + C*x"2)*(a + bxx)~(3/2))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*
x)~(1/2)),x)

output | int (((A + C*x~2)*(a + b*x)~(3/2))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*
x)~(1/2)), x)

(a+bz)3/2 (A+C2?) d

3.31. f Vetdz/e+fr\/g+hx
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2
3.32 f - \/a—i—bx(A—l—Cx )

ct+dzv/e+fr\/g+hx
3.32.1 Optimalresult . . . . .. .. .. . .. ... e
3.32.2 Mathematica [B| (warning: unable to verify) . . . . . . ... ... ... ... 3231
3.32.3 Rubi [A] (warning: unable to verify) . .. . ... ... ... ... ... ... 3241
3.32.4 Maple [B] (verified) . . . ... .. .. ... .. 3291
3.32.5 Fricas [F(-1)] . . . . . o oo 3301
3.32.6 Sympy [F] . . . . . 3301
3.32.7 Maxima [F] . . . . . . . 330
3.32.8 Giac [F] . . . o o B31]
3.329 Mupad [F(-1)] . . . . o B31]

3.32.1 Optimal result

Integrand size = 44, antiderivative size = 937

va+ bz(A+ Cz?)

Ve+doye+ fry/g + hr
_ Cladfh — 3b(dfg + deh + cfh))Va + bav/e F foy/g + bz

| OVidg = chy/Fg = eh(adfh — 3b(dfg + deh +c Fh))va + bz, /—%E(amgn ( ﬁv’;jﬁ) |

+

1bdf?h2vc + do
C'\/a, + bxvc + dzv/e + fx\/g + hx
2dfh

i-]&?

4bd? f2h2, [ (e iy Vo T e
C(be — af)v/bg = ah(adfh + b(cfh + 3d(fg + h))) | G2 /g T Fa BllipticF (arcsin ( Y22

2 7f2h2 — _ (be—af)(g+hz)
4b2df2h%,\/fg — eh\/c + dx (Fo—eh)(a102)

V—dg ¥ ch(C(adfh — 3b(dfg + deh + cfh))(adf b + b(df g + deh + cfh)) — 4bdf h(2Abdf h — C(b(deg

4

3.32.

f Va+bz(A+Cx?) d
\/c+dm\/e+fz\/g+hm




CHAPTER 3. LISTING OF INTEGRALS 323

output | —1/4* (C* (axd*f*h-3*b* (c*f*h+d*exh+d*f*g) ) * (axd*fxh+bx (c*f*h+d*exh+d*f*g))-
4xbxd*f*h* (2xAxbxd*fxh-C* (b* (c*exh+cxfxg+dxe*g) +ax (cxf*h+drexh+d*fxg))) ) *(
b*x+a) *E1lipticPi ((-a*d+b*c)~(1/2) * (h*x+g) ~(1/2)/(c*h-d*xg) ~(1/2) / (b*x+a) ~(
1/2) ,-b*(-cxh+d*g) / (—a*d+b*c) /h, ((-axf+bxe) * (-cxh+d*g) / (-axd+b*xc) / (-exh+Lf*
g))~(1/2)) *(c*h-d*g) = (1/2) * ((-a*h+b*g) * (d*x+c) / (-c*h+d*g) / (b*x+a) ) ~(1/2) *(
(—axh+b*g) * (f*xx+e) / (—exh+f*g) / (bxx+a)) ~(1/2) /v"2/d~2/£72/h~3/ (-a*d+b*c) ~ (1
/2) / (d*x+c)~(1/2)/ (f*x+e) " (1/2) +1/4*C*x (axd*f*h-3*b* (cxfxh+d*exh+d*xf*g) ) * (b
xx+a) ~(1/2)* (f*xx+e) " (1/2) * (h*x+g) ~(1/2) /b/d/£~2/h~2/ (d*x+c) ~(1/2)+1/2%C* (b
xx+a) " (1/2) * (d*x+c) " (1/2) * (f*x+e) = (1/2) * (h*x+g) ~(1/2) /d/£f/h+1/4*C* (—axf+b*
e) x (axd*f*xh+b* (c*f*h+3*d* (exh+f*g) ) ) *E1llipticF ((-a*h+bxg) ~(1/2)* (f*x+e)~ (1
/2) / (—exh+f*g) ~(1/2) / (bxx+a) ~(1/2) , (- (~axd+b*c) * (—e*xh+f*g) / (-cxf+d*e) / (-a*
h+b*g) )~ (1/2)) * (-axh+b*g) =~ (1/2) * ((-a*f+b*e) * (d*x+c) / (-cxf+d*e) / (b*x+a) )~ (1
/2)*(h*x+g) ~(1/2) /b~2/d/£72/h"2/ (~exh+f*xg) = (1/2) / (d*x+c) " (1/2) / (- (—a*xf+bxe
) * (h*x+g) / (~exh+f*g) / (bxx+a) )~ (1/2)-1/4*Cx (a*xd*f*h-3*b* (c*xf*xh+d*exh+d*f*g)
)*E1lipticE((-c*h+d*g) ~(1/2) *(f*x+e) ~(1/2)/(-exh+f*g) ~(1/2) / (d*x+c)~(1/2),
((-a*xd+b*c) *(—exh+f*g) / (-a*f+bxe) / (—cxh+d*g) ) ~(1/2) ) * (-c*h+d*g) ~(1/2) *(-e*
h+f*g) ~(1/2) * (bxx+a) ~(1/2) * (- (~cxf+d*e) * (h*x+g) / (~exh+f*xg) / (d*x+c)) ~(1/2)/
b/d~2/£72/h~2/ ((-cxf+d*e) * (bxx+a) / (-a*f+b*e) / (d*x+c) )~ (1/2) / (h*x+g) ~(1/2)

3.32.2 Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 16972 vs. 2(937) = 1874.

Time = 36.21 (sec) , antiderivative size = 16972, normalized size of antiderivative = 18.11

va+bz(A+ Cz?)

dz = Result too large to show
Ve+doyve+ fr/g+ hr

p
input‘Integrate[(Sqrt[a + bxx]*(A + Cxx~2))/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt(g
+ h*x]),x]

output LResult too large to show

Vatbz(A+Ca?)
3.32. [ Vetdzy/etfa/gt+ha g
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3.32.3 Rubi [A] (warning: unable to verify)

Time = 2.69 (sec) , antiderivative size = 941, normalized size of antiderivative = 1.00,

number of rules _ 0.227, Rules
integrand size

number of steps used = 11, number of rules used = 10,
used = {2104, 2105, 25, 194, 327, 2101, 183, 188, 321, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

Va+bz(A+ Cz?)
Ve +dzy/e+ fx\/g+ hx

l 2104

f C(adfh—3b(df g+deh+cfh))xz?+2(2Abdf h—C(b(deg+cfg+ceh)+a(df g+deh+cfh)))z+4aAdf h—C(bceg+a(deg+cfg+ceh)) dx
Va+bz/c+dx+/e+ fr\/g+hx
4dfh
Cva +bzxvc+ dz/e + fr\/g+ hz
2dfh

l 2105

_|_

- C(bdeg+acfh)(adf h—3b(df g+deh+cfh))—2bdf h(4aAdfh—C (bceg+a(deg+cfg+ceh)))+(C(adf h—3b(df g+deh+cfh))(adf h+b(df g+deh+cfh)) —4bdfh(2Abdfh
Va+bzv/ctdzv/e+fz/gt+hz
2bdfh

Cva + bzxvc+ dz/e + fr\/g+ hx
2dfh

| 25

f 2bdf h(bcCeg—4aAdf h+aC(deg+cfg+ceh))+C(bdeg+acfh)(adf h—3b(df g+deh+cfh))+(C(adf h—3b(df g+deh+cfh))(adf h+b(df g+deh+cfh))—4bdf h(2Abdf}
\/a+bz\/c+dz:i./fel—b+fz\/g+hz
2

Cva + bzxvc+ dz/e + fr\/g+ hx
2dfh

l 194

f 2bdf h(bcCeg—4aAdfh+aC(deg+cfg+ceh))+C(bdeg+acfh)(adf h—3b(df g+deh+cfh))+(C(adf h—3b(df g+deh+cfh))(adf h+b(df g+deh+cfh))—4bdf h(2Abdf}
Va+bz/ct+dz/e+ fr\/g+hz
2bdfh

Cva + bxvc+ dz/e + fr\/g+ hx
2dfh

l 327

Vatbz(A+Cz?)
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2bdfh(bcCeg—4aAdf h+aC (deg+cfg+ceh))+C(bdeg+acfh)(adf h—3b(df g+deh+cfh))+(C(adfh—3b(df g+deh+cfh))(adf h+b(df g+deh+cfh))—4bdf h(2Abdf]
) TV
_ a+bz/ctdzet+fz/gthz
2bdrh

Cva +bzvc+ dz/e + fr\/g+ hz

2dfh
| 2101
(C(adf h—3b(cfh+deh+df g))(adf h+b(cfh+deh+df g))—4bdf h(2Abdf h— C(a(cfh+deh+dfg)+b(ceh+cfg+deg))))fW % T Cd(be—af)(bg—c

— b

2bdfh

Cva + bxvc+ dz/e + fr\/g+ hx
2dfh

l 183

2(a+bw)\/EZi(;ngZgg:(ZZ; \/Ezi{z))((l‘;z:‘;zg (C(adf h—3b(cfh+deh-+df ) (adf h+b(cfh+deh-+df g))—4bdf h(2Abdf h—C (a(cfh-+deh+df g)+b(ceh+cfg+deg)))) [

_ by/ctdz/et+fz

2bdfh

Cva + bxv/c+dxv/e + fr\/g+ hx
2dfh

l 188

Vva+brvc+ dze+ fr\/g+ th
2dfh

de—cf)(g+hz . (/dg—ch~/exfz \| (bc—ad)(fg—eh)
_C’\/dg—ch\/fy—eh\/a‘f‘bw\/ %E@r“m(wz Zh\/i-r%)'(be—af)(dggy—zh))(adfh_3b(dfg+deh+cfh)) i Cva+bz+/e+fo\/g+
(@e—cf)(atb2) b
bdfh\/(be (e=af)(ctda) VIThT ]

l'321

Vva+brvc+ dze+ fr/g+ th
2dfh

de—cf)(g+hz . dg—ch+/e+ (bc—ad)(fg—eh)
_ Ovdg=chy/Fg—ehvatbey/— (==INITEE B (arcsin ( YI=T/eHE ) | Qe ) (adfh—3b(dfg-+deh-+of b)) NN NGs N
(de=cf)(atbe) b
bafhy/ Ge=eBetae VIHHE i

l 412

Va+bx A-{—Cz )
3.32. f \/c+dz\/e+fm\/g+hm dx




input

output
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Vd+bx¢c+dx¢e+fm¢g+hx0
2dfh

Cv/dg—chv/Fg—ehv/a+ba, |- (o= SO B (arcsin ( YE=LYeblz ) | hemadd(fo=el ) (adfh—3b(df g-+deh-+cfh))

+ Cva+bz/e+fry/g+i

@e—ch)(atba)
bdfh | e e Vo ha

by

Int[(Sqrt[a + b*x]*(A + C*x72))/(Sqrt[c + d*x]*Sqrt[e + fxx]*Sqrtlg + h*x]
) »x]

(C+Sqrt[a + bxx]*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(2xd*f*h) + ((
Cx(axd*f*h - 3xb*(d*f*g + dxexh + cxfxh))*Sqrt[a + b*x]*Sqrtle + f*x]*Sqrt
[g + h*x])/(b*f*h*Sqrt[c + d*x]) - (CxSqrt[d*g - c*h]*Sqrt[f*g - exh]*(axd
xfxh - 3xbx(d*f*g + d*exh + ckfxh))*Sqrt[a + b*x]*Sqrt[-(((d*e - c*f)*(g +
h*x))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle
f*x])/(Sqrt [f*g - exh]*Sqrtlc + d*x])], ((b*c - axd)*(fxg - exh))/((bxe
axf)*(d*g - c*h))]1)/(bxd*f*h*Sqrt[((d*e - c*f)*(a + b*x))/((b*e - axf)*(
c + d*x))]*Sqrtg + h*x]) - ((-2*%Cxd*(b*e - a*f)*Sqrt[b*g - a*h]*(b*cxf*h
+ axd*fxh + 3xb*d*(f*g + exh))*Sqrt[((b*e - a*f)*(c + d*x))/((d¥e - c*f)*(
a + bxx))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrt[e + f*x])/
(Sqrt[f*g - exh]*Sqrt[a + b*x])], -(((bxc - axd)*(f*g - exh))/((d*xe - cxf)
*(b*xg - a*h)))])/(bxSqrt[f*g - e*h]l*Sqrtlc + d*x]*Sqrt[-(((bxe - axf)*(g +
h*x))/((f*g - exh)*(a + b*x)))]) + (2*Sqrt[-(d*g) + c*h]l*(Ck(axd*fxh - 3*
b*(d*f*g + dxexh + cxfxh))*(a*d*fxh + bk (d*f*g + d*exh + c*fxh)) - 4*b*xd*f
*h* (2xAxb*d*fxh — Ck(bx(dxexg + cxfxg + c*exh) + ax(d*fxg + d*exh + cxf*h)
)))*(a + b*x)*Sqrt [((bxg - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt [(
(bxg - axh)*(e + fx*x))/((f*xg - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h
))/((bxc - a*d)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrt[g + h*x])/(Sqrt[-(d*g) +
cxh]*Sqrt[a + b*x])], ((b*e - a*f)*(d*g - c*h))/((b*c - axd)*(fxg - exh))
1)/ (b*Sqrt [bxc - axd]*h*Sqrt[c + d*x]*Sqrtle + f*x]))/(2xb*d*fxh))/(4*d...

+

Va+bx A—I—Cz )
3.32. f \/c+dz\/e+fz\/g+hm dx
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3.32.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 183 | Int [Sqrt[(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)IxSqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[2*(a + b*x)*Sqrt[(b*g - axh)x*((
c + d*x)/((d*g - cxh)*(a + b*x)))]*(Sqrt[(b*g - axh)*((e + f*x)/((f*g - e*h
)x(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])) Subst[Int[1/((h - b*x"2)*Sq
rt[1 + (bxc - a*d)*(x"2/(d*g - c*h))]*Sqrt[1l + (b*e - a*f)*(x"2/(fxg - exh)
)1), x1, x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQl{a, b, c, d, e, £, g,
h}, x]

rule 188 Int[1/(Sqrt[(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)
*(x_)1*Sqrt[(g_.) + (h_.)*(x_)1), x_] :> Simp[2*Sqrt[g + h*x]*(Sqrt[(b*e -

a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - e*h)*Sqrtlc + d*x]*Sqrt[(
-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (bxc - a*d)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(fxg - ex*h))]),

x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h},

x]

rule 194 Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (£f_.)
*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(b*e
- a*xf))*((g + h*x)/((fxg - exh)*(a + b*x)))]1/((b*e - axf)*Sqrt[g + h*x]*Sq
rt[(bxe - a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(bxc - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - a*h)*(x~2/(f*g - exh))], xI,
x, Sqrt[e + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

N

rule 321 Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]l*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(a*xd))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

rule 327 | Int[Sqrtl[(a_) + (b_.)*(x_)"2]1/Sqrtl[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Vatbz(A+Ca?)
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rule 412 Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)"2]1), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQlc, 0] &% GtQle, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

rule 2101 Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl[(c_.) + (d_.)*(x_)]
*Sagrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(A*b
- axB)/b  Int[1/(Sqrtl[a + b*x]*Sqrtl[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + hx*x])
, x], x] + Simp[B/b Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg
+ hx*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

N\

rule 2104 Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*(x_)]1*Sqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
p[2*Cx(a + b*x) m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]/(d*fxh*(2*m +
3))), x] + Simp[1/(d*fxh*x(2*m + 3)) Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]
xSqrt[e + f£xx]*Sqrt[g + h#*x]))*Simp[a*xA*d*f*h*(2*m + 3) - Cx(ax(d*exg + c*f
*g + ckexh) + 2¥bkckexgxm) + (Axb*d*fxh*(2*m + 3) - Ckx(2*a*x(dxf*g + d*exh +
cxfxh) + b*x(2*m + 1)*(dxe*g + cxf*g + cxexh)))*x + 2xCx(axd*f*h*m - b*(m +
1)*(d*f*g + d*exh + cxf*h))*x~2, x], x], x] /; FreeQ[{a, b, c, 4, e, £, g,
h, A, C}, x] &% IntegerQ[2*m] && GtQ[m, O]

N

rule 2105 Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrt[(c_.
) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + f*x]*(Sqrt[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Simp[1/(2*b*d*fxh)  Int[(1/(Sqrtla + b*x]*Sqrtl[c + d*x]*Sqrt([e
+ f*x]*Sqrt[g + h*x]))*Simp [2*%A*bkd*xfxh - Cx(bkdxexg + axcxfxh) + (2¥b*Bkdx*
fxh - C*(a*xd*f*h + bx(dxf*g + d*exh + c*fxh)))*x, x], x], x] + Simp[C*(d*e
- cxf)*((d*g - cxh)/(2*bxd*f*h)) Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrt[
e + f*xx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B, C}

» X]

Vatbz(A+Ca?)
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3.32.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 1793 vs. 2(854) = 1708.

Time = 5.23 (sec) , antiderivative size = 1794, normalized size of antiderivative = 1.91

method | result size

elliptic | Expression too large to display | 1794
default | Expression too large to display | 43214

input | int ((b*x+a)~(1/2)*(C*xx~2+A) / (d*x+c) ~(1/2) / (f*xx+e) ~(1/2) / (h*x+g) ~ (1/2) ,x,me
thod=_RETURNVERBOSE)

output | ((b*x+a)* (d*x+c)* (f*x+e) * (h*x+g) ) ~(1/2)/ (bxx+a) ~(1/2)/(d*x+c)~(1/2)/ (f*x+e
)~ (1/2) / (h*xx+g) ~(1/2) *(1/2%C/d/ £ /h* (b*d*f ¥h*x~4+a*d*f*h*x~3+b*c*f*h*x~3+b*
dxexh*x”3+b*d*f*g*x~3+axcxf*xh*x™2+a*d*exh*x™2+a*xd*f*gxx~2+b*ckexh*x ™ 2+b*c*
fxgxx~2+b*d*exg*x~2+axckexh*x+ta*xckf*grx+a*rdrexgxx+bkckexgrxtakckexg) ~(1/2)
+2% (A*a—-1/2%C/d/f/h* (1/2*a*ckexh+1/2*%axcxf*xg+l/2xaxd*e*xg+l/2*b*xckxexg) ) *(g/
h-a/b)*((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d)) = (1/2) *(x+c/d) "2*((-c/d+a/b)
*x(x+e/f)/(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))
~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (b*xd*fxh* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) ) ~(1/
2)*E1lipticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d) *(g/h
-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+2% (A*¥b-1/2%C/d/f/h* (a*c*f*h+a*d*exh+ax
d*f*g+bkcrxexh+bkcxfxg+bkdrexg) ) * (g/h-a/b)*((-g/h+c/d) *(x+a/b) /(-g/h+a/b) /(
x+c/d)) " (1/2) *(x+c/d) "2* ((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) )~ (1/2) *((-c
/d+a/b)*(x+g/h) / (-g/h+a/b) /(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bkd*f*hx* (
x+a/b) *(x+c/d) * (x+e/f) *(x+g/h) )~ (1/2) *(-c/d*E1llipticF (((-g/h+c/d) * (x+a/b)/
(-g/h+a/b) /(x+c/d))~(1/2),((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h) )~ (1/2
))+(c/d-a/b)*E1lipticPi(((-g/h+c/d) *(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), (-g/
h+a/b)/(-g/h+c/d), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))+(C*a
-1/2%C/d/f/h* (3/2%a*xd*fxh+3/2xb*cxf*h+3/2*bxd*e*xh+3/2xbxd*f*g) ) * ((x+a/b) *(
x+e/f)*(x+g/h)+(g/h-a/b) *((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d) )~ (1/2) * (x+
c/d)~2*%((-c/d+a/b) *(x+e/f)/(-e/f+a/b) / (x+c/d)) ~(1/2)*((-c/d+a/b) *(x+g/h. ..

Vatbz(A+Ca?)
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3.32.5 Fricas [F(-1)]

Timed out.

va+ bz(A+ Cz?)

dx = Timed out
Ve+dzye+ fry/g + hr

input‘ integrate ((b*x+a) ~(1/2)*(Cxx~2+A) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2
‘ ),x, algorithm="fricas")

output tTimed out

3.32.6 Sympy [F]

va+ bz(A+ Cz?) dp — (A+Czx?)Va+bx
Ve+dzve+ fr/g+ hx Ve+doyve+ fry/g+ hr

input  integrate ((b*x+a)**(1/2)*(Cxx**x2+A)/(d*x+c)**(1/2)/ (fxx+e)**(1/2) / (h*x+g)*
*(1/2) ,x%)

output Integral ((A + Ckxx**2)*sqrt(a + bxx)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g +
h*x)), x)

3.32.7 Maxima [F]

va+ bz(A+ Cz?) dp — (Cz* + A)Vbz +a .
Ve+dzye+ fry/g + ho Vdz +cv/fr+evhz +g

input  integrate ((b*x+a)~(1/2)*(C*x~2+A) / (d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*xx+g) ~(1/2
),x, algorithm="maxima")

output | integrate((C*x~2 + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

Vatbz(A+Ca?)
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3.32.8 Giac [F]

Vva+ bx(A+ Cz?) dp — (Cz* + A)Vbz +a .
Ve+dzye+ fx/g+ hx Vdz +cv/fr+evhz +g

input | integrate ((b*x+a) ~(1/2)*(Cxx~2+A) / (d*x+c) ~(1/2) / (£xx+e) ~(1/2) / (h*x+g) ~(1/2
),x, algorithm="giac")

output | integrate((C*x~2 + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

3.32.9 Mupad [F(-1)]

Timed out.
Vva + bz(A+ Cz?) dp — (Cx?+ A) Va+bzx .
Ve+dzy/e+ fx/g+ hx Ve+ fryg+hzve+dzx

input int (((A + C*x"2)*(a + b*x)~(1/2))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*
x)~(1/2)),x)

output  int (((A + C*x"2)*(a + b*x)~(1/2))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*
x)~(1/2)), x)

Vatbz(A+Ca?)
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333 A0z dzx
Va+bz/ct+dz/e+fr\/g+hx
3.33.1 Optimal result . . . . .. ... .. . ...
3.33.2 Mathematica [B] (verified) . . . . . . ... ... ... .
3.33.3 Rubi [A] (verified) . . . . . . . ...
3.33.4 Maple [A] (verified) . . . ... ... ...
3.33.5 Fricas [F(-1)] . . . . o o o
3.33.6 Sympy [F] . . . . . 3391
3.33.7 Maxima [F] . . . . . . . 339
3.33.8 Giac [F] . . . . . o 3391
3.33.9 Mupad [F(-1)] . . . . o 340
3.33.1 Optimal result
Integrand size = 44, antiderivative size = 757
A+ Cx? x_C’\/a+bm\/e+fm\/g+h:c
Vva + bzv/c+dxv/e + fx\/g+ hx bfhvc+ dx

+

— — [ (de—cf)(g+ha) - ( Vdg=chy/ex Tz \ | (be—ad)(fg—ch)
C\/dg Ch\/fg eh’\/a + bz fg eh)(c+dx) L <a’rCSIH <\/fg—eh\/c+dz> | (be—af)(dg—ch) >

(@2Cfh + abC(fg + eh) — b*(Ceg — 2AFh)) ,/ Cemadletdn) /o BllipticF <arcsin (

bdfh

(de—cf)(atbzx) /7~
(be—af)(c+dz) g+ hx

(de—cf)(a+bx)

vbg—ah+/e+fzx
v fg—eh+/a+bx

Cv/—=dg + ch(adfh + b(dfg + deh + cfh))(a + bx),/ Lg=am)(ctdr) \/ (bg—ah)let]2) BjipticPi (

= — Ge—aD) g the)
b fhy/bg — ahy/Tg — ehv/e T da, |~ CeeDluite)

(dg—ch)(a+bz) \/ (fg—eh)(a+bz)

b(dg—ch) |
(bc—ad)h ¢

b2dv/bc — adfh?v/c+ dz+\/e + fx

3.33.

A+Cz?

f Va+bz+/c

+dz+/e+ fx\/g+he

dz
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output

-Cx (axd*f*h+b* (c*f*h+d*exh+d*f*g) ) * (bxx+a)*E1lipticPi ((-a*d+b*c)~(1/2)* (hx*
x+g) ~(1/2)/ (cxh-dx*g) ~(1/2) / (b*x+a) ~(1/2) ,~b* (-c*h+d*g) / (—axd+b*c) /h, ((-axf
+bxe) * (-cxh+d*g) / (-axd+b*c) / (-exh+f*g) ) ~(1/2) ) * (cxh—-d*g) ~ (1/2) * ((—a*h+b*g)
* (d*x+c) / (—cxh+d*g) / (bxx+a)) = (1/2) * ((—a*h+b*g) * (f*x+e) / (-exh+f*g) / (b*x+a) )
~(1/2)/b~2/d/£/h~2/ (—axd+bxc) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e) ~ (1/2) +C*x (b*x+a) ~
(1/2) *(fxx+e) =~ (1/2) * (h*x+g) ~(1/2) /b/£f/h/ (d*x+c) ~ (1/2) +(a~2*Cxfxh+a*xb*Cx (e*
h+f*g) -b~ 2% (-2*A*f*xh+C*e*xg) ) *E11lipticF ((-axh+bxg) ~(1/2) * (f*x+e) ~(1/2)/(-ex*
h+f*xg)~(1/2)/(b*x+a) ~(1/2) , (- (~a*d+b*c) * (—~exh+f*g) / (-c*f+d*e) / (—a*h+b*g) )~
(1/2)) *((—a*xf+b*e) * (d*x+c) / (—cxf+d*e) / (b*x+a)) ~(1/2) * (h*xx+g) ~(1/2) /b~2/f/h
/ (—axh+b*g) = (1/2) / (mexh+f*xg) ~(1/2) / (d*x+c) ~(1/2) / (- (~a*f+b*e) * (h*xx+g) / (—e*
h+f*g) /(b*x+a)) ~(1/2)-C*EllipticE((-c*h+d*g) = (1/2) * (f*x+e) ~(1/2) / (—e*h+fx*g
)~ (1/2) / (d*x+c) ~(1/2) , ((maxd+bxc) * (~exh+f*g) / (—axf+bxe) / (-cxh+d*g) )~ (1/2))
* (-cxh+d*g) ~(1/2) * (-exh+f*g) = (1/2) * (bxx+a) = (1/2) * (- (-c*f+d*e) * (h*x+g) / (-e*
h+f*xg) /(d*x+c))~(1/2) /b/d/£/h/ ((-c*f+dxe) * (b*x+a) / (—axf+b*e) /(d*x+c)) ~(1/2
)/ (h*xx+g) ~(1/2)

3.33.2 Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 6321 vs. 2(757) = 1514.

Time = 34.84 (sec) , antiderivative size = 6321, normalized size of antiderivative = 8.35

A+ Cx?
Vva+bzvc+dxv/e + fx\/g+ hx

dz = Result too large to show

input ‘

L

Integrate[(A + Cxx~2)/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtlg +
h*x]) ,x]

e

output LResult too large to show

|

3.33.3 Rubi [A] (verified)

Time = 1.55 (sec) , antiderivative size = 764, normalized size of antiderivative = 1.01,

number of steps used = 9, number of rules used = 8 number of rules _ 0.182, Rules used

' integrand size
= {2106, 194, 327, 2101, 183, 188, 321, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

2
A+Czx dx

3.33. f Va+bx/ct+dz+/e+ fx/g+hx
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/ A+ Cx?
dx
va + bx/c+ dz/e + fr\/g+ hx
l 2106
f 2Abdf h—C(bdeg+acfh)— C(adfh+b(dfg+deh+cfh))xd
Va+bz/ct+dx+/e+ fr\/g+hz +
2bdfh
Va+bx
C(de —cf)(dg —ch) [ (c+dm)3/2\/:+fm\/g+hm Cva+ bx\/e + fr\/g + hx
2bdfh bfhve + da
l 194
f 2Abdf h—C (bdeg+acfh)— C(adfh+b(dfg+deh+cfh))xd
Va+bz/c+dx+/e+ fr\/g+hz z _
2bdfh

1— (bc—ad)(e+fx)
C /a—l—bw(dg—ch /_ (g+hz)(de—cf) f (Ge—af)(ctdn) gvetfa
(ctdn)(fo=ch) 1 /1 Ua=ddetfh "Verds  O\/a ¥ ba/e+ fo/g + hw

bdfhy/g + hz (a+bz)(de—cf) bfhvc+ dz

(c+dz)(be—af)

l 327

f 2Abdf h—C (bdeg+acfh)— C(adfh+b(dfg+deh+cfh))a:d
Va+bz/c+dz+/e+ fr\/gF+hz
2bdfh

ha)(de—cf . ( JAg=ch/exfz\ | (be—ad)(fg—eh
OVa+bay/dg = chv/Fg = eh |~ (ool B (aresin (VIR ) 1feeflie=ch)

o o a+bzx)(de—cf
bdfh g+ ha \ Ec+da:ggbe—afg

CvVa + bx\/e + fr\/g+ hx
bfhvc+ dx
| 2101
d(a?Cfh+abC(eh+fg)—b*(Ceg—2Afh)) [ mmlx/a_‘_fz\/ﬁ_mdx C(adfh—l—b(cfh-i—deh—i—dfg))fﬁ %
b — b

2bdfh
Thz)(de—cf . Jdg—ch\/eF be—ad)(fg—eh
CVa + bx+/dg — ch\/fg — eh\/— 4§g+d;))((f; zh—§E<arcsm (\/f‘;_zh\/;{;) |Ebz—2f))((dgg]—ih§) .

o a+bx)(de—cf
bdfh g+ ha \ Ec+dwggbe—af§

CVa + bzv/e + fa\/g+ h
bfhvc+dx
l 183
A+Cz?
3.33. f Va+bz\/c+dz/ e+ fr/g+hx dz
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20 (atbe), [ (gdbaers /(e HI2)Ba—0M (adfhtb(c fhdeh+df

d(a?Cfh+abC(eh+fg)—b*(Ceg—2Afh)) [ = m{/E e
5 - bvct+dx-

2bdfh
(g+hz)(de—cf) . vdg—chy/e+fz \ | (be—ad)(fg—eh)
CvVa+bx/dg — chv/fg—eh\ | — i gy Fe—em B <arcsm (\/fZ—eh\/c+dm> | (be—af)(dg—ch)) n
a+bx)(de—cf
bdfhy/g T hay | Etide=cl)
Cva+bzxv/e+ fx\/g+ hx
bfhvc+ dx

l 188

2dv/g+ha %(a2th+abC(eh+fy)—b2(Ceg—ZAfh)) [

1 Vexfz (c+dz)(bg—
T T AL 2C(atbe)\/ (e
(de—cf)(atbz) T ~ (fg—eh)(a+bx)

bVetda(fg—eh)y/- (Eiaeels

%dfh
+hz)(de—cf . dg—ch+/e+fx be—ad)(fg—eh
CVa+ byl = o/ Ty = ehy - Erirs-ch B (svcsin (VSRS ) 1E=ehis=)
+bz)(de—cf
bdfhy/g T hay | Etide=cl)
Cva+bzrv/e+ fx\/g+ hx
bfhvc+ dx
| 321

2C(atba) /{9

2dv/gha [ S0 (420 fh+abC (eh+ fg) b7 (Ceg—2Afh)) BllipticF (arcsin (YH=LVELLE ) (emadi(fo—e))
b\/c—i—dx\/bg—ah\/fg—eh\/—m%

2bdfh
(g+hz)(de—cf) . vVdg—ch/e+fz \ | (bc—ad)(fg—eh)
Cva+bav/dg — ch/fg — eh\ | = gy (Famem B <arcsm (\/fi—eh\/c—i-dx) | (be—af)(dg—ch)) +
+bzx)(de—cf
bdfhy/g T hay | Etide=cl)
CVa +brv/e+ fx\/g+ hx
bfhvc+ dx
l 412

2d+/g+hx/ % (a®C fh+abC(eh+fg)—b%(Ceg—2Afh)) EllipticF (arcsin ( \/V l}f;:i}l;\/im) ,— égi:i?))(({g:‘izg ) 2C (a+bz)v/ch—dg-
bv/c+dz+\/bg—ah+/fg—eh \/— 781::))((;3:2}{;

(g+hz)(de—cf) s Vdg—chy/etfz \ | (be—ad)(fg—eh)
CvVa+bz/dg — chv/fg—eh\ | — i ayFe—em B <arcsm (\/fZ—eh\/c+dm> | (be—af)(dg—ch)) n

a+bx)(de—c
bdfhy/g T hay | Etide=cl)

2bdfh

Cva+bzxv/e+ fx\/g+ hx
bfhvc+dx
A+Cz?
3.33. f Va+bz\/c+dz/ e+ fr/g+hx dz



input

output

rule 183

rule 188
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Int[(A + Cxx~2)/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + hxx]),

x]

(CxSqrt[a + b*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(bxf*h*Sqrt[c + d*x]) - (C*S
qgrt[d*g - cxh]*Sqrt[f*g - exh]*Sqrt[a + b*x]*Sqrt[-(((d*e - c*xf)*(g + hx*x)
)/ ((fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle + f*x
1)/(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((b*c - a*xd)*(fxg - exh))/((bxe - axf
)*(d*g - c*h))])/(b*d*f*h*Sqrt[((d*e - cxf)*(a + b*x))/((bxe - axf)*(c + d
*x))]1*Sqrt[g + h*x]) + ((2*d*(a~2*C*fxh + a*b*Cx(fxg + e*h) - b~2*(Cxexg -
2#Axf*h) ) *Sqrt [((b*e - a*f)*(c + d*x))/((d*e - c*xf)*(a + b*x))]*Sqrtlg +
h*x]*EllipticF [ArcSin[(Sqrt[b*g - axh]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqr
tla + b*x])], -(((bxc - a*d)*(f*g - e*h))/((d*e - c*xf)*(b*g - a*h)))]1)/(b*
Sqrt[b*g - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*e - a*f)*(g + h*x
))/((f*xg - exh)*(a + b*x)))]) - (2%CxSqrt[-(d*g) + c*h]*(axd*fxh + b*(d*fx*
g + dxexh + c*f*h))*(a + b*x)*Sqrt[((bxg - a*h)*(c + d*x))/((d*g - c*h)*(a
+ b*x))]1*Sqrt [((bxg - a*h)*(e + f*x))/((f*g - exh)*(a + b*x))]*EllipticPi
[-((b*(d*g - c*h))/((bxc - a*d)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrt[g + h*x]
)/ (Sqrt[-(d*g) + cxh]l*Sqrtl[a + b*x])], ((bxe - axf)*(d*xg - cxh))/((bxc - a
*d) *(fxg - exh))])/(b*Sqrt[bxc - axd]*h*Sqrt[c + d*x]*Sqrtle + f*x]))/(2%b
*xd*fxh)

3.33.3.1 Defintions of rubi rules used

Int[Sqrtl[(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)]I*Sqrtl(e_.) + (£_.)*(
x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[2*(a + b*x)*Sqrt[(b*g - axh)*((
c + d*x)/((d*g - c*h)*(a + b*x)))]1*(Sqrt[(bxg - a*h)*((e + fxx)/((f*g - exh
)*x(a + b*x)))]/(Sqrtlc + d*x]*Sqrtl[e + f*x])) Subst[Int[1/((h - b*x~2)*Sq
rt[1 + (bxc - a*d)*(x"2/(d*g - c*h))]*Sqrt[1l + (b*e - a*f)*(x"2/(fxg - exh)
)1), x]1, x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, 4, e, f, g,
h}, x]

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]1), x_]1 :> Simp[2*Sqrt[g + h*x]*(Sqrt[(bxe -

axf)*((c + d*x)/((dxe - cxf)*(a + b*x)))]1/((fxg - exh)*Sqrtl[c + d*x]*Sqrt[(
-(b*xe - a*xf))*((g + h*x)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (b*c - a*d)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - a*h)*(x"2/(f*g - e*h))]),

x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h},

x]

2
A+Czx dx

3.33. f Va+bzv/c+dz/e+ fz\/g+ha




rule 194

rule 321

rule 327

rule 412

rule 2101

rule 2106 /
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Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[-2*Sqrt[c + d*x]*(Sqrt[(-(bxe
- axf))*((g + hxx)/((f*g - exh)*(a + b*x)))]/((bxe - axf)*Sqrt[g + h*xx]*Sq
rt[(b*xe - a*f)*((c + d*x)/((d*xe - c*f)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(bxc - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - exh))], xI,
x, Sqrt[e + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[al*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]1))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]1*Sqrtl(e ) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtlel*Rt[-d/c, 2]))*EllipticPi[b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQlc, 0] &% GtQ[e, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]
*Saqrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(A*b
- axB)/b  Int[1/(Sqrtl[a + b*x]*Sqrtlc + d*x]*Sqrt[e + fxx]*Sqrt[g + h*x])
, x], x] + Simp[B/b Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg
+ h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Int[(CA_.) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_
)I1*xSqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[C*
Sqrt[a + b*x]*Sqrtl[e + fxx]*(Sqrtl[g + h*x]/(bxf*h*Sqrtlc + d*x])), x] + (Si
mp[1/(2*b*d*f*xh)  Int[(1/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg
+ h*x]))*Simp [2*xAxbxd*fxh - Cx(b*d*e*xg + akxckfxh) - Cx(axd*fxh + bx(d*fx*g

+ d¥exh + cxf*h))*x, x], x], x] + Simp[Cx(d*e - c*f)*((d*g - c*h)/(2*b*d*f*
h)) Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[e + f*x]*Sqrt[g + h*x]), x],

x]) /; FreeQ[{a, b, c, d, e, £, g, h, A, C}, x]

N

2
A+Czx dx

3.33. f Va+bx/ct+dz+/e+ fx/g+hx
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3.33.4 Maple [A] (verified)

Time = 6.37 (sec) , antiderivative size = 1065, normalized size of antiderivative = 1.41

method | result size

elliptic | Expression too large to display | 1065
default | Expression too large to display | 15875

input | int ((C*x~2+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/ (f*x+e)~(1/2) / (h*x+g)~(1/2) ,x,me
thod=_RETURNVERBOSE)

N

output | ((b*x+a)* (d*x+c)* (f*x+e)* (h*x+g) ) ~(1/2) / (bxx+a) ~(1/2) /(d*x+c) ~(1/2) / (f*x+e
)~ (1/2) / (h*x+g) = (1/2) * (2%A* (g/h-a/b) * ((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d
))~(1/2)*(x+c/d) ~2*((-c/d+a/b) * (x+e/f) / (-e/f+a/b) / (x+c/d) ) ~(1/2) *((-c/d+a/
b) *(x+g/h)/(-g/h+a/b) / (x+c/d))~(1/2)/ (-g/h+c/d) / (-c/d+a/b) / (b*xd*fxh*(x+a/b
)*(x+c/d) *(x+e/f)* (x+g/h) )~ (1/2) *E1lipticF (((-g/h+c/d) *(x+a/b) / (-g/h+a/b)/
(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f) /(-c/d+g/h)) " (1/2) ) +C*x ((x+a/
b)*(x+e/f)*(x+g/h)+(g/h-a/b) * ((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2)
*(x+c/d) “2*((-c/d+a/b) *(x+e/f)/(-e/f+a/b) / (x+c/d) )~ (1/2) *((-c/d+a/b) * (x+g/
h)/(-g/h+a/b)/(x+c/d))~(1/2)*((a*c/b/d-g/h*a/b+g/h*c/d+c~2/d"2) /(-g/h+c/d)
/(-c/d+a/b)*E1lipticF (((-g/h+c/d) *(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-
c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(-a/b+e/£f)*E1llipticE(((-g/h+c
/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) / (-a/b+e/f)/(-c/
d+g/h))~(1/2))/(-c/d+a/b)+(axd*f*xh+b*kc*f*h+b*d*xe*h+b*d*f*g)/b/d/f/h/(-g/h+
c/d)*EllipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2),(g/h-a/b) /(-
c/d+g/h), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))) / (bxd*fxh* (x+
a/b)*(x+c/d) *(x+e/f) *(x+g/h))~(1/2))

3.33.5 Fricas [F(-1)]

Timed out.

A+Cx? )
dz = Timed out
Vva+brvec+ dzy/e + fx\/g+ hx

input ‘ integrate ((Cxx~2+A)/ (b*x+a) ~(1/2) / (d*x+c) ~(1/2) / (fxx+e) ~(1/2) / (h*x+g) ~(1/2
L)’x’ algorithm="fricas")

output LTimed out

2
A+Czx dx

3.33. f Va+bx/ct+dz+/e+ fx/g+hx




input

output

input

output

input

output
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3.33.6 Sympy [F]

A+ Cz? A+Cx?

dr = d
Va+ bzve+ dzve + fz/g + ha ! va +bzve+ dzy/e+ fz\/g+ ha i

integrate ((C*x**2+A) / (bxx+a) ** (1/2) / (d*x+c) **(1/2) / (fxx+e) ** (1/2) / (h*x+g) *
*(1/2) ,x)

Integral ((A + Cxx*x2)/(sqrt(a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g +
h*x)), x)

3.33.7 Maxima [F]

A+ Czx? Cx*+ A

dx = d
Vva+brvec+ dxy/e + fx/g+ hx ! Vbx + avdx + c/fr +ev/hz + g *

integrate ((C*x~2+A)/ (b*x+a)~(1/2)/(d*x+c) ~(1/2) / (£xx+e) ~(1/2) / (h*x+g) ~(1/2
),x, algorithm="maxima"

integrate((C*x~2 + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g), x)

3.33.8 Giac [F]

A+ Cx? Cx’+ A

dx = d
Vva+ bxvc+ dzv/e + fr\/g+ hx ! Vbz + av/dx + cv/fr +ev/hx + g !

integrate ((C*x~2+A)/ (b*x+a)~(1/2) / (d*x+c) ~(1/2) / (fxx+e) ~(1/2) / (h*x+g) ~(1/2
),x, algorithm="giac")

integrate((C*x~2 + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

2
A+Czx dx

3.33. f Va+bx/ct+dz+/e+ fx/g+hx




input

output
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3.33.9 Mupad [F(-1)]

Timed out.

A+ Cz? Cz?+ A
dx = dx
Vva+brvec+ dxv/e + fx\/g+ hx Ve+ fz/g+hzva+bxec+dx

int ((A + C*xx"2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)
~(1/2)) ,x%)

int((A + C*xx"2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)
~(1/2)), )

2
A+Czx dx

3.33. f Va+bx/ct+dz+/e+ fx/g+hx
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A+C2?

3.34 f (a+b2)3/2\/c+dzr/e+ [z /g+hz dz

3.34.1 Optimalresult . . . . . . . . . . . . . e 3411
3.34.2 Mathematica [A] (warning: unable to verify) . . . . ... ... ... ... ..
3.34.3 Rubi [A] (warning: unable to verify) . . .. ... ... ... ... ... ... 343]
3.34.4 Maple [B] (verified) . . . .. ... . ... 348
3.34.5 Fricas [F(-1)] . . . . . o o 349]
3.34.6 Sympy [F] . . . . . 3501
3.34.7 Maxima [F] . . . . . . . . 3501
3.34.8 Giac [F(-2)] . . . o o o 3501
3.34.9 Mupad [F(-1)] . . . . o oo B51]

3.34.1 Optimal result

Integrand size = 44, antiderivative size = 867

/ A+ Cx? dp — 2(AV? + a2C) dv/a + bx/e + fr\/g + hz
(a + bx)3/2/c+ dz\/e + fx/g + hz b(bc — ad)(be — af)(bg — ah)Vc + dx
2(AV? + a2C) Ve + dz/e + fr/g+ hx
(bc — ad)(be — af)(bg — ah)va + bx
de—cf)(g+hz s Vdg—che+fz bc—ad)(fg—eh
2(Ab* + a*C) v/dg — chy/fg — ehva+ bz /- G E (arcsm (vff;—eh\/cigx> |Ebe—af))((dg—ch;>
b(bc — ad)(be — af)(bg — ah),/ %vg + hx
(bo—af)(ctda) o - (Jbg=ahy/erfz\ _ (be—ad)(fg—ch)
~ 2(2abeC + Ab’d — a’Cd) \/ (ge—ef)erse) V9 T ha EllipticF (arcsm (in]—eh\/a+bz> ,— (de_cf)(b;’_ah)>
— - - | (be=af)(g+hz)
b2(bc — ad)+/bg — ah+/fg — ehv/c + dx oo (ot e
bg—ah)(c+dx bg—ah)(e+fx b(dg—ch . vVbc—ad\/g+hx be—af)(c
2Cv/—dg + ch(a + bx) [ Lg=emetde) [(ba—ah)letfo) pyyipniopy ( (dg—ch) 4 resin < gt > , Ebc_ad))((j

(dg—ch)(a+bx) \/ (fg—eh)(a+bx) (bc—ad)h? v/—dg+ch\/a+bzx
b2\/bc — adhv/c + dz+/e + fz

_|_

2
A+Cz dx

3.34. f (a+bx)3/2+/c+dz+/et fx\/g+ha
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output 2*Cx(b*x+a)*EllipticPi((-a*d+b*c)~(1/2)*(h*x+g)~(1/2)/(cxh-d*g)~(1/2)/(b*x
+a) " (1/2) ,-b* (-c*h+d*g) / (~axd+bxc) /h, ((—axf+bxe) * (—cxh+d*g) / (-a*d+b*c) /(e
*xh+fxg) )~ (1/2))*(c*h-d*g) ~(1/2) * ((—ax*h+bxg) * (d*x+c) / (-c*h+d*g) / (b*x+a)) ~ (1
/2) % ((-a*h+b*g) * (f*x+e) / (-exh+f*g) / (b*x+a)) ~(1/2) /b~2/h/ (-axd+b*c)~(1/2) /(
d*x+c) " (1/2) / (f*x+e) =~ (1/2) +2x (Axb~2+C*a”~2) *d* (b*xx+a) ~ (1/2) * (£xx+e) ~ (1/2) *(
h*x+g) ~(1/2) /b/ (-axd+b*c) / (-a*f+b*e) / (—a*h+bxg) / (d*x+c) ~(1/2) -2% (A*b~2+C*a
~2)* (d*x+c) ~(1/2) * (fxx+e) ~(1/2) * (h*x+g) ~(1/2) / (—a*d+bxc) / (-axf+bxe) / (-axh+
bxg) / (b*x+a) ~(1/2) -2*% (Axb~2*d-Cxa~2*d+2*Cxaxbkc) *E11lipticF ((-a*h+b*g) ~(1/2
Y*(£xx+e) ~(1/2)/ (-exh+f*xg) ~(1/2)/ (b*x+a) ~(1/2) , (-(-a*d+b*c) * (-exh+f*g) /(-c
xf+d*e) / (-axh+bxg) )~ (1/2) ) * ((-a*xf+bxe) * (d*x+c) / (—cxf+d*e) / (bxx+a) ) ~(1/2) *(
h*x+g) = (1/2) /b~2/ (—a*d+b*c) / (-axh+b*g) ~(1/2) / (-exh+f*g) = (1/2) / (d*x+c) = (1/2
)/ (- (—axf+b*e) * (h*x+g) / (~exh+f*g) / (bxx+a) )~ (1/2) -2*% (A*b~2+C*a~2) *EllipticE
((-cxh+d*g) ~(1/2) *(f*x+e) " (1/2) / (-exh+f*xg) ~(1/2) / (d*x+c) ~(1/2) , ((-a*d+b*c)
*(-exh+f*g) / (-a*f+bxe) / (-cxh+d*g) )~ (1/2)) * (-cxh+d*g) = (1/2) * (-exh+f*g) = (1/2
)* (b*x+a) = (1/2) * (- (-cxf+d*e) * (h*xx+g) / (-exh+f*g) / (d*x+c) )~ (1/2) /b/ (—a*d+b*c
)/ (-axf+bxe) / (-a*xh+b*g) / ((-cxf+dxe) * (bxx+a) /(-axf+bxe) /(d*x+c) )~ (1/2) / (h*x
+g)~(1/2)

3.34.2 Mathematica [A] (warning: unable to verify)

Time = 31.92 (sec) , antiderivative size = 721, normalized size of antiderivative = 0.83

/ A+Co dz =
(a+ bx)3/2\/c+ dz\/e + fr\/g + hx
2(be — af),/ %(e + fxz)3/%(g + hx)3/? (ZaC’(—bc + ad)h(—bg + ah) EllipticF (arcsin <

(—be+a
(fg—el

input‘/Integrate[(A + Cxx~2)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg ‘
L+ h*x]) ,x] J
3.34. A+Ca? d

f (a+bx)3/2+/c+dz+/et fx\/g+ha
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output | (-2*(bxe - axf)*Sqrt[((b*g - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(e +
£*x)~(3/2)*(g + h*x)~(3/2)*(2*a*Cx (-(bxc) + a*d)*h*(-(b*g) + axh)*Ellipti
cF[ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*g - exh)*(a + b*x))1], ((-(b
xc) + axd)*(-(fxg) + exh))/((bxe - axf)*(d*g - cxh))] - A*b~2+h*(bx(d*g -
cxh) *E1lipticE[ArcSin[Sqrt [((-(b*e) + axf)*(g + h*x))/((f*g - exh)*(a + b*
x))1], ((-(bxc) + axd)*(-(f*g) + e*h))/((bxe - a*f)*(d*g - c*h))] + dx(-(b
*xg) + axh)*EllipticF[ArcSin[Sqrt[((-(bxe) + a*xf)*(g + h*x))/((f*g - exh)*(
a + bxx))]], ((-(bxc) + axd)*(-(fxg) + exh))/((bxe - axf)*(d*g - c*h))]) -
a~2xCxh* (bx (d*g - c*h)*EllipticE[ArcSin[Sqrt[((-(b*e) + a*f)*(g + h*x))/(
(f*g - exh)*(a + b*x))]], ((-(b*c) + a*xd)*(-(fxg) + exh))/((b*xe - axf)*(d*
g - cxh))] + d*(-(bxg) + axh)*EllipticF[ArcSin[Sqrt[((-(b*e) + a*f)*(g + h
*x))/((fxg - exh)*(a + b*x))]1], ((-(b*c) + axd)*x(-(fxg) + exh))/((bxe - ax
f)*(d*g - cxh))]) + Cx(bxc - a*xd)*(b*g - axh) "2+EllipticPi[(bx(-(f*xg) + e*
h))/((bxe - axf)#*h), ArcSin[Sqrt[((-(b*e) + a*f)*(g + h*x))/((f*g - exh)x*(
a + bxx))1], ((-(bxc) + axd)*(-(fxg) + exh))/((bxe - axf)*(d*g - c*h))]))/
(b"2%(bxc - axd)*h*(f*g - exh) 3*(a + b*x)~(5/2)*Sqrt[c + d*x]*(-(((bxe -
a*f)*(b*xg - axh)*(e + fxx)*(g + hxx))/((f*g - e*h)~2x(a + b*x)~2)))~(3/2))

3.34.3 Rubi [A] (warning: unable to verify)

Time = 2.35 (sec) , antiderivative size = 859, normalized size of antiderivative = 0.99,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size 0.250, Rules

used = {2108, 25, 2105, 27, 194, 327, 2101, 183, 188, 321, 412}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ A+ Ca? dx
(a + bx)3/2\/c+ dz+/e + fx\/g+ hx
l 2108

f _ —2(Ca?+Ab?)dfha?— (2C(df g+deh+cfh)a?+b(Adfh—C(deg+cfg+ceh))a+b?(cCeg+Adf g+ Adeh+Acfh)) z+a(aAdf h—aC(deg+cfg-+ce
Va+bz/ct+dz+/e+ fr\/g+hz
(bc — ad)(be — af)(bg — ah)
2vVc + dzv/e + fz/g+ hz(a®C + Ab?)

Vva + bz(bc — ad)(be — af)(bg — ah)

| 25

2
A+Cz dr

3.34. f (a+bx)3/2+/c+dz+/et fx\/g+ha
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f —2(Ca2+Ab?)df ha®— (2C(df g+deh+cfh)a?+b(Adf h—C(deg+cfg+ceh))a+b? (cCeg+Adf g+ Adeh+Acfh)) z+a(aAdf h—aC(deg+cfg-+ce
. vVa+bx/c+dz/e+ fr/g+hx
(bc — ad)(be — af)(bg — ah)
2Vc+ dzv/e + fz/g+ hz(a®C + Ab?)

va + bz(bc — ad)(be — af)(bg — ah)

| 2105
2 2\ (de— _ Vatbz 2df h((acC+ Abd) (be—af)(bg—ah)—C(bc—ad)(be—af)(bg—ah)z) =
_(a C+Ab?) (de—cf)(dg—ch) [ (c+dz)3/2m\/mdx N I ac \/etu—%\/iﬁ(;\/e+fzf/gihze af)(bg—ah)z) 4. 2 by
b 2bdrh

(bc — ad)(be — af)(bg — ah)
2Vc+ dzv/e + fzy/g+ hz(a®C + Ab?)

va + bz(bc — ad)(be — af)(bg — ah)

l 27

2 2 _ _ va+bz (acC+Abd)(be—af)(bg—ah)—C(bc—ad)(be—af)(bg—ah)z
_ (a*C+AV?) (de—ef)dg—ch) | (ams7s e Jomme O n J Vatbay/etdoyetfoy/gtha dz _ 2dVatbey/et [z,
b b by/c

(bc — ad)(be — af)(bg — ah)
2vc+ dzv/e + fzy/g+ hz(a®C + Ab?)

va + bz(bc — ad)(be — af)(bg — ah)
| 194

(bc—ad)(e+fx)
2 2 _ — (g+ha)(de—cf) ' (be—af)(ctdn) ,yetfz
2\/a+bw(a C+Ab )(dg Ch)\/ (c+dz)(fg—eh) f \/1—M d\/m f (acC+Abd)(be—a,_f)(bg—ah)—C(bc—ad)(be—af)(bg—ah)wdx
(fg—eh)(c+dz) VatbzVetdryetfrv/gtha —
b 7 (a+bzx)(de—cf) + b
(bc — ad)(be — af)(bg — ah)
2V + dzy/e+ fzv/g + ha(a’C + AD?)

Vva + bx(bc — ad)(be — af)(bg — ah)
| 327

J (GCC+Abd>(be;%%_?\/fifc;;‘;:z;_a”(bg_amwdac + QM(aQC+Ab2)\/wm\/—7 %E(arcsin(igﬁ
' bty een
(bc — ad)(be — af)(bg — ah)
2vc+ dzv/e + fz/g+ hz(a®C + Ab?)
va + bx(bc — ad)(be — af)(bg — ah)

l 2101

3.34. A+Ca” dz

f (a+bx)3/2+/c+dz+/et fx\/g+ha
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dx C(bc ad)(be—af)(bg— ah)j Vatbe

(be—af)(bg—ah)(a2(—0)d+2abcc+Ab2d) I NN vt o /aThm (a2 C+ A
+

1
Va+bz+/ct+dz/e+fr/g+hzx
b

(bc — ad)(be — a f)(be

2v/c + dzv/e + fz/g+ hz(a®C + Ab?)
Vva + bz(bc — ad)(be — af)(bg — ah)
| 183

2C(a+ba:)(bc—ad)(be—af)(bg—ah)\/Ezi‘;iggz-‘;:‘;zg \/Ezi;;;))((;g:zzg J—
h—

1
Va+bzctdz/e+ fx/gt+hz de _

(be—af)(bg—ah)(a2(—C)d+2abcC+Ab2d) I
b b/ ct+dzet+fz

b

2vVc + dzv/e + fz/g+ hz(a®C + Ab?)
Vva + bz(bc — ad)(be — af)(bg — ah)
| 188

_2VetdzVe+ frvg+ hz(Ca? + Ab?)
(bc — ad)(be — af)(bg — ah)va + bx

(de—cf)(g+hz) . Vdg—ch+/e+ (bc—ad)(fg—eh)
_ 2(Ca?+AV) VaTbayerfay/gthad | 2(Ca™+AV)Vdg=chv/Fgmehvatbe (53 evivy o) B (arcsin (Vo= TerlE ) | e edia—e)
bvord (de—cf)(atba)
Vetds by et Votha

l 321

2vc+ dzv/e+ fz/g+ hz(Ca? + Ab?)
B (bc — ad)(be — af)(bg — ah)va + bx

(de—cf)(g+hz) . (/dg—ch\/eFfx \ | (bc—ad)(fg—eh)
_2(Ca2+Ab2)\/a+bx\/e+fx\/g+hxd+Z(Ca2+Ab2)\/dg_Ch\/fg_eh\/a+bx\/ %E(ams‘n(\ﬁz—ehmﬁ(bZ—Zf)(dZ—Zh))
byv/c+dx b\/(de Cf)(aerZ)\/m

(be—af)(c+dx)

l 412

_2\/0 + dzv/e + fr\/g + hz(Ca® + Ab?)
(bc — ad)(be — af)(bg — ah)va + bx

(de—cf)(g+ha) - ( VAg=ch\/exfz \ | (be—ad)(fg—eh)
_2(Ca*+AV) Vatbay/erfoygihad | 2o +AV) Vlg=chy Tg—ehvathe, /- i B (aresin (Vg ) | G e )
bvc+dx b\/(de Cf)(a+bw)\/m

(be—af)(c+dx)

J A+Ca” dz
(a+bx)3/2+/c+dz+/et fx\/g+ha

3.34.



input

output
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Int[(A + Cxx~2)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrt[e + fxx]*Sqrt[g + h*x]
),x]

(-2 (A*b~2 + a~2*C)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg + h*x])/((bxc - a*d
)*¥(bxe - axf)*(b*g - axh)*Sqrtla + b*x]) - ((-2%x(A*b~2 + a~2*C)*d*Sqrtl[a +
b*x]*Sqrt[e + f*x]*Sqrtl[g + h*x])/(b*Sqrtlc + d*x]) + (2*x(A*b~2 + a~2xC)x*
Sqrt[d*g - c*h]l*Sqrt[f*g - e*h]*Sqrt[a + b*x]*Sqrt[-(((d*e - c*f)*(g + h*x
))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtl[e + fx*
x])/(Sqrt[f*g - e*h]*Sqrtlc + d*x])], ((bkc - a*d)*(f*g - exh))/((b*e - a*
f)*x(d*g - c*h))])/(b*Sqrt[((d*e - cxf)*(a + bxx))/((bxe - axf)*(c + dx*x))]
*Sqrt [g + h*x]) + ((2%(2xa*b*cxC + A*b~2xd - a~2+Cxd)*(bxe - axf)*Sqrt[b*g
- axh]*Sqrt[((b*e - a*f)*(c + d*x))/((d*e - cxf)*(a + b*x))]*Sqrt[g + h*x
J*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrtl[a
+ b*x])], -(((b*c - axd)*(fxg - e*h))/((d*e - cxf)*(bxg - a*h)))])/(b*Sqr
t[f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((b*e - a*xf)*(g + h*x))/((f*g - exh)*(a
+ b*x)))]) - (2%CxSqrt[b*c - axd]*(bkxe - axf)*(bxg — axh)*Sqrt[-(d*g) + c*
hl*(a + b*x)*Sqrt[((bxg - a*h)*(c + d*x))/((d*g - cxh)*(a + bxx))]*Sqrt[((
bxg - a*h)*(e + f*x))/((f*g - exh)*(a + b*x))]*EllipticPi[-((b*(d*g - c*h)
)/ ((b*c - axd)*h)), ArcSin[(Sqrt[b*c - a*d]*Sqrtlg + h*x])/(Sqrt[-(dxg) +
c¥h]*Sqrt[a + b*x])], ((b*e - a*f)*(d*g - c*h))/((b*c - a*d)*(fxg - exh))]
)/ (bxh*Sqrt[c + d*x]*Sqrt[e + fxx]))/b)/((b*c - a*d)*(b*e - axf)*(bxg - ax
h))

3.34.3.1 Defintions of rubi rules used

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27

rule 183

~

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)1), x_] :> Simp[2*(a + bxx)*Sqrt[(b*xg - axh)*((
c + d*x)/((d*g - cxh)*(a + b*x)))]1*(Sqrt[(bxg - a*h)*((e + f*x)/((f*xg - exh
)*(a + b*x)))]1/(Sqrtlc + d*x]*Sqrtle + f*x]))  Subst[Int[1/((h - b*x~2)*Sq
rt[1 + (bxc - a*d)*(x"2/(d*g - c*h))]*Sqrt[1 + (b*e - a*f)*(x"2/(fxg - exh)
)1), x1, x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

2
A+Cz dr

3.34. f (a+bx)3/2+/c+dz+/et fx\/g+ha




rule 188

rule 194

rule 321

rule 327

rule 412

rule 2101
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Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_]1 :> Simp[2xSqrt[g + h*x]*(Sqrt[(bxe -

axf)*((c + d*x)/((dxe - c*xf)*(a + b*x)))]1/((fxg - exh)*Sqrtl[c + d*x]*Sqrt[(
-(bxe - a*xf))*((g + h*xx)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (bxc - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1l - (b*g - axh)*(x~2/(f*g - e*h))]),

x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h},

x]

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)1), x_1 :> Simp[-2#Sqrt[c + d*x]*(Sqrt[(-(bxe
- axf))*x((g + h*x)/((f*g - exh)*(a + b*x)))]/((b*e - a*f)*Sqrtl[g + h*x]*Sq
rt[(bxe - a*f)*((c + d*x)/((d*xe - cxf)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(b*c - a*d)*(x"2/(d*e - c*£))]/Sqrt[l - (bxg - a*h)*(x"2/(f*g - e*h))], x],
x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]l*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

/Int[Sqrt[(a_) + (b_.)*(x_)"2]/8qrt[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simpl[

(Sgrt[al/(Sqrt[cl*Rt[-d/c, 21))*EllipticE[ArcSin[Rt[-d/c, 2]1*x], b*(c/(a*d)

)1, x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Int[1/(((a)) + (b_)*(x)"2)*Sqrel(c) + (d_.)*(x)"2]*Sqrtl(e ) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrt[e]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*x(f/(d*e))], x] /; FreeQl{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && '( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Int[(CA_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (£f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(A*b
- axB)/b  Int[1/(Sqrtl[a + b*x]*Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrtl[g + hx*x])
,» x], x] + Simp[B/b  Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtlg
+ h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B}, x]

2
A+Cz dr

3.34. f (a+bx)3/2+/c+dz+/et fx\/g+ha
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rule 2105 Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrt[(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + fxx]*(Sqrtlg + h*x]/(bxfxh*Sqrt[c + d*x
1)), x] + (Simp[1/(2*bxd*f*h) Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrt[g + h*x]))*Simp[2*Axbxd*fxh - Cx(b*d*e*xg + axckfxh) + (2¥b*B*xd*
fxh - Ckx(axd*fxh + bx(dxf*g + d*exh + c*f*h)))*x, x], x], x] + Simp[C*x(d*e
- cxf)*((d*g - cxh)/(2*bxd*f*h)) Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}

, X]

N\

rule 2108 Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)]*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl[(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp
[(A*b™2 + a"2*%C)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrt[e + fxx]*(Sqrt[g + hx
x]1/((m + 1)*(bxc - axd)*(b*e - axf)*(bxg - a*h))), x] - Simp[1/(2*(m + 1)*(
bxc - a*d)*(b*e - axf)*(b*g - axh)) Int[((a + b*x)~(m + 1)/(Sqrtlc + d#*x]
xSqrt[e + f*xx]*Sqrtl[g + h*x]))*Simp[A*(2*a~2xd*f*h*(m + 1) - 2%a*bx(m + 1)*
(d*f*g + dxexh + cxf*h) + b™2%(2*m + 3)*(d*exg + ckxfxg + ckexh)) + a*xCx(a*(
dxe*xg + cxfxg + cxexh) + 2¥bkckexgk(m + 1)) - 2% (Axb*(a*d*fxhx(m + 1) - b*(
m + 2)*(d*fxg + d¥exh + c*f*h)) - Ckx(a~2*x(d*f*g + d*exh + c*f*h) - b~ 2xc*ex
gx(m + 1) + axbx(m + 1)*(dxe*xg + c*xfxg + cxe*xh)))*x + dxf*h*x(2*m + 5)*(Axb~
2 + a”2%C)*x"2, x], x], x] /; FreeQ[{a, b, c, d, e, £, g, h, A, C}, x] & I
ntegerQ[2+m] && LtQ[m, -1]

3.34.4 Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 2285 vs. 2(794) = 1588.

Time = 7.83 (sec) , antiderivative size = 2286, normalized size of antiderivative = 2.64

method | result size

elliptic | Expression too large to display | 2286

default | Expression too large to display | 33894

input \ int ((Cxx~2+A) / (bxx+a) ~(3/2) / (d*x+c) = (1/2) / (fxx+e) " (1/2) / (h*x+g) ~(1/2) ,x,me
thod=_RETURNVERBOSE)

N\

2
A+Cz dr

3.34. f (a+bx)3/2+/c+dz+/et fx\/g+ha
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((bxx+a) * (d*x+c) * (f*x+e) * (h*x+g) ) ~(1/2) / (bxx+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)7 (1/2) / (hxx+g) =~ (1/2) * (2% (b*d*fxh*x~3+b*cxf ¥h*x”~2+b*d*exh*x~2+b*d*f*g*x ™2+
b*cxexh*x+bxc*xf*gxx+bkxd*exgx+b*ckexg) /b/ (a~3*d*f*h-a~2xb*xckf*xh-a~2*bxd*ex*
h-a~2*xbxd*f*gt+axb~2*ckexh+ta*b~2xcxf*g+axb~2*d*e*g-b 3*ckexg)* (A*xb~2+C*a~2)
/ ((x+a/b) * (b*d*f*h*x~3+b*c*f*h*x~2+b*d*e*h*x~2+b*d*f*g*x~2+b*kckexh*kx+b*kckf
xg*x+bkd*exgrx+brcxexg) )~ (1/2)+2*% (-Cxa/b~2+1/b"2% (a~2*d*f*h-a*b*cxf*xh-a*xb*
dxexh-axbxd*f*g+b~2xcxexh+b~2xcxf*g+b~2xdxexg) * (Axb~2+Cxa~2) /(a~3*d*f*h-a"
2%b*c*xf*h-a~2*xbxd*exh-a”~2xb*xd*f*g+a*b~2*c*exh+axb”2kxcxf*xg+axb~2*d*e*xg-b~3*
cxexg) — (b*c*xexh+bkxc*f*g+bxd*e*g) /b/ (a~3*d*f*h-a~2*b*c*fxh-a~2*%b*d*xexh-a~2#
bxdxf*g+axb~2kckexh+axb 2xc*f*g+axb 2xd*exg-b~3*ckexg) * (A*b~2+C*a"~2) ) *(g/h
-a/b)*((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) ~2*((-c/d+a/b) *
(x+e/f)/(-e/f+a/b) /(x+c/d))~(1/2) *((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~
(1/2)/(-g/h+c/d) /(-c/d+a/b) / (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h)) ~(1/2
)*EllipticF (((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h-
a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+2%(C/b-1/b* (a*d*f*h-b*cxf*h-b*d*exh-b*xd
*xfxg) * (Axb~2+C*a"~2) / (a~3*d*f*h-a~2xbxc*f*h-a~2*b*d*exh-a~2¥bxd*f*g+axb~2*c
xexh+axb~2xc*f*g+axb~2kd*exg-b~3*kckexg) — (2xbxc*f*h+2xb*d*exh+2*xb*d*f*g) /b/
(a~3*d*fxh-a~2*bxcxf*h-a~2xb*d*exh-a~2*b*d*f*g+a*xb~2xc*exh+axb~2*xcxf*g+a*b
~2kxd*e*xg-b~3kcke*g) * (A*xb~2+Cxa~2) ) *(g/h-a/b) * ((-g/h+c/d) *(x+a/b) / (-g/h+a/b
)/ (x+c/d))~(1/2) *(x+c/d) "2 ((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d))~(1/2. ..

3.34.5 Fricas [F(-1)]

Timed out.

A+ Cx? .
dxr = Timed out
(a+ bx)3/2v/c+ dz\/e + fx\/g + hz

(integrate((C*x‘2+A)/(b*x+a)*(3/2)/(d*x+c)A(1/2)/(f*X+e)“(1/2)/(h*X+g)‘(1/2
),x, algorithm="fricas")

N

‘Timed out

2
A+Cz dr

3.34. f (a+bx)3/2+/c+dz+/et fx\/g+ha
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3.34.6 Sympy [F]

/ A+ Cx? i _/ A+ Cx? e
(a +bz)3/2\/c+ dzv/e + foy/g + ha (a—l—bx)% Ve+dze+ fx/g+ hr

input | integrate ((Cxx**2+A) / (bxx+a) **(3/2) / (d*x+c) **(1/2) / (f*x+e) **(1/2) / (h*x+g) *
*(1/2) ,x)

output | Integral ((A + Cxxx*2)/((a + b*x)**x(3/2)*sqrt(c + d*x)*sqrt(e + f£*x)*sqrt(g
+ h*x)), x)

3.34.7 Maxima [F]

/ A+ Cz? i _/ Cz?+ A s
(a +b2)3/2Vc +dzve + fzv/g + h (bx+a)%\/dz+c\/fx+e\/hx+g

input  integrate ((C*x~2+A)/(b*x+a) ~(3/2) /(d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2
) ,x, algorithm="maxima")

output integrate((Cxx~2 + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt (h*
x +g)), x)

3.34.8 Giac [F(-2)]

Exception generated.

A 2
/ +Co dr = Exception raised: TypeError
(a + bx)3/2\/c + dz\/e + fr\/g + hz

input  integrate ((C*x~2+A)/(b*x+a) ~(3/2) /(d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (h*xx+g) ~(1/2
),x, algorithm="giac")

output | Exception raised: TypeError >> an error occurred running a Giac command:IN
PUT:sage2:=int (sage0,sageVARx) : ; OUTPUT: index.cc index_m operator + Error:

Bad Argument Value

2
A+Cz dr

3.34. f (a+bx)3/2+/c+dz+/et fx\/g+ha




input

output
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3.34.9 Mupad [F(-1)]

Timed out.

dz

/ A+ Cz? dp — Cz2+ A
(a + bx)3/2/c+ dz\/e + fx/g + hz v%+fxv@+4m%a+bxfﬂVC+dx

int((A + Cxx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*(c + d*x)
~(1/2)) ,%)

int ((A + Cxx~2)/((e + £*xx)~(1/2)*(g + h*xx)~(1/2)*(a + b*x)~(3/2)*(c + d*x)
~(1/2)), x)

2
A+Cz dx

3.34. f (a+bx)3/2+/c+dz+/et fx\/g+ha
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3.35 f (a+b2)®/2\/c+dzr/e+ [z /g+hz dz

3.35.1 Optimalresult . . ... ... ... ... . . . ... ..
3.35.2 Mathematica [B] (verified) . . . . . .. . ... .. L o 353
3.35.3 Rubi [A] (warning: unable to verify) . .. ... ... ... ... ... ...
3.35.4 Maple [B] (verified) . ... ... . ... . ... ..
3.35.5 Fricas [F] . . . . . o o o 359
3.35.6 Sympy [F(-1)] . . . . o 360
3.35.7 Maxima [F] . . . . . . . 360
3.35.8 Giac [F] . . . . . o 3601
3.35.9 Mupad [F(-1)] . . . . . oo

3.35.1 Optimal result

Integrand size = 44, antiderivative size = 1070

/ A+Cxz dr —
(a + bx)5/2\/c + dz/e + fr\/g + hx

_ 4d(Ab*(deg + cfg + ceh) + a’C(df g + deh + cfh) + a®b(3Adfh — 2C(deg + cfg + ceh)) — ab?(2Ad(fg-

3(bc — ad)?(be — af)?(bg — ah)?v/c + dx

2(AV? + a*C) Vc+ dz/e + fr/g + hx
~ 3(bc — ad) (be — af)(bg — ah)(a + bx)3/2

4b(Ab3(deg +cfg + ceh) +a*C(df g + deh + cfh) + a*b(3Adfh — 2C(deg + cfg + ceh)) — ab*(2Ad(fg -

3(bc — ad)?(be — af)?(bg — ah)?*va + bz
4/dg — ch\/fg — eh(Ab*(deg + cfg + ceh) + a3C(df g + deh + cfh) + a?b(3Adfh — 2C(deg + cfg + cel

_|_

3(bc — ad)?(be — af)?(bg

2(3ab(c*C + Ad?) (fg + eh) — b*(2Ad%eg + Acd(fg + eh) + c*(3Ceg — Afh)) — a?(3Ad? fh — C(d?eg —

3(bc — ad)?(be — af)(bg — ah)3/2\/f¢

2
A+Cz dr

3.35. f (a+bz)5/2v/c+dz/e+ fz/gtha




output
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-4/3*%d* (A*b~3* (ckexh+cxfxg+d*exg) +a~3*xCk (cxfxh+d*exh+d*f*xg) +a~2*xb* (3xA*xd*f
*h-2*C*(c*e*h+c*f*g+d*e*g))-a*b“2*(2*A*d*(e*h+f*g)-c*(-2*A*f*h+3*C*e*g)))*
(b*xx+a) ~(1/2) * (£xx+e) " (1/2) * (h*x+g) ~(1/2) / (~axd+b*c) “2/ (-a*f+b*e) "2/ (-axh+
b*g) ~2/ (d*x+c) ~(1/2)-2/3% (A¥b~2+C*a~2) * (d*x+c) ~(1/2) * (f*x+e) = (1/2) * (h*x+g)
~(1/2) / (-axd+bxc) / (-a*f+b*e) / (~axh+b*g) / (b*x+a) = (3/2) +4/3*%b* (A*b~3* (c*exh+
cxfxg+dkexg)+a~3*Cx (ckfxh+d*exh+d*f*g)+a~2xb* (3*xA*d*f*h-2*Ck (ckxexh+c*xf*g+d
xexg) ) —axb~ 2% (2xA*d* (exh+f*xg) —cx (-2¢A*xfxh+3*%Ckexg) ) ) * (d*x+c) " (1/2) * (f*x+e)
~(1/2) % (h*x+g) = (1/2) / (-axd+b*c) "2/ (-axf+b*e) "2/ (-axh+bxg) “2/ (b*x+a) =~ (1/2) -
2/3* (3xa*xbx (A*xd~2+C*c~2) * (exh+f*g) -b~ 2% (2%A*xd~2*exg+Axckd* (exh+f*g) +c ™ 2% (-
Axfxh+3%Cxe*xg) ) —a~2 (3xA*d~2*f ¥h-C* (-2*c~2xf*h-cxd*exh-cxd*f*g+d~2%exg) ) ) *
EllipticF((-axh+b*g)~(1/2)*(f*x+e) ~(1/2)/(-exh+fxg)~(1/2)/ (b*x+a)~(1/2), (-
(-axd+b*c) * (~exh+f*g) / (—~c*f+dxe) / (—axh+b*xg)) ~(1/2) ) * ((—a*f+bxe)* (d*x+c) /(-
cxf+d*e)/(bxx+a)) ~(1/2) * (h*x+g) ~(1/2) / (—a*d+b*c) “2/ (-a*xf+bxe) / (—a*xh+b*g) ~ (
3/2) / (—exh+f*g) ~(1/2)/(d*x+c) " (1/2) /(- (-a*f+b*e) * (h*x+g) / (~exh+f*g) / (b*x+a
))~(1/2)+4/3*% (A*b~3* (c*xexh+cxfxg+drexg) +a~3*Ck (cxf*h+d*exh+d*f*g)+a~2%b* (3
*Axd*f¥h-2xC* (cxexh+c*xfxg+dre*xg) ) —axb~ 2% (2xAxd* (exh+f*g) —c* (-2xA*f*h+3*Cxe
*g)))*E1lipticE((-c*h+dx*g) ~(1/2) * (fxx+e) " (1/2) / (—exh+f*g) ~(1/2) / (d*x+c) ~ (1
/2) , ((-a*xd+b*c) * (-exh+f*g) / (-a*xf+bxe) / (-c*h+d*g) ) ~(1/2) ) * (-c*h+d*g) = (1/2) *
(—exh+f*xg) = (1/2) * (b*x+a) ~(1/2) * (- (~c*f+dxe) * (h*x+g) / (~exh+f*g) / (d*xx+c) )~ (1
/2)/ (—axd+b*c) "2/ (-a*xf+bxe) "2/ (-a*h+bxg) ~2/ ((-c*f+d*e) * (b*x+a) / (—axf+b*. ..

3.35.2 Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 11363 vs. 2(1070) = 2140.

Time = 40.54 (sec) , antiderivative size = 11363, normalized size of antiderivative = 10.62

2
/ A+Ce dr = Result too large to show
(a + bx)%/2+\/c + dz+\/e + fr\/g + hz

‘Integrate[(A + Cxx~2)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg
-+ hxx]) x]

lResult too large to show

2
A+Cz dr

3.35. ‘f(a+bmp/2¢c+dz¢é+fmvb+hm
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3.35.3 Rubi [A] (warning: unable to verify)

Time = 3.80 (sec) , antiderivative size = 1057, normalized size of antiderivative = 0.99,

number of rules _ 0.227, Rules
integrand size

number of steps used = 11, number of rules used = 10,
used = {2108, 25, 2102, 25, 2105, 27, 188, 194, 321, 327}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ A+ Cz?
dx
(a + bx)%/2\/c+ dz+/e + fx\/g + hx
l 2108

f . (8Adfh—C/(deg+cfg+ceh))a?+3b(cCeg—Adf g— Adeh— Acfh)a+2Ab? (deg+cfg+ceh)— (2C (df g+deh+cfh)a®+3b(Adfh—C(deg+cfg+ceh
(a+bx)3/2v/c+dz/e+ fz\/g+hz
3(bc — ad)(be — af)(bg — ah)
2v/c + dzv/e + fz/g+ hz(a®C + Ab?)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

l 25

f (8Adfh—C(deg+cfg+ceh))a?+3b(cCeg—Adf g— Adeh— Acfh)a+2Ab? (deg+cfg+ceh)— (2C (df g+deh+cfh)a?+3b(Adf h—C(deg+cfg+ceh
(a+bx)3/2v/c+dz/e+ fz\/g+hz
3(bc — ad)(be — af)(bg — ah)
2vVc + dzv/e + fz/g+ hz(a®C + Ab?)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

| 2102
N _4bdfh(C(dfg+d6h+cfh)aa+b(3Adfh_2C(deg+cfg+ceh))a2_b2(2Ad(f9+eh)—c(BCeg—2Afh))a+Ab3(deg+0fy+ceh))a:2_2(adfh+b(dfg+deh+6fh)) (c
3(a+ bw)3/2(be — ad)(be — af)(bg — ah)
| 25
f 74bdfh(C(dfg+d8h+cfh)a3+b(3Adfh72C(deg+cfg+ceh))a27b2(2Ad(fg+6h)7c(3Cegf2Afh))a+Ab3(dngrCngrceh))1272(adfh+b(dfg+deh+6fh))((
2vc+ dzv/e + fz\/g + ha(a’C + Ab?)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)
| 2105
A+Cz?
3.35. f (a+bx)5/2y/cHda~/et fz/g+ha de
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2bdf (be—af)h(bg—ah) (— ( (3Ad2fh—0 (—2fh02 —d(fg+eh)ctd? eg) ) a2) +3b (cc2 +Ad2) (fg+eh)a—b? ((3Ceg—Afh)c2+Ad(fg+eh)c+2Ad2eg)) .
- T

Va+bz/ctdz/e+fr/gt+hz
2bdf h

2vVc + dzv/e + fz/g+ hz(a®C + Ab?)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

l 27

—(be—af)(bg—ah)(—(a2(3Ad2 fh—C(—2c% fh—cd(eh+fg)+d2eg)))+3ab(Ad2+c2C) (eh+fg)—b2 (c2(3Ceg—Afh)+Acd(eh+fg)+2Ad%eg)

2vc + dzv/e + fz/g+ hz(a®C + Ab?)
3(a + bx)3/2(bc — ad)(be — af)(bg — ah)

l 188

2Vc+ dzv/e + fz/g+ hz(Ca® + Ab?)
~ 3(bc — ad)(be — af)(bg — ah)(a + bz)3/2

4bv/c+dzv/et fzy/gthz(C(df gt+deh+cfh)a®+b(3Adfh—2C (deg+cfg+ceh))a?—b2(2Ad(fg+eh)—c(3Ceg—2Afh))a+Ab®(deg+cfg+ceh)) _
- (bc—ad)(be—af)(bg—ah)v/a+bx

l 194

2v'c + dzv/e + fz/g+ hz(Ca® + Ab?)
~ 3(bc — ad)(be — af)(bg — ah)(a + bz)3/2

_4bVetdzy/et fry/gtha(C(df g+deh+cfh)a®+b(8Adfh—2C (deg+cfg-+ceh))a®—b?(2Ad(fg+eh)—c(3Ceg—2Afh))a+Ab® (deg+cfgtceh))
(bc—ad)(be—af)(bg—ah)v/a+bx

l 321

2Vc+ dzv/e + fz/g+ hz(Ca® + Ab?)
" 3(bc — ad)(be — af)(bg — ah)(a + bz)3/2

4bv/c+dzv/et fay/gthz(C(df gt+deh+cfh)a®+b(3Adfh—2C (deg+cfg+ceh))a?—b2(2Ad(fg+eh)—c(3Ceg—2Afh))a+Ab®(deg+cfg+ceh)) )
- (bc—ad)(be—af)(bg—ah)va+bx

l 327

A+Cz?
3.35. f (a+bx)5/2y/cHda~/et fz/g+ha de
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2vc + dzv/e+ fz/g+ hz(Ca? + Ab?)
~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

4bv/c+dz/et fz/g+hz (C(df g+deh+cfh)a®+b(3Adfh—2C (deg+cfg+ceh))a?—b%(2Ad(fg+eh)—c(3Ceg—2Afh))a+ Ab®(deg+cfg+ceh))
- (bc—ad)(be—af)(bg—ah)v/a+bx )

input Int[(A + C*x~2)/((a + bxx)~(5/2)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h#*x]
) ,x]

output | (-2%(Axb~2 + a~2xC)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x])/(3*(bxc - a
*d)*(bke - a*xf)*(b*g - axh)*(a + b*x)~(3/2)) - ((-4*bx(Axb~3x(d*e*xg + c*fx
g + cxexh) + a"3*Ck(dxf*g + dxexh + cxfxh) + a~2*%b*(3*A*dxfxh - 2+Cx(d*exg
+ cxf*g + ckxexh)) - axb~2*(2xA*xd*(f*g + exh) - c*x(3*xCkexg — 2xAxf*h)))*Sq
rt[c + d*x]*Sqrt[e + f*x]*Sqrtlg + h*x])/((b*c - a*d)*(bxe - axf)*(bxg - a
xh)*Sqrt[a + b*x]) - ((-4*d*(A*b~3*(d*exg + cxfxg + ckexh) + a~3*Ck(d*fx*g

+ dk*exh + c*fxh) + a”2%bx(3xA*d*xf*h - 2xC*(d*exg + c*f*xg + cxexh)) - a*b”2
*(2xAxd* (f*g + exh) - c*x(3xCxe*xg - 2xA*xfxh)))*Sqrt[a + b*x]*Sqrtle + fxx]*
Sqrt[g + h*x])/Sqrtlc + d*x] + (4*Sqrtl[d*g - c*h]l*Sqrt[f*g - e*h]*(Axb~3x%(
dxe*xg + cxfxg + cxexh) + a~3*Cx(d*fxg + d*exh + ckfxh) + a~2%b*(3*xA*d*fxh

- 2xCx(dxe*g + cxf*xg + cxexh)) - axb™2*(2*A*xd*(f*g + exh) - c*x(3*Ckexg — 2
*Axfxh)))*Sqrt[a + bxx]*Sqrt[-(((d*xe - cxf)*(g + h*x))/((f*g - exh)*(c + d
*x)))]*E1llipticE[ArcSin[(Sqrt[d*g - c*h]l*Sqrt[e + f*x])/(Sqrt[f*g - exh]*S
grtlc + d*x]1)], ((bxc - axd)*(f*xg - exh))/((bxe - axf)*(d*g - c*h))])/(Sqr
t[((dxe - cxf)x(a + b*x))/((bxe - a*f)*(c + d*x))]*Sqrt[g + h*x]) - (2*(b*
e - axf)x*Sqrt[b*g - axh]*(3*axb*(c™2+%C + Axd"2)*(f*g + e*h) - b~2x(2xAxd"2
xe*xg + Axckdx(fxg + exh) + c”™2x(3xCkexg - A*xf*xh)) - a~2x(3*xA*d~2*fxh - Cx*(
d~2%e*xg - 2%c”2%fxh - cxd*(fxg + exh))))*Sqrt[((b*e - axf)*(c + d*x))/((d*
e - cxf)x(a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrt[
e + £*x])/(Sqrt[f*g - exh]*Sqrtla + b*x])], -(((b*c - axd)*(f*g - exh))...

3.35.3.1 Defintions of rubi rules used

ruk325{Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] |

ruk327‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma

LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] J
A+Cx?
3.35. f (a+bx)3/2+/c+dz+/ e+ fx\/g+ha dx



rule 188

rule 194

rule 321

rule 327

rule 2102
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Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)1), x_]1 :> Simp[2xSqrt[g + h*x]*(Sqrt[(bxe -

axf)*((c + d*x)/((dxe - c*xf)*(a + b*x)))]1/((fxg - exh)*Sqrtl[c + d*x]*Sqrt[(
-(bxe - a*xf))*((g + h*xx)/((f*g - exh)*(a + b*x)))]))  Subst[Int[1/(Sqrt[1

+ (bxc - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1l - (b*g - axh)*(x~2/(f*g - e*h))]),

x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h},

x]

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)1), x_1 :> Simp[-2#Sqrt[c + d*x]*(Sqrt[(-(bxe
- axf))*x((g + h*x)/((f*g - exh)*(a + b*x)))]/((b*e - a*f)*Sqrtl[g + h*x]*Sq
rt[(bxe - a*f)*((c + d*x)/((d*xe - cxf)*(a + b*x)))]))  Subst[Int[Sqrt[1 +
(b*c - a*d)*(x"2/(d*e - c*£))]/Sqrt[l - (bxg - a*h)*(x"2/(f*g - e*h))], x],
x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x]

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]l*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

/Int[Sqrt[(a_) + (b_.)*(x_)"2]/8qrt[(c_) + (d_.)*(x_)"2], x_Symbol] :> Simpl[

(Sgrt[al/(Sqrt[cl*Rt[-d/c, 21))*EllipticE[ArcSin[Rt[-d/c, 2]1*x], b*(c/(a*d)

)1, x] /; FreeQl[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Int[(((a_.) + (b_)*(x))" (@ )*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
A*¥b"2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrt[e + f*x]*(Sqrtl[g + h#*x]
/((m + 1)*(bxc - a*d)*(b*xe - axf)*(bxg - a*h))), x] - Simp[1/(2*(m + 1)*(b*
c - axd)*(bxe - a*f)*(bxg - axh)) Int[((a + bxx)"(m + 1)/(Sqrtlc + d*x]*S
grtle + fxx]*Sqrtlg + h*x]))*Simp[A*(2*a~2*d*f*h*x(m + 1) - 2%a*b*(m + 1)*(d
xf*xg + dxexh + cxfxh) + b™2*%(2#m + 3)*(d*exg + c*f*g + ckexh)) - b*Bx(a*(dx*
exg + c*xf*xg + ckexh) + 2xbxckexgx(m + 1)) - 2x((A*b - axB)*(axd*fxh*(m + 1)
- bx(m + 2)*(d*fxg + d*exh + c*kfxh)))*x + dkfxh*x(2*m + 5)*(A*b~2 - axb*B)=*
x~2, x], x], x] /; FreeQ[{a, b, c, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m

] & LtQ[m, -1]

2
A+Cz dr

3.35. ‘f(a+bmp/2¢c+dz¢é+fmvb+hm
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rule 2105 Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrt[(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrtle + fxx]*(Sqrtlg + h*x]/(bxfxh*Sqrt[c + d*x
1)), x] + (Simp[1/(2*bxd*f*h) Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrt[g + h*x]))*Simp[2*Axbxd*fxh - Cx(b*d*e*xg + axckfxh) + (2¥b*B*xd*
fxh - Ckx(axd*fxh + bx(dxf*g + d*exh + c*f*h)))*x, x], x], x] + Simp[C*x(d*e
- cxf)*((d*g - cxh)/(2*bxd*f*h)) Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[
e + fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}

, X]

N\

rule 2108 Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)]*Sqrtl(e_.) + (£_.)*(x_)1*Sqrtl[(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp
[(A*b™2 + a"2*%C)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrt[e + fxx]*(Sqrt[g + hx
x]1/((m + 1)*(bxc - axd)*(b*e - axf)*(bxg - a*h))), x] - Simp[1/(2*(m + 1)*(
bxc - a*d)*(b*e - axf)*(b*g - axh)) Int[((a + b*x)~(m + 1)/(Sqrtlc + d#*x]
xSqrt[e + f*xx]*Sqrtl[g + h*x]))*Simp[A*(2*a~2xd*f*h*(m + 1) - 2%a*bx(m + 1)*
(d*f*g + dxexh + cxf*h) + b™2%(2*m + 3)*(d*exg + ckxfxg + ckexh)) + a*xCx(a*(
dxe*xg + cxfxg + cxexh) + 2¥bkckexgk(m + 1)) - 2% (Axb*(a*d*fxhx(m + 1) - b*(
m + 2)*(d*fxg + d¥exh + c*f*h)) - Ckx(a~2*x(d*f*g + d*exh + c*f*h) - b~ 2xc*ex
gx(m + 1) + axbx(m + 1)*(dxe*xg + c*xfxg + cxe*xh)))*x + dxf*h*x(2*m + 5)*(Axb~
2 + a”2%C)*x"2, x], x], x] /; FreeQ[{a, b, c, d, e, £, g, h, A, C}, x] & I
ntegerQ[2+m] && LtQ[m, -1]

3.35.4 Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 3341 vs. 2(998) = 1996.

Time = 10.35 (sec) , antiderivative size = 3342, normalized size of antiderivative = 3.12

method | result size

elliptic | Expression too large to display | 3342

default | Expression too large to display | 106972

input \ int ((Cxx~2+A) / (bxx+a) ~(5/2) / (d*x+c) = (1/2) / (fxx+e) = (1/2) / (h*x+g) " (1/2) ,x,me
thod=_RETURNVERBOSE)

N\

2
A+Cz dr

3.35. f (a+bz)5/2v/c+dz/e+ fz/gtha




output

input

output
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((bxx+a) * (d*x+c) * (f*x+e) * (h*x+g) ) ~(1/2) / (bxx+a) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e
)7 (1/2) / (hxx+g) ~(1/2)*(2/3/b"2/ (a~3*d*f*h-a~2+b*cxfxh-a~2*bxd*e*h—-a”~ 2xb*dx*
fxg+axb~2xckexh+axb~2kcxf*g+a*b~2*d*e*g-b 3*kcke*g) * (Axb~2+C*a~2) * (bxd*f*h*
X"4+axd*fxh*x"3+bxcxfxh*x~3+bkxd*xexh*x~3+bxd*f*gxx~3+axcxfxh*xx~2+a*xd*exh*x"
2+axd*f*xg*xx"2+b*cxexh*x™2+bxckf*g*x"2+b*d*exgxx~2+a*ckexhkx+akrckf*gkx+axd*
e*xgkx+bxckexgkxtakckexg) ~(1/2)/(x+a/b) ~2+4/3* (bxd*f*h*x~3+bkcxf*h*x~2+b*dx*
exh*xx~2+bxd*f*g*x~2+b*ckexh*x+b*ckf*gxx+bkd*kexg*x+bkckexg) / (a~3xd*f*h-a~2*
bxcxfxh-a~2%b*d*e*h-a~2*b*xd*f*g+axb~2*kckxexh+a*b~2*xckxf*g+axb~2xd*exg-b~3*c*
e*xg) ~2x (3xA*a”~2xbxd*f*xh-2%A*axb~2xcxf*xh-2xA*xaxb~2xd*xexh-2xAxaxb~2xd*f*g+A*
b~ 3*ckexh+Axb~3*kckf*g+A*b~3*kd*exg+Cka~3*kc*f*h+Cka~3*d*exh+Cxa”3xd*xf*xg-2*C*
a~2*bxckxexh-2+Cxa~2xbkc*f*g-2*xCka~2*xbxd*exg+3*Cxaxb~2xc*exg) / ((x+a/b) * (b*d
*fxh*x”3+b*c*f*xh*x~2+b*d*exh*xx~2+b*d*f*xgxx~2+b*ckexh*x+b*cxfxgxx+b*d*exgxx
+bxckexg) )~ (1/2)+2*%(C/b~2-1/3/b~2% (3*xA*a*b~2kd*f*h-A*b~3*c*f*h—A*xb~3*d*exh
—A¥b~3*d*f*g+3*Cxa~3*kd*f*xh-C*a~2xb*c*f*h-Cxa~2¥b*d*exh-C*xa~2xb*xd*f*g)/(a~3
*d*fxh-a~2xbxcxf*xh-a~2*¥b*d*exh-a~2xbxd*f*g+axb~2*xc*e*h+axb™2*xcxf*xg+axb™2*d
xe*xg-b~3xcxe*g) +2/3/b* (a~2xd*f*h-a*bxc*f*h-axb*xd*exh-axb*d*f*g+b~2*c*kexh+b
“2xc*kfkg+b 2*d*kexg) * (3kA*a~2xb*d*f*xh-2*A*axb~2*c*kf*h-2*A*a*xb~2xd*exh-2xA*a
*b"2*%d*fxg+A*b " 3*cxexh+A*b 3k cxf*g+A*b~3xd*e*xg+Cxa~3xc*xf*h+Cxa~3*d*exh+C*a
“3kd*f*g-2xCka”~2¥bxckexh-2+%Cxa~ 2xbkc*f*g-2xCka ~2*¥bxd*exg+3*Cxaxb~2xckexg) /
(a”3xd*fxh-a~2xbxcxfxh-a~2xb*d*exh-a~2xb*d*f*g+a*xb~2*c*exh+a*b~2*c*f*g+. ..

3.35.5 Fricas [F]

/ A+ Cx? dm—/ Cz?+ A
(a +bz)>2Ve+ dzve+ frv/g+h (MF+®g¢dr+c¢ﬁz+evhx+g

dz

/integrate((C*x‘2+A)/(b*x+a)‘(5/2)/(d*x+c)‘(1/2)/(f*x+e)‘(1/2)/(h*X+g)‘(1/2
),x, algorithm="fricas")

integral ((C*x~2 + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +

g)/ (b 3*d*xf*h*x"6 + a~3*ckxexg + (b~3*kdxfxg + (b~3*dxe + (b~3*c + 3*a*b~2xd
Y*£)*h)*x"5 + ((b~3*dxe + (b~3*c + 3*a*b~2+d)*f)*g + ((b"3*c + 3*a*b~2*d)x*
e + 3x(axb”2*c + a”2*b*d)*f)*h)*x"4 + (((b~3*c + 3*axb~2*d)*e + 3x(axb~2*c
+ a"2xbxd) *f)*g + (3*%(axb~2xc + a"2xbxd)*e + (3*a~2*b*c + a~3%d)x*f)*h)*x"
3 + ((3x(axb™2*c + a~2xbxd)*e + (3*a~2*b*c + a~3*d)*f)*g + (a~3*c*f + (3*a
“2xbxc + a~3*d)*e)*h)*x"2 + (a"3%c*exh + (a"3*xcxf + (3*%a”2*b*c + a~3%d)*e)
*g)*x), X)

2
A+Cz dr

3.35. ‘f(a+bmp/2¢c+dz¢é+fmvb+hm
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3.35.6 Sympy [F(-1)]

Timed out.

A+ Cx? _
dz = Timed out
(a + bx)5/2\/c + dz\/e + fr\/g + hz

input } integrate ((Cxx**2+A) / (b¥x+a) ** (5/2) / (d*x+c) ¥* (1/2) / (£¥x+e) %% (1/2) / (h*x+g) *
\ *(1/2) ,x)

output LTimed out

3.35.7 Maxima [F]

/ A+ Cx? i — / Cz?+ A do
(a +b2)*/2Vc +dzve + fzv/g + h (bx+a)%\/d:c+c\/fw+e\/hw+g

input  integrate ((C*x~2+A)/ (b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2
),x, algorithm="maxima"

output | integrate((C*x~2 + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(hx*
x+g), x)

3.35.8 Giac [F]

dz

A+ Cz? p _/ Cz’+ A
(a +bz)5/2\/c+ dzv/e + foy/g + ha (bx+a)%\/dz+c\/fx+e\/hx+g

input  integrate ((C*x~2+A)/(b*x+a) ~(5/2) /(d*x+c) ~(1/2) / (f*x+e) ~(1/2) / (hxx+g) ~(1/2
),x, algorithm="giac")

output | integrate((C*x~2 + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(hx*
X+ g)), x)

2
A+Cz dx

3.35. f (a+bz)5/2v/c+dz/e+ fz/gtha




input

output
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3.35.9 Mupad [F(-1)]

Timed out.

dz

/ A+ Cz? dp — Cz2+ A
(a + bx)>2\/c + dz\/e + fx/g + hz vVe+ fx/g+ hav(a+bav)5/2 Ve+dzx

int((A + Cxx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*(c + d*x)
~(1/2)) ,%)

int ((A + Cxx~2)/((e + £*xx)~(1/2)*(g + h*xx)~(1/2)*(a + b*x)~(5/2)*(c + d*x)
~(1/2)), x)

2
A+Cz dx

3.35. f (a+bz)5/2v/c+dz/e+ fz/gtha
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.1.1 Mathematica and Rubi grading function

e ™

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)
(* GradeAntiderivative[result,optimal] returns*)

362
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(*» "F" if the result fails to integrate an expression that*)

(* is integrablex)

(*» "C" if result involves higher level functions than necessary*)
(* "B" if result is more than twice the size of the optimalx*)

(* antiderivative*)

(* "A" if result can be considered optimal*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];

expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];

leafCountOptimal = LeafCount [optimall];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimal];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not[FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
» (*ELSE*) (*result does not contains complezx*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A"," "}
, (*ELSE*)

Result,leafC

leaf count

finalresult={"B","Leaf count is larger than twice the leaf count of optimal. $

]
]
, (*ELSE*) (*exzpnResult>ezpnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "<

3

finalresult={"F","Contains unresolved integral."}
1;

finalresult

4.1. Listing of Grading functions
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(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*¥1 = rational function*)

(*2 = algebraic function*)

(*3 = elementary function*)

(*4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(¥7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn]],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType [expn[[1]11],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn([[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType[expn[[2]]1],3]11],
If [Head[expn]l===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]l],4]1],
If [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],6]],
If [Head [expn]===RootSum,
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],71],
1f [Head [expn]===Integrate || Head[expn]===Int,
Apply [Max,Append [Map [ExpnType,Apply [List,expn]],8]],
91111111111
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ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot ,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
Member(Q [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]

4.1.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

#

see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)

local leaf_count_result,

leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu
fi;

leaf_count_optimal := leafcount(optimal);

ExpnType_result ExpnType (result) ;

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

# If result and optimal are mathematical expressions,

#
#
#
#
#
#
#

GradeAntiderivative[result,optimal] returns

IIFII

"CII
"BII

"AII

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check

#for "F" before calling this. But no harm of keeping it here.

#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

rsion issues

_optimal);
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if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non g

else

return "B",cat("Both result and optimal contain complex but leaf count of

convert(leaf_count_result,string)," vs. $2 (",

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf_

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then

print("result do not contain complex, this assumes optimal do not as well"

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2%leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the lea
convert (leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver
fi;

f count of o

t (2xleaf_cou

fi;
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else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Or
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

algebraic function

= elementary function

= special function
hyperpergeometric function
= appell function

= rootsum function

= integrate function

H OH H H H H HE HE H KR
© 00 N O O W N
]

= unknown function

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if

4.1. Listing of Grading functions

der




CHAPTER 4. APPENDIX

369

elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction] := proc(func)
member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
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GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])
end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2..nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.1.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x*
def leaf count(expr):
#sympy do not have leaf count function. This is approrimation

return round(1.7«count_ ops(expr))

def is_sqrt(expr):
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if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erfi,
fresnels,fresnelc,Fi,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

def is _hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is atom(expn):
try:

if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):

return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
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return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1l
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(ezpn,’ ')
if isinstance(expn.args[l],Integer): #type(op(2,expn), integer’)
return expnType(expn.args[0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type(ezpn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:
ml = max(map(expnType, 1ist(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
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def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_optimal = leaf count(optimal)

#print("leaf _count_result=",leaf _count_result)
#print("leaf _count optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"
grade_ annotation =""
else:
if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex

if leaf count_result <= 2x«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

nn

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)
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‘ return grade, grade_ annotation ‘

4.1.4 SageMath grading function

s ™

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp integral e’ and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log_integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_vararg

debug=False;

def tree_size(expr):
r nnn
Return the tree size of this expression.

nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
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return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor’,'abs'
]
if debug:
if m:
print ("func ", func , " is elementary_ function")
else:
print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'Ei','Li",'Si'",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic__pi','exp__integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special _function")

return m

4.1. Listing of Grading functions




CHAPTER 4. APPENDIX 376

def is _hypergeometric_ function(func):
return func.name() in ['hypergeometric','hypergeometric_ M','hypergeometric_ U']

def is_appell_function(func):
return func.name() in ['hypergeometric'| #[appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
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return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m2 = expnType(expn.operands()[1:]) #expnType(list(expn.args(1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,ml1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):
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if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_ antiderivative, result=",result)
print("Enter grade_ antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_optimal = tree_size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)

expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_|

if expnType_result <= expnType_ optimal:
if result.has(I):

if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =" "
else:

grade = "B"

_optimal)

‘optimal)

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger t

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade_ annotation ="
else:

grade = "B"

n

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(leaf

else:
grade = "C"
grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

xpnType_ rest

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)
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return grade, grade_ annotation
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	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+B x  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+B x  (a+b x) c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+B x  (a+b x)^2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b x)^3/2 (A+B x)  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+b x (A+B x)  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+B x  a+b x c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+B x  (a+b x)^3/2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+B x  (a+b x)^5/2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b x)^3/2 (d e+c f+2 d f x)  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+b x (d e+c f+2 d f x)  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 d e+c f+2 d f x  a+b x c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 d e+c f+2 d f x  (a+b x)^3/2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 d e+c f+2 d f x  (a+b x)^5/2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b x) (a b B-a^2 C+b^2 B x+b^2 C x^2)  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x) c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^3 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+b x (a b B-a^2 C+b^2 B x+b^2 C x^2)  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  a+b x c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^3/2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^5/2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^7/2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b x)^2 (A+C x^2)  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b x) (A+C x^2)  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C x^2  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C x^2  (a+b x) c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C x^2  (a+b x)^2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b x)^3/2 (A+C x^2)  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+b x (A+C x^2)  c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (warning: unable to verify)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C x^2  a+b x c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C x^2  (a+b x)^3/2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [A] (warning: unable to verify)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 

	 A+C x^2  (a+b x)^5/2 c+d x e+f x g+h x  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
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